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PREFACE. 



It was with a feeling of great discouragement 
that I began the preparation of another Edition 
of this work, deprived, as I was, of the valuable 
assistance of my friend Mr. Wolstenholme, in 
working with whom I had had so much pleasure 
while writing the First Edition. Mr. Wolstenholme, 
who is now Professor of Mathematics in the Royal 
Indian Engineering College at Cooper's Hill, thought 
that there would be great difficulty in carrying on 
this work satisfactorily by correspondence, even if 
the important duties in which he is engaged did 
not fully occupy his time; I was, therefore, re- 
luctantly obliged to imdertake the whole labour of 
remodelling our original work. 

As we contemplated making additions, and 
many alterations both in form and substance, my 
firiend desired that his name might not appear in 
the Second Edition, and I have been compelled 
to alter the title of the work, and to take the 
responsibility of the changes which have been 
introduced. 
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The problems which appeared in the former 
Edition were for the most part original, and a 
large proportion of them were due to Mr. Wolsten- 
holme; in this department, therefore, a most 
important one in my opinion, I have not lost the 
advantage of his valuable assistance. 

The present Edition is intended, in its complete 
form, to occupy two volumes, but for the con- 
venience of Students who may wish to have in one 
volume all those portions of Solid Geometry 
which would be useful to them in their studies of 
Physical subjects, I have endeavoured, as far as I 
could without material departure from the arrange- 
ment which I considered best for the proper treat- 
ment of the subject, to include in the first volume 
nearly all that will be required from their point of 
view; with this object, I have reserved for the 
second volume those parts which are chiefly in- 
teresting as Pure Geometry. 

The Student who desires to confine his reading 
to the more practical portions of the subject should 
omit Chapters VI., VII., VIIL, IX., Art. 156—167, 
XV. and XVII., the Three-Plane system of Co- 
ordinates being employed exclusively in the remain- 
ing chapters. 

I feel bound to say a few words with respect 
to my persistence in retaining the word ^ Conicoid ' 
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to represent the locus for the equation of the second 
degree. It was natural that the distinguished 
analyst, who has done so much towards the inves- 
tigation of the properties of surfaces of higher 
degrees than the second, should seek a term for 
that of the second degree, which would connect 
it with those of higher degrees. But I cannot 
help thinking it unfortunate that the terms ^ quadric' 
should have been selected, which had already a 
different meaning. I quote the words of the author 

■ 

of the well-known treatise on Higher Algebra: ^^It 
^'is convenient to have a word to denote the 
^^ Amotion itself without being obliged to speak of 
^Hhe equation got by putting the function = 0. 
"The term ^quantic' denotes, after Mr. Cayley, 
"a homogeneous function in general, using the 
"words ^quadric,' * cubic,' *quartic,' *n-ic,' to 
"denote quantics of the 2"^, 3"*, 4*^ n*^, degrees." 
Now, 'quadric,' as used in the other sense, is not 
even the equation found, but it takes two steps 
and becomes the locus of the equation. 

I consider that the surface of the second degree 
at present, whatever may be the case in some future 
development, stands on a platform of its own, on 
account of the services which it has rendered to all 
departments of Mathematical Science, and well 
deserves a distinctive name instead of being recog- 
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nised only by its number, a mode of designation 
which, I am informed, a convict feels so acutely. 
Man might be always called a biped, because 
besides himself there exist a quadruped, an octopus, 
and a centipede, but, on account of his superiority, 
it is more complimeotery to call him by some 
special name. 

The useful word ^ conic' being well-established, 
the term ^conicoid' seems to suggest all that can 
be required, when it is employed to designate the 
locus of the equation of the second degree in three 
dimensions, at least so long as the analogous words 
spheroid, ellipsoid, and hyperboloid are in use, at 
all events it is not open to the great objection of 
being equally applicable to plane curves, as is the 
term ^quadiic;' cubics and quartics being actually 
80 employed in Salmon's Higher Plane Curves^ 
Chapters V. and VI. 

To the many excellent mathematicians, whose 
talent is shewn in the composition of the yearly 
College papers and the papers set for the Mathe- 
matical Tripos examination, I am indebted in the 
highest degree both for the problems which I have 
added to the collection, and also for the hints 
derived from them in the treatment of the subject 
itself. 

I have also to make thankful acknowledgments for 
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the valuable affiisfance received from my friends. 
Mr. Moulton, of Christ's College, has given me 
great help in parts of the subject which, except 
in the chapters on the general equation, do not 
appear in this volume. Mr. H. M. Taylor, Fellow 
of Trinity College, was kind enough to look over 
many of the proof sheets; and I am indebted 
to Mr. Ritchie and Mr. Main, of Trinity College, 
and Mr. Stearn, of King's College, for their 
kindness in testing a large number of the pro- 
blems, as well as in looking over the proof 
sheets throughout the process of publication. But 
especially I wish to thank Mr. Steam for the 
great assistance which he has rendered in super- 
intending the work during my frequent absence 
from Cambridge, and also for his many valuable 
criticism. 

Oambutdqe, 

Octoheff 1875. 
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CHAPTER L 



ON COORDINATE SYSTEMS. 

1. Before entering upon the application of Algebra to the 
Investigation of Theorems, and to the solution of Problems, in 
Solid Geometry, we shall premise on the part of the student a 
complete knowledge of all the ordinary processes adopted in the 
case of Plane Geometry. 

By this means we shall avoid the necessity of entering upon 
the subject of the interpretatien of the affection denoted by the 
sign (— ) prefixed to a symbol; since it is known that, if +a 
denote a line of length a measured in any direction from a .point 
in a line straight or curved, — a may be interpreted to denote 
a line of length a measured in the opposite direction from any 
other point in the line, without this hypothesis involving any 
infringement of the laws of combination of these signs, assumed 
as the fundamental laws of Symbolical Algebra. 

2. Our first object will be to explain how the position of 
a point in space can be represented by algebraical symbols, 
and with this view we shall describe two of the different co- 
ordinate systems which it has been found convenient to adopt ; 
reserving the consideration of other systems for future chapters, 
when the student shall have acquired some familiarity with 
the subject. And It will be found that each of the systems 
has Its peculiar advantage, according to the nature of the 
theorem or problem which is the subject of examination. 

B 



2 ON COORDINATE SYSTEMS. 

Coordinate System of Three Planes. 

3. la the coordinate system of three planes, three planes 
xOy^ yOz^ zOx are fixed upon as planes of reference, which 
may be either perpendicular to one another, or inclined at 
angles which are known. 

The three lines in which they intersect are called coordinate 
axes J and the point in which they meet the origin of coordinates. 

The position of a point in space is then completely deter- 
mined, when its distance from each of the planes, estimated 
parallel to the coordinate axes, and the direction in which 
those distances are measured, are given. 

The absolute distance and the direction of measurement 
are included in the term algebraical distance. 

Thus + a and - a are the algebraical distances of two points 
whose absolute distances from the plane yOz are each a, and 
which are measured, the first in the direction Ox^ the second 
in the direction xO from that plane,, 

These algebraical distances are called the coordinates of a 
point in this system, and are usually denoted by the letters 
0?, y, and z. 

The point, of which these are coordinates, is described as 
the point (a:, y, z). 

Produce xO^yO^zO backwards to x\ y\ z\ then, if a, ft, c 
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are absolute lengths, (a, &, c) denotes a point in the compart* 
ment osyz 0, (— a, ft, c) in x'l/z 0, (a, — ft, c) in osy'z 0, (a, ft, — c) in 
xyzO^ (a, - ft, - c) in xy'zO^ (-a, ft, -c) in x'yz'O^ (- a, -ft, c) 
in xy'« 0, (- a, — ft, — c) in x'y'z' 0. 

4. If a parallelepiped be constracted, whose faces are 
parallel to the coordinate planes, the point P(a, ft, c) being 
the other extremity of the diagonal drawn from the origin, 
the edges iP, ifP, NP will be the coordinates of the point P 
supposed in the compartment xyzO. 

Also, it is obvious that x=^a for eyeiy point in the plane 
face FNIM, or that x = a is the equation of that plane, as y = ft 
and z = c are the equations of the planes FLmN and PMnL 
indefinitely extended in every direction. 

Thus, the point P may be considered as the intersection of 
the three planes, whose equations are 

aj = a, y = ft, « = c. 

The points 7, may be denoted by (a, 0, 0) and (0, 0, 0) and 
the points L and Jf by (0, ft, c) and (a, 0, c). 



Polar Coordinate System. 

5. In the system of Polar Coordinates, a plane zOx is 
chosen, and in this plane a straight line Oz is drawn from 
a fixed point 0, 




4 PROBLEMS. 

The position of a point P in space is completely determined 
when its distance from the fixed point is given, the angle 
through which OP has revolved from Oz in a plane zOP 
passing through Oz^ and the angle through which this plane 
has revolved into its position from the fixed plane of reference 
zOx. 

These coordinates are usually denoted by the symbols r, 6^ 
and 0, and the point P by (r, 6^ 0). 

Thus, if the longitude of a place be Z, the latitude X, and 
the radius of the earth a,* we may take the first meridian for the 
plane zOx^ the axis of the earth for the line Oz^ and the 
position of the plane will be expressed by (a, ^Tr — X^ Q. The 
position of Greenwich, latitude X', is given by (a, ^tp — X', 0). 



I. 

(1) Construct the positions of points which are represented hy the 
equations 

0? +y =4o, 

(2) a:« + y« = 22», 

» + y = 2r, 

xy = a*. 

(3) Shew that, for every point in OP^ P being (a, 6, c), 

5 = ? = ?. 
a h c 

(4) Shew that, for every point in the plane LMlm in the preceding 
figure, 

* y i. 

— -t — ss T 

b 

(5) Draw a figure, every point of which satisfiesthe equations 

x' + y* = a*, « = 0. 
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GENERAL DESCRIPTION OF LOCI OF EQTJATIONa SURFACES. 

CURVES. 

Locus of an Equation, 

6. If an equation 4>{Xj y^ z)^^ be given, in which the 
variables are the coordinates of any point, the number of 
solations of this equation is generally infinite, i.e. the number 
of points whose coordinates satisfy the equation is infinite ; we 
shall proceed to shew what is the general nature of the dis- 
tribution of these points. 

We shall prove, in the first place, that no algebraical 
equation can be satisfied by every point of any solid figure, 
but, in the most general cise, only by every point in some 
surface or surfaces. 

7. If an equation involve /only one of the coordinates as a?, 
we know that such an equation, (f> (x) = 0, has a finite or an 
infinite number of roots a, bj c,... separated by definite intervals, 
and 13 equivalent to the equations a; = a, a; = &, ... each of which, 
as a; = a, is satisfied by every point in a plane parallel to the 
plane yOz at an algebraical distance a from that plane. Hence, 
all the points, whose coordinates satisfy the equation ff> (x) = 0, 
lie in a series of planes parallel to yOz at algebraical distances 

iZ, €?• Cm a « . • 

If the given equation involve two only of the variables, 
as ^(^9^) = 0, on the plane yz let the curve be constructed, 
every point of which satisfies this equation, and let a straight 
line be drawn parallel to Ox through any point in this curve, 
then every point in this line is such that its coordinates, 
as well as those of the point through which it is drawn, 
satisfy the given equation, and the same is true of all points 
in the curve, but of no other points. Hence, all the points 
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which satisfy the proposed equation lie in a surface generated 
by a straight line parallel to Oxy which passes successively 
through every point of the curve traced on the plane yz ; 
such a surface is called a cylindrical surface, and the curve is 
called the trace on the plane yZy being one of an infinite number 
of curves called guiding curves to the cylindrical surface. The 
number of guiding curves is infinite, since, if any curve be 
traced upon the cylindrical surface so as to cross every 
generating line, a line, moving parallel to Ox so as to traverse 
every portion of such a curve traced in space, would generate 
the entire cylindrical surface, that curve serving to guide the 
direction of motion of the generating line. 

8, We may notice here that if the equation (y, «) = be 
equivalent to a series of equations of such forms as 

(y-J)' + (.-cr=0, 

[my — nzY H- (« — c)' = 0, 

the trace on yz is reduced to 'a series of points, and the locus 
of the equation <^ (y, «) = becomes a series of straight lines 
parallel to Ox and passing through those points. 

In such cases the locus appears to be difierent in character 
from that of the general case, since it is a series of lines instead 
of being a surface. But it may be seen that this is only in 
appearance, since each of the equations, whose locus is called 
a point, represents a closed curve of infinitely small dimensions, 
and the lines are cylinders whose breadths are infinitely small, 
and the locus of the equation (f> (y, z) :=0 is, as in the general 
case, a series of surfaces, and a similar interpretation may be 
given in every case. 

9. We shall now proceed to the general case, in which all 
the coordinates are involved, 

and examine the position of all the points which satisfy the 
equation. 

We shall first find the position of those points which are 
at an algebraical distance / from the plane of yZj which is the 
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same thiDg as finding those points of the locus which lie in 
a plane whose equation is x =/. 

Such points are contained in the cylindrical surface whose 
equation is ^ (y^ y, ^) = 0. The trace of this surface on the 
plane x=^f is the line which contains all the points of the 
locus which lie on that plane; and, if the series of lines be 
supposed traced corresponding to different positions of the plane 
a; =/, for values of / varying from - oo to + oo , we shall 
evidently obtain a surface which will contain all the points 
"which satisfy the equation 

^ (»j y^ «) = 0. 

10. As an illustration of tracing surfaces, we will take the 
case of the surface whose equation is 

{x + yf = az. 

If a; = 0, y^^az^ therefore the trace upon the plane of yz 
is a parabola whose axis is Oz and vertex 0. 

Similarly the trace on zx is an equal parabola having the 
same a&is and vertex. 

If ;5 = A, (a; + y)' = aA, the latter, is the equation of two planes 
parallel to Oz^ equally inclined to the planes yz^ zx^ therefore 




the trace on the plane « = A is two straight lines equally inclined 
to the planes of yz^ zx. 

Hence, the surface may be generated by straight lines such 
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as PQ^ which move parallel to the plane xy^ constantly passing 
through the traces OP, OQ on the planes zx^ yZj and inclined 
to these planes at equal angles of Idd*". 

The shape is therefore a cylindrical surface. 

Locus of the Polar Equation, 

11. We shall examine in order the loci of equations in Polar 
coordinates which involve one or more of these coordinates. 

(1) If the equation be JF'(r) =0, this is equivalent to a series 
of equations r^a^ r^bj ... any one of which being satisfied 
the original equation is satisfied ; r = a is satisfied by all points 
at a distance a from the origin, measured in any direction; 
therefore the locus of F{r) = b a series of concentric spheres, 
whose centre is the origin. 

(2) If the equation be F[0) = Oj it is equivalent to ^ = a, 
5 = y9, ..., any one ^ = a is satisfied by every point of lines 
through inclined to Oz at angles equal to a; therefore the 
locus F{d)=^0 is a series of conical surfaces, whose common 
axis is Ozy common vertex 0, and vertical angles 2a, 2^, .... 

(3) If the equation be jp'(^) = 0, it is equivalent to ^ = a, 
^ = ^, ..., any one <^ = a is satisfied by every point in a plane 
through Oz inclined at an angle a to the fixed plane zOx] 
therefore the locus of F{<f>) = is a series of planes through 
Oz inclined to zOx at angles a, /3, ... . 

(4) If the equation involve only r and 6^ as F{r^ ^) = 0, 
since for all values of ^ the same relation exists between r and 0j 
the locus of the equation is the surface generated by the re* 
volution of a curve traced on a plane passing through Oz^ as 
this plane revolves about Oz as an axis. 

(5) If the equation involve only and ^, as F[Oj 4>) = 0, 
for every value of <^, there is a series of values of ^, correspond- 
ing to which if straight lines be drawn through 0, every point 
in these lines will be such that its coordinates will satisfy the 
equation, and as (f) changes, or the plane through Oz revolves, 
these lines assume new positions relative to Ozj and generate, 
during the revolution of the plane, conical surfaces, a conical 
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surface being defined to be a surface generated by a straight 
line moving in any manner with the restriction that it passes 
through a fixed point. 

(6) If the only coordinate involved be r, <f>y as in F(rj ^) = 0, 
for each position of the plane through Oz inclined at any angle 
^ to the plane z Ox^ there is a series of values of r which are 
constant for all values of 0^ i.e. there is a series of concentric 
circles in the plane, the coordinates of each point in which 
satisfy the equation. 

The locus of the equation is therefore a surface generated 
by circles having their centres in (3, and varying in magnitude 
as their planes revolve about the line Oz through which they 
pass. 

(7) If the equations involve all the coordinates, as 
jF(r, 5, ^) = 0, let any value, as j8, be given to 0, then cor- 
responding to this value there is a plane through Oz^ and 
if the locus of -F(r, ^, /8) = be traced on this plane, and 
such curves be drawn upon all planes corresponding to values 
of <l> from — ao to + oo , the surface which contains all these 
curves will be the locus of the equation. 

Curvee. 

12. Carves in space are called generally curves of double 
cyrvaturej because generally they do not lie entirely in one 
plane, so that if we take three points very near to one another, 
these three points lie in one plane, but not generally in 
one straight line, while a fourth point will lie generally on 
one ude or the other of this plane, the bend first in one 
plane and then in another giving rise to the term double 
curvature. 

Equations of Curves, 

13. Through every curve there can be drawn an infinite 
number of surfaces, the intersections of any two of which will 
include every point of the curve. At the same time we must 
observe that two surfaces, each of which contains a given 
curve, may not be sufficient to determine the position of the 

c 
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curve definitely, because they may intersect in other points 
which are not connected with the given curve. 

Thus, if we take the case of a circle, it is true that it lies 
entirely in the intersection of a certain sphere and cylinder, 
but the sphere and cylinder are not sufficient to determine 
the circle without ambiguity, because they also intersect in 
another circle. It is possible, however, in this -case to find 
two surfaces which do define the circle completely, as, for 
example, a plane and either a sphere or cylinder. 

14. If <f> (a:, y, 2f) = and -^ {xj y, «) = be equations 6f two 
surfaces, these surfaces, by their intersection, determine a certain 
curve, and if another equation x (^5 y? «) = be derived from 
these equations by any algebraical process, this third equation 
will be satisfied by every point in the curve determined- by the 
intersection of the first two surfaces, and we may employ this 
equation and either of the first two to obtain properties of the 
curve, although the new equations which we employ may 
represent surfaces which intersect In other points than those 
of the curve originally proposed. 

For example, the equations 

-,« -,« -,» 

a* ^ 4' ^ c* ' 

and ic' + y** + ^^^ = h^, 

represent two surfaces, the first of which is called an ellipsoid^ 
the second is a sphere, now, dividing the second equation by 
&', and, subtracting the first from it, we obtain the equation 



fe"aV^'-(?"j5)^^ 



which, if a > J > c, represents two planes and shews that the 
curve of intersection Is composed of two circles, which are 
the intersection of the sphere and the two planes. 

15. It Is often convenient in practice to consider a curve 
as the intersection of two cylindrical surfaces, whose generating 
lines are parallel to two of the coordinate axes. In this way 
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of coDsideriDg curves, the equations of the surfaces are of the 
form 

^(y, «) = o. 

As a simple example of this method the straight liue joining 
the points w, N in the figure on page 2 is determined by the 
two plane surfaces whose equations are 

X z 

-+- = 1, 
a c ' 

^ V z 

and f 4- - = 1. 
c 



II. 
Trace the surfaces represented by the equatlous 



(1) 


«• + y' = ax. 


(2) 


z* = ax -i- by. 


(3) 


X' \ if ^ z^ r= 2ax + 2bt/ + 2cz. 


(4) 


x' + y* = 09. 


(5) 


jz* = c'y. 


(6) 


xy = flz. 


0) 


cy = (c - zY {a« - X-). 


(«) 


(JJ + !/)• = c (« - x). 


(^) 


Shew that the surfaces 




(x + y)' = a (« - ar), 




and a: + y - « = 0, 




intersect in a parabolic cylinder. 


(10) 


Describe the three surfaces 




r = a &inO, 




r = a COS0, 




40 = 27r + TT sin 40. 



CHAPTER III. 



PROJECTIONS OF LINES AND AREAS. DIRECTION-COSINES 

AND DIRECTION-RATIOS. 

16. Def. The geometrical projection of a straight line of 
limited length upon any other straight line given in position is 
the distance intercepted between the feet of the perpendiculars 
let fall from the extremities of the limited line upon the straight 
line oa which* it Is to be projected. 

17". The ffeometrical projection of a straight line of limited 
length on a given straight line is equal to the given length multi- 
plied hy the cosine of the acute angle contained between the lines. 

Let PQ be the line of limited length, AB the indefinite line 
upon which it is to be projected. 

Let QRN be a plane through Q perpendicular to AB meet- 
ing it in JV, PR parallel to AB meeting QRN in R. 




Therefore PR being parallel to AB is perpendicular to the 
plane QRN^ and therefore to RN and QR^ and QN is perpen- 
dicular to AB) hence, if PM be drawn perpendicular to -4 J?, 
JfjRTi&the projection oi PQ^ and QPR is the acute angle con- 
tained between PQ and AB^ and since PRNMi^ a rectangle, 

iIN=PR^PQcosQPR. 

If PQ produced intersects AB^ the proposition is obviously 
true. 



PROJECTIONS OF LINES. 13 

18. Def. The algebraical prqjection of a line PQ upon an 
indefinite line AB given in position is the projection estimated 
in a given direction, as AB, 

If a be the angle through which PQ may be supposed to 
have revolved from PB, drawn in the positive direction AB^ 
the algebraical projection o( PQ = PQ cos a. 

If N lies in the opposite direction with reference to Jf, a is 
obtuse, and PQ cosa is negative. 

The algebraical projection of a limited straight line upon 
a line given in position measures the distance traversed in 
tbe direction of the latter line in passing from one extremity of 
the former to the other. 

This consideration shews that, if all the sides of a closed 
polygon taken in order be projected on any straight line given 
in position, the sum of the algebraical projections of these sides 
is zero; since, in passing round the perimeter of the polygon 
from any point, the whole distance advanced in any direction 
is zero. 

Hence, the algebraical projection of any side AB of a closed 
polygon is the sum of the algebraical projections of the remain- 
ing sides commencing from A and terminating in B. 

Note, In future, when the term projection is used, the 
algebraical projection is to be understood. 

19. Let PQ be any line, PM^ MN^ NQ three straight lines 
drawn in any given directions so as to terminate in Q, and 
Ij 7W, n the cosines of the angles which PQ makes with these 
directions. 




Then PQ will be the sum of the projections of Pil/, MN^ and 
NQ on PQ ; therefore PQ = l.PM-\-m. MN-\- n . NQ. 
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DIRECTION-COSINES. 



Direction- Cosines, 

20. The direction of a straight line in space is determined 
when the angles which it makes with the coordinate axes are 
known. 

Def. If the coordinate axes be pei'pendicular, the cosines 
of the inclinations to the three axes are called direction-cosines. 

21. To find the relation between the direction-cosines of a 
straight line. 

If Z, w, n be the direction-cosines of PQ^ and PJf, MN^ NQ 
be parallel to* the coordinate axes, 

PM^PQ.l, MN^PQ.m, NQ = PQ.n. 

Join PN^ then, since QN is perpendicular to NM^ MP^ and 
therefore to the plane PMN^ PNQ is a right angle; 

hence PQ"^ PN' + NQ' = PJiP + MN'-]'NQ'i 

.'. l=Z* + w' + n", 

which is the relation required. Hence the three angles of in- 
clination cannot all be assumed arbitrarily. 

22. To find the angle between two straight lines in terms 
of their direction-cosines. 

Let PQ^ P'Q' be two straight lines whose direction-cosines 
are (Z, m, n) and (Z', m\ n) respectively. 



a 




7// 



Let PJ/, J/iV, NQ be drawn parallel to the axes, connecting 
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« 

any two points P, Q^ and PP\ QQ' perpendicular to P'Q\ and 
let 6 be the angle between PQ and P'Q. 

Then P'Q'^ the projection of PQ on P'Q', will be equal to 
the sum of the projections of PM^ MNy NQ on P'Q'j namely, 

therefore PQ cos 6 = PI/. ?' + i/JV; w' + NQ . «', 
and since PM^PQ.l^ MN==PQ.m^ NQ = PQ,n, 

.'. cos 0=^ir -\- mm + n7i' ; 
hence, sin*^ = (? + m' + w*) [P + ^n" + n") - [U + wm' + nnY 
= (mw' — w'w)" + {nV — n7)* + {Jm' — f /n)'. 

When ^ = ^7r, ?? + wiwi' + nn = 0, the condition that the two 
straight lines may be at right angles. 

23. To find the direction-cosines of a straight line perpen- 
dicular to two straight lines whose directioJi-cosines are given. 

Let Z, 7w, w, and Z', m\ n be the given direction-cosines, and 
X, /lA, V the required cosines of the perpendicular. 
Then from the condition of perpendicularity, 

VK + mfi + wv =0, 

and l'\ + m'fL + nv = 0, 

whence {Jn — Vn) \ + [mn — m'n) /* = 0, 

and — ; T- = y>^ >7 = ,—7 — 7, J by symmetry, 

mn —mn nl —nl Lm —im^ '' "" "^ ' 

= ±J-^, (Art. 22), 
sm^ ^ 

if d be the angle betweeji the lines. 

24. 7b ^wrf <Ae direction^cosines of two straight lines which 
lie in the plane containing two straight lines ^ whose direction-- 
cosines are given^ and bisect the angles between them. 

Let -4P, -4^ be the two given lines, whose direction-cosines 
are Z, m, n and Z', m'j n'. 

Take -4P=-4Q = r, join PQ and bisect it in P, AR is one 
of the bisecting lines, let its direction-cosines be X, /i, v, and 
if 26 be the angle between AP and -4 Q, -4P = r cos^. 
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If AP^ AQ, and Alt be projected upon the axis Ox^ the 
projection of It bisects that of PQ ; 

1. Z+Z' 

.'. 2r cos5.\ = Zr + ZV, and \=- 7,-, 

' 2 cos^ ' 

and similarly for fi and v. 

Produce QA to q so that Aq^r^ and bisect Pg in r, -4r 
is the other bisector, and since the direction-cosines of Aq are 
— Z'j — m\ — v! and Ar = '2r sin 0^ if V, /a', v' be the direction- 
cosines of Ar ; 

,\ 2r sin ^.V = Zr+ (-ZV, and V=^ . >, , 

^ ^ ' 2 sin^' 

and similarly for fi and v\ 6 being determined by the equation 

cos25 = W -f mm + /2w', (Art. 22). 

25. To ^«d the angle between the two straight lines whose 
direction-cosines are given by two homogeneous equations of the 
frst and second degrees respectively. 

Let the given equations be 

ar + hn^ + en* -f 2a mn + 2i'nZ + 2c'Z7n = 0, 

and al + fim + 7?? = 0. 

That there are two lines may be seen by eliminating n 
from the two equations, whereby we obtain the equation giving 
two values of I : m^ 

rf (a? + bm^ + 2clm) - 27 [al + pm) [b'l + dm) + c (aZ -f ^mf = 0, 

or vZ* + 2t(7'Zm + ww'* = 0, 
where v=^ay* — 2b'ya-\'ca^^ 

w' = c'7* — (a a + b'/3) 7 + caj3, 
u = cl3*- 2dfiy + ^7*. 

Now, let Z,, Wj, w,, and Z^, tw^, w^ be the direction-cosines 
of the two straight lines, then, Z, : m^ and Z, : tw^^ being roots of 
the equation, 

IJ^ ^ rnjn^ ^ Ijm^ + Ijin^ ^ f (Z^?w, + Z^m^ )' - 4 Z/^m,?wJ * 
M V — 2i{?' I 4 (?^'* — wr) ) ' 



DI RECTION-RATIOS. 
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Now, it can be shewn, by collecting the coefficients of the 
different powers of 7, that 

where A=a^ — bc and A'=^aa' — h'c\ 

and similar expressions. 

We have, therefore, from symmetry^ 



u 



t; 



t^7 



2aP 



2ySP 27P * 

•f^here P* is written for the symmetrical expression 

Therefore, if ^ be the angle between the lines, 

cos^ __ ^^^^ 

u^vVw " 2P(a" + )3*-f 7")* ' 

CoK. The conditions that two such equations may represent 
two perpendicular or two parallel directions are 

W + V + 117 = 0, and P=0, respectively. 

The condition of perpendicularity may be written 

(a + J + c)(a« + )8« + 7')-/(a,/9,7) = 0, 

if /{ly 7/2, n) = be the equation of the second degree. The 
condition of parallelism may be expressed by the determinant 



a, c , b\ a 

c', J, a , fi 

l\ a', c, 7 

a, ^, 7, 



= 0. 



Directio'nrratioB, 

26. Def. If the coordinate axes be not perpendicular to 
each other, the direction of a line PQ is fully determined, when the 
ratios of FM^ MN^ NQ to PQ are given, PM^ MN, NQ being 
parallel to the axes. These ratios are called dtrection-ratios. 
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27. To find the relation between ike dtrection'ratios of a 
straight line. 

In the figure on page 14, let the angles yOz^ zOx^ xOy be 
X, /x, V, and let a, yS, 7 be the angles between PQ and the axes, 
Z, w, n the direction-ratios of PQ. 

Projecting the line PQ and the bent line PMNQ terminated 
in the same points on Ox^ 

PQ cosa = PM+ MN cos v + NQ cos/i, 

.'. cosa= Z + w cosv-f ncos/x; 

similarly cosyS = Z cos v + 7/1 + w cosX, 

and COS7 = I cos /A + m cosX + n. 

Also, projecting PMNQ on PQ^ 

' PM cosa + MN cos/3 + NQ C037 = PQ, 
.'. Z cosa + w cos^ + n co87= 1, 
.'. 1 = r* 4 m* + w* + 2mn cosX + 2wZ cos/a + 2lm cosv, 
which is the relation required. 

Projection of a Line on a Plane. 

28. Def. The orthogonal projection of a line of limited 
length on a plane is the line intercepted between the perpen- 
diculars drawn from the extremities of the limited line upon 
the plane. 

29. The orthogonal projection of a line upon a plane is 
the length of the line multiplied by the cosine of iJie angle of tn- 
clination of the line to the plane. 




PROJECTIONS. 
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Let PQ be the given line, AB the plane, PMy QN perpen- 
dicnlars upon the plane. 

Since PW, QN are perpendicniar to the plane AB^ PM is 
parallel to QN^ and the plane MPQN is perpendicular to the 
plane AB) join MN^ and draw PL parallel to MN] 

.-. ^ PL G = -^-M'-ArQ = a right angle; 

.•• MN==PL = PQcosQPLj 

and MNis the projection of PQ on AB^ 

L QPL = the inclination of PQ to the plane, 

^whence the proposition. 

Projection of a Plane Area upon a Plane. 

30. Def. The orthogonal projection of a closed plane area 
upon a fixed plane, is the area included within the line which 
is the locus of the feet of perpendiculars drawn from every point 
in the boundary of the plane area. 

If a series of planes be taken forming a closed polyhe- 
dron, the algebraical projections of the faces upon any plane arc 
their areas multiplied by the cosines of the angles which their 
normals, drawn outioardsj make with the normal to the plane. 

31. TTie orthogonal projection of any plane area on a given 
plane is the area multiplied hy the cosine of the inclination of the 
plane of the area to tlie given plane. 
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Let APB be any closed curve described upon a given plane, 
and A'PB' the orthogonal jyrqjection upon any other fixed plane, 
which is the locus of the feet of the perpendiculars drawn to the 
second plane from every point of the curve APB. 

The areas APB^ A'P'B' may have inscribed in them any 
number of parallelograms, such as PQ^ P'Q^ whose sides are in 
planes PMP\ QNQ' drawn perpendicular to the line of intersec- 
tion of the given planes, and parallel to that line, and these 
parallelograms are in the ratio of 1 : cosine of the inclination of 
the planes ; therefore the sums of the parallelograms are in the 
same ratio. 

Hence, proceeding to the limit when the breadths of these 
parallelograms are indefinitely diminished, the area of the pro- 
jection of -4P6=area of ^PJ5;< cosine of the inclination of 
the planes. 

32. If the faces of any closed polyhedron he projected on any 
planCy the sum of the algebraical projections of the faces on any 
fixed plane will be zero. 

One side of the fixed plane being selected as that to which 
the normal is drawn, the angle between this normal and the 
normal, drawn outwards, at any point of the closed polyhedron, 
is quite definite ; and the projection of any face will be positive 
oc negative according as this angle is acute or obtuse. Now 
any straight line whatever (produced indefinitely both ways) 
will meet the polyhedron in 0, 2, 4, ... or some even number of 
points, since passing from outside to inside, or from inside to 
outside, necessitates- crossing a faec once. Draw a straight 
line parallel to the normal to the plane of projection meeting 
the polyhedron in points P^, P^ P^, ..., P^^ and round it an 
indefinitely small cylinder whose transverse section is a, then 
the projections of the sections of this cylinder made by the faces 
of the polyhedron which it meets will be alternately + a and 
— a, and since the number of them is even, their sum will 
always be zero. This being true for every straight line per- 
pendicular to the plane of projection, will be true for the total 
projection of the polyhedron ; and will also be true when the 
number of faces is indefinitely increased, and the areas of some, 
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or all of them, diminiBhed indefinitely ; that is, the sum of the 
algebraical projections of all the elements of a closed surface 
on any fixed plane is zero.* 

33. To find the area of any plane surface in terms ofthelareaa 
of iJie projections upon any rectangular coordinate planes* 

Let Z, m, n be the direction-cosines of a normal to the plane 
on which the given area A lies, A^^ -4^, A^ the areas of the 
projections upon the coordinate planes of yz^ zx^ xy. 

Then, since I is the cosine of the angle between Ox'and the 
normal to the plane, which is the same as the angle between 
tbe plane of A and the plane of ^2;, A^^Alj 

and similarly, A^ = Anij and A^ = An ; 

34. To find the plane upon which the sum of the projections 
of any number of given plane areas is a maximum. 

Let A J A' J A".,, be any number of plane areas, ?, wi, w, 
r, w', n... the direction-cosines of the normals to their planes, 
X, fi^ V those of the normal to a plane upon which they are 
projected ; and let J^, A^^ A^ and -4'^, A'^y A\,.. be the areas of 
the projections of the given areas upon the coordinate planes. 

Then since Ik + mfjL + nv is the cosine of the angle between 
the plane of ^, and the plane upon which it is projected, the 
projection of A is 

A[l\ + mfjL + nv) = A^X + A^fi 4- A^v ; 

therefore the sum of the projections of all the areas upon the 
plane (X, ^6, i') is X2 ( J J + /i2 (^ J + vS (^J which is to be a 
maximum by the variation of X, /a, Vj subject to the condition 
X* + /*" + v*=l; 

.-. 2 (^ J c?X 4 2 (^ J J/i + 2 (^J dv = 0, 

and \d\ -\- fjid/jb + vdv =■ Oy 

must be true for an infinite number of values o(dK : dfi : dv] 

\ ^ fl V __ 1 



SI > 



* See Thomson and Tail's Elements of Natural PLUosophy, Arts. MG-150, 



n 



22 PROBLEMS. 

which determine the direction of the plane of projection, in order 
that the sum of the projections of the areas may be a maximum. 



III. 

(1 ) Two straight lines are drawn in the planes of xy and \fz^ making 
angles a, 7 with the axes of x^ z respectively ; the direction-cosines of the 
straight line perpendicular to the two are proportional to tana, - 1, tan 7. 

(2) If two straight lines he inclined at an angle of 60®, and their 
direction-cosines be /, m, n, /', m', n', there will be a straight line whose 
direction-cosines are I - 1^, tn - m', and n - n\ and this straight line will be 
inclined at angles of 60° and 120° to the former straight lines. 

(3) If the angles which a straight line through the origin forms with the 
coordinate planes be in arithmetical progression, whose difference is 45°, 
the line must lie in one of the coordinate planes. 

If it form angles a, 2a, 3a with the coordinate aiLes, it must lie in one of 
the coordinate planes. 

(4) The angle between two faces of a regular tetrahedron is sec"* 3. 

« (5) Find the angle between the two straight lines, whose direction- 
cosines are given by ^ + m* a n* and Z + m + n = 0. 

(6) Shew, by projecting upon the base, that the area of the surface of a 
right cone is fral, a being the radius of the base, and / the length of & 
slant side. 

(7) Shew a priori that the rational equation connecting the direction- 
cosines of a straight line can only inyolve even powers of those quantities. 

(8) Three circles whose areas are in the ratio 3:4:5 lie in three 
perpendicular planes, shew that the plane on which the sum of the projec- 
tion is greatest is inclined at an angle 45° to the plane of one of Uie circles. 

(9) If a plane mirror be equally inclined to each of the three coordinate 
planes, and X, fi, v be the direction-cosines of a ray incident on it, shew 
that those of the reflected ray will be 

I (2/i + 2v - X), \ {2v + 2X - fi\ and i (2X + 2/t - v). 

* (10) If ^0 be the small angle between two lines, whose direction-cosines 
are respectively /, m, n and I + ^/, m + ^/w, n + in, prove that 



(11) Determine the plane and the area of the maximum projection of the 
hexagon formed by the six edges of a cube that do not meet a given 
diagonal. 
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' (12) The sum of the three acute angles which a straight line forms with 
three rectangular coordinate axes is less than viif, 1 96^^. 

» (13) The sum of the acute angles which any straight line makes with 
rectangular coordinate axes can never he less than f seo~*(- 3). » 3 €^^^'1^ 



(14) The direction-cosines of a straight line perpendicular to the two 
whose direction-cosines are proportional to /, m, n and m-fn, n + /| /+m, 
are proportional to m- n^ n - I, / - m. 

(15) The straight lines whose direction-cosines are given by the equations 

aZ + 6m -)- en B 0, 
aP + fim* + 7n» = 0, 
will be perpendiculari if a* ()3 + 7) + ft* (7 + a) + c* (o + )3) = 0, 

and parallel, if - + -+- = 0. 

a ^ 7 

(16) The straight lines whose direction-consines are given by the equations 

a/ 4- ftm 4 en «> 0, 

I m n 
will J)e perpendicular, if - + ^ + - t= 0, 

and parallel, if V(««) ± V(*/3) ± V(e7) « 0. 

(17) The direction- cosines of a line making equal angles with three 
straight lines whose direction-cosines are 

(/, m, n), (r, m', n'), (r, m", n"), 
are proportional to 

m (n' - n'O + m' (n" - n) + m" (n - n'), 

n (^ - r) + n' (r - 4 «" (^ - ^). 
/ (w' - m") + r (m" - m) + r (m - m'). 

If the given lines be mutually at right angles, the direction-cosines 

will be 

Z + f -h r m -f m' + m" n 4 n' -f n^ 

""73 ' V3 ' V3 ' 

(18) If the direction-cosines of two straight lines be given by the equations 

amn 4- 6ni 4 dm = 0, 0/ 4 /3m 4 7n = 0, 
proye that the tangent of the angle between the lines will be 

{(g' 4- /3« 4 7*) (aV 4...- 2 6e j97 "-))* 
a/37 4 67« 4- co)3 
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(19) Find the direction-cosines of the two straight lines which are 
equally inclined to the asis of z, and are perpendicular to each other and 
to the line which makes equal angles with the coordinate axes. 

(20) If A, JB, C, D he four points in a plane, A\ B', C\ D* their 
projections on any other plane, the volumes of the tetrahedrons ^BCZ/, 
A'B'C'D will he equal. 

(21) If /, m, n he the cosines of the angles which a straight line makes 
with three ohlique coordinate axes, and X, ^, v he the angles between 
the axes, 

^ sin'X + m" sin"^ + n" sin'r + 2mn (cos/i cos v - cosX) 

•f 2nl (cos V cos \ - cos fn) \ 2/m (cos \ cos fk - cos v) 
= 1 - cos*X - cos'/i - cos* I' + 2 cosX cos/i cos v, 

(22) If A, Bf C, D be the areas of the faces of a tetrahedron ; a, 5, e, 
«, /3, 7 the cosines of the dihedral angles (-BC), {CA), {AB), (DA), {DB), 
(DC), respectively; then will 

A* B^ ^ C^ 

1 - a" - 6* - c* - 2ahc "^ 1 - a* - ^* - c« - 2afic "l-a*-6*-7*- 20*7 

jy 
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DIVISION OF UNES IN A GIVBN RATIO. 
DISTANCES OF POINTS. EQUATIONS OF A STRAIGHT LINE. 

35. To find the coordinates of a point which divides the straight 
line joining two given points in a given ratio. 

Let the given points be P{xj y^ z\ and P {x\ y\ z\ and let 
Q divide PP in a given ratio, so that PQ : QP :: X' : \. If 
M^ Nj M' be the feet of the ordinates of P, Q^ P' parallel to Oz^ 
and mQni parallel to MNM* meet MP in m^ and M'P in m\ 

jRn : mP :: PQ : QP :: X' : X; .•. if f, 17, f be coordinates of Q^ 

and simaarly for f and 17. 
\ When Q lies in PP produced in the direction of P^ PQ and 
"QP being measured in opposite directions are affected with 
op^site signs and X is negative. In like manner, when Q is 
in'PP prodaced in the direction of P, X' is negative. In aU 
cases dne regard being paid to the signs of X and X' have 

PQ^QP ^ PP 

X X X -j- X 

Distance between two points. 

36. To find the distance between two points whose coordinates 
are given^ referred to rectangular axes. 

Let (oj, y, z\ {x\ y\ «') be two points P, Q whose coordi- 
nates are given referred to a rectangular system; and let a 
parallelepiped be constructed whose diagonal is PQ^ and whose 
edges PM^ MNj NQ are parallel to the coordinates axes Ox^ Oy^ 
Oz ; and join PN. 

E 
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Then, since QN is perpendicular to the plane PMN^ and 
therefore to PN. 

but PN' = PM^-{-MN*] 

PM is the difference of the algebraical distances of Q and P 
from the plane y Ozj and similarly for MN^ NQ : 

If a, /3, 7 be the inclinations of PQ to the axes of coordinatei, 

X —x^PQ cosa, 

y-3^ = PQcos)9, 

«' -« =^PQ C0S7, 

.'. 1 = C08*a 4 cos'^yS 4 cos* 7. 

The double sign, which appears in the value of PQ^ may be 
interpreted in a manner similar to that adopted in the case of the 
radius vector in polar coordinates in Plane Geometry. 

If the angles a, ^, 7 define the direction of measurement of 
the distance PQ of Q from P, the opposite direction is defined 
by 7r4a, ^4)8, 7r4 75 and therefore these angles with an 
algebraical distance — PQ equally determine the position of the 
point Q with reference to P. 

The distance of the point [x\ y\ «') from the origin is 
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37. To find the distance betioeen tioo points referred to oblique 
axes. 

Let A, /A, V be the angles between the axes ; and (a;, y, z)^ 
{xj y\ z) two points P and Q. 

Let a parallelepiped be constructed whose diagonal is PQ^ 
and whose edges PM^ MNj NQ are parallel to Ox^ Oy^ Oz. 

Now, the projections on PM of the line PQ^ and of the bent 
line PMNQ terminated in the same points, are equal. 

Therefore if a, 0^ y be the angles which PQ makes with the 
axes, 

PC cosa = PM + MN cos v + NQ cos/t, -j 
similarly PC cos/8 =JlfiV^+iVCcosX + PJf COS V, [ (I). 
and PQ cosy == NQ + PM cosfi + MN coaX, J 

Also PQ is the projection of PMNQ on PQ ; 

.-. PQ = PM cosa + MN co8/3 + NQ cosy (2). 

Therefore multiplying the equations (I) by PM^ MN^ NQ 
we have by (2), 

PQ'^PM^JtMN^-^NQ'-^2MN.NQco%\ 

+ 2NQ. PMcosfi + 2Pif. Jl/JVcosv, 

and PM is the difference of the algebraical distances of Q and 
Pfrom yOzj and therefore =x' - x^ and similarly MN—y' — y^ 
and -SrC = «' — «; 

.-. P<y = (a?'-a:)"+(y-y)" + («'-is)» + 2(y'-.v)(^'-«)cos\ 

+ 2 («' - «) (a?' — a;) cos/a + 2 (a?* — x) [y - y) cos v, 

whence PQ is determined as required. 

38. If Z, m, n be the direction-ratios of PQ, 

PM^l.PQ, MN=m.PQ, NQ^n.PQ; 
/. 1 = P 4- 7^" -f 7i« 4- 2»jn cosX + 2nl cos/a + 2lm cos v, 

which is the equation connecting the direction-ratios of any line 
referred to oblique axes. 

39. To find the distance of two points whose polar coordinates 
are given. 

Let (r, ^, <l>) and (r', fl', ^') be the given points P and (?. 
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Join OP, OQ^ QP^ and let a spherical 
snrface, whose centre is and radius 
unity, intersect OP, OQ^ and OZ in 
p^ J, and T. 

Then, ry =5, rj =^, and Z qrp=^4>-^. 

P^^ 0P^+ 0^- 20P.0Q eoBpq 

ssf^^r*^^ 2rr' coapq. 
But cospq = cos^ cos jr 

+ sin^ singr cospry 
=:cob5 cos^' + sin5 sin^ cos(0' — ^)} ; 
.-. P(2* = r* + r'" - 2rr' {cos^ cos 6' + sin sin ff cos((^' - *)}, 
whence the distance PQ is determined in terms of the polar 
coordinates of P and Q. 

40. The distance may be de- 
termined without Spherical Tri- 
gonometry as follows. 

Draw PMj QN perpendicular 
to the plane of ay, join MNj OM 
and 0-^, and draw PR perpen- 
dicular to QN\ 

... PQ' :=. QB" + PF" 

QB=:r' cos0'-rcos0^ 
miMIP^0iP'^0IP'-20M.0NcoBM0N 

= r» sin*d + r'» sin*^-2rr' sind sin^ cos(f -^) ; 
.-. PQ» = r» + r'* - 2rr' {cos^ cos^' + Bm0 smff cos(i^' - 0)}, 
which gives the required distance. 

The Straight Line. 

41. The general equations of the straight line which will 
be employed are of two forms : one form is symmetrical, and the 
equations are deduced from the consideration that the position 
of a straight line is completely determined, when one point in 
the line is given, and the direction in which the straight line 
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is drawn. The symmetiy of this form gives great adyantages, 
and in all qnestions of a general nature the general symme- 
trical equations will be almost ezclusivelj employed. The 
other form is nnsTmrnetrical^ and the equations are deduced 
from the consideration that a straight line is the intersection 
of two planes, and is completely determined when the equa-^ 
tions of the two planes are giren. These equations in their 
simplest forms are the equations of planes parallel to two of 
the coordinate axes, and are the same as the equations of the 
projections of the straight line parallel to these axes upon 
two of the coordinate planes. It will be seen that, in cases 
in which the elimination of the constants is an essential part 
of the solution of a problem, the unsymmetrical equations may 
be used with advantage. 

42. To find the symmetrical equations of a straight line. 

Let ud be a fixed point (a, by c) of a straight line, P any 
other point (a?, y, z)^ 7, m^ n the direction-cosines of AP'y and 
let^P=r. 

Then the projection of AP on the axis of a; is a; — a, and 

SB ^^ CL ti ^ n 

it is also ?r, hence — y- = r, and, similarly, = r, and 

also = T. The equations of the straight line are therefore 







itLy My N are any quantities proportional to ?, m, n. 

It should be carefully remembered that, when the former 
equations are used, each member of the equations is equal to 
the distance r of the current point (a;, y, z) from the fixed 
point (a, hy c). 

The equations of a straight line will be of the same form 
if the axes be oblique, the same interpretation being given 
to r, and Z, m, n being the direction-ratios. The projections 
employed in the above proof will then be the intercepts on 
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the axes made bj planes through A and P parallel to the 
coordinate planes. 

43. To find ike nari'symmetrical eqtiatidna cfa straight line. 

If a straight line PQ be projected by straight lines parallel 
to the axes Oy, Ox^ whether rectangular or oblique, on the 
two coordinate planes xz^ yz^ each projection will be a straight 
line, as^, pq^ in these planes respectivelj. 



r\ 



\ 



a 




Hence, the coordinates x^ z of any point (;r, y^ z) in PQ 
being the same as those of the projection of the point in pj^, 
satisfy an equation of the form x ^pz -f h^ and the coordinates 
y^ z similarly an equation of the form y^qz + k] and, con- 
sequently, the equations of the line may be written 

x = pz-]-hj y = qz-\-h. 

44. On the number of independent constants employed in the 
equation of a straight line. 

It may be noticed that the latter system of equations 
involves only four constants, whilst the symmetrical system 
involves six. 

Of the three 7, »i, n, however, we know that they are 
connected by the relation P + «w* + n* = l (Art. 21) or an 
equivalent relation (Art. 27) if the axes be oblique, which 
renders them equivalent to only two independent constants; 
and, if we take X, Jf, N^ since they are only required to be 
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proportiiNial to Z, tra, n, one of these may be assumed arbitrarily, 
and they are still equivalent to two constants only. 

Also, of the three a, &, o, one may be assumed at pleasure ; 
for, since the straight line cannot be parallel to all the co- 
ordinate planes, let it not be parallel to that of yz ; then at 
whatever distance a from yz we take a parallel plane, the 
straight line will meet this plane, and we may take the point 
where they meet for the point (a, ft, c), that is, we may give 
to a any value we please, and the three a, ft, c are consequently 
equivalent to two independent constants only. 

45. To find the equations of a straight line parallel to a 
coordinate plane. 

If a straight line be parallel to a coordinate plane, as that 
of yz^ every point in it is at a constant distance from this 
plane, and we have the equation a; = A, therefore the equations 
will be of the form 

a; = A, y = qz-\-k. 

Taking the symmetrical form, since the line will be per- 
pendicular to the axis of or, 2 = 0, and therefore Z = 0, and 
the equations of the line assume the foim 

x — a y- ft z- c 
Tit n ' 

x — a _ y — ft _ « — c 

^"^ ~0~ ""W'T' 

which form implies that x^a for every point in the line at 
a finite distance, since the members are not infinite for such 
values. 

46. To find the eqiuUions of a straight line parallel to one of 
the coordinate axes. 

If the straight line be parallel to one of the coordinate axes, 
it will be parallel to the two coordinate planes passing through 
that axis, and consequently any point in it will be at an 
invariable distance from each of these planes. Hence, if a 
straight line be parallel to the axis of «, the distances of any 
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point in it from the planes \)z^ xe will be constant, a fact 
expressed by the equations 

« = A, y-fcj 

which will, therefore, be the equations of the line. 
As before, the symmetrical form is 

x — a _ y — ft _ «- c 

47. To Jind the angle between two straight lines whose equa- 
tions are given. 

If the equations of a straight line be given in the form 

x — a _ y — ft _ 2 — c 

then, if 2, fit, n be its direction-cosines, 

I m_ n _ ± V(f + w* + n') ±1 

or the direction-cosines will be 

±L ±M ±N 

^{L' + AP + IP^ ^[L^+iP+IP)' ^/{r + iP + N^ 

If the equations be given in the form 

x-pz + hj y^qz-\rJcy 

since these may be written 

re — A _ y — A _ z 

the direction-cosines of the line will be 

±p ±q ±1 

In (1) and (2) the ambiguities have the same sign. 
Hence, if the equations of two straight lines be 

x — a _ y^ft _ « — c 
x — a* _ y — ft' _ z — d 



(I). 



(2). 
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the aogle between them will be 



LL 4- MW + NN' , . . 



And, if the equations be 

x=pz'rh\ y = qz + k\ 
the angle between them will be 

jt?p' + 3^' + 1 



cos"* 



V{/ + ?'' + i)V(i>'H?"^ + i)" 



48. Tofirid the conditions that two straight lines whose equa- 
tions are given may be paralleL 
If the two straight lines 

x — a _ y — h __ ^ — c 

a: — a' _ y ~ ^ _ ^ ~ c' 

be parallel, they will have the same direction-cosines, and, since 
i, M^ N and also X', if', ^' arc respectively proportional to 
these direction-cosines, 

k^K^I (1) 

L M' N' ^ ' 

will be the conditions of parallelism. 

These conditions may be derived from the general value 
of the cosine of the angle between them, which will then be 

onitv. 

_LL' + MM' + NN' _ 

'''■ V(i'' + if" + N^') <^{L'' + if* + N"*) ' 

or {L' + ilf" + N*) [L* + if "* + iV*) - [LL + MM ' + NN'f =. 0, 

or [LM' - LMf + {MN' -M'Ny + {NL' - N'Lf = 0, 

which is equivalent to the conditions (1). 
Similarly, if the straight lines 

X — pz-^- h^ y=qz-\-k^ 
x^pz + h'j y^qz + k' 
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be parallel, 

which results follow from the consideration that, if the stnught 
lines be parallel, their projections will also be parallel. 

49. To find the condition that two straight lines^ whose eqvor 
tions are given^ may he perpendicular. 

If the straight lines be perpendicular, the cosine of the angle 
between them will vanish, and the condition that this may be 
the case is 

LL' + MM'-tNN' = Oj or ;?p' -f- 22' + 1 = 0, 

according to the systems of equations given. 

50. To find the condition that two straight lines^ whose equa^ 
tions are given^ may intersect. 

Let the equations of the two straight lines be 

x-a _ y-h _ g~c . 



L M N 

x — a^y — V^z-c 



(2) 



L M' N' ' 

and let each member of (1) be equal to £, and of (2) equal 
to m. 

Then, if the lines intersect, equations (1) and (2) must be 
simultaneously satisfied by the coordinates of the point in which 
they intersect. 

Hence, a -a-^ UE - LR=^% 

V-b-\'M'E-MR = 0, 

c''-c-^N'R-NB = 0, 

and eliminating B and JR', we obtain the required condition 

a — a, 2/', L 
b'-h, M\ M =0, 
d-c, lt\ N 

With the equations 

a; = ^j5 4 A, y = j2 + ^, 

X^pz-^- h\ y^q^zJc h\ 
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the conditioii Is immediately found to be 

by eliminating x^ y^ and z. 

Straight line under given conditions. 

51. To find the equations of a straight line passing through 
a given point, 

If (a, bj c) be the given point, we have already seen that 
the symmetrical form 

will represent a straight line passing through that point. 
The unsymmetrical form is 

52. To find the equations of a straight line passing through 
a given point and parallel to a given straight line. 

The equations of a straight line passing through a given 

point (a, h^ c) are 

x — a y — h z-^c 

and if this be parallel to a straight line whose direction-cosines 
are L m. n^ 

■y = — = — , (Art. 48) 

therefore the required equations will be 

x — a _ y — h _ ^ -^ 
I m n ' 

53. To find the equations of a straight line passing through 
a given pointy and perpendicular to and intersecting a given 
straight line. 

Let (a, ftj c) be the given point, and the equations of the 
given straight line be 

a; — a' _ y — i' _ s? — c 
I m n ' 
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Then 



X 



" ^ _ y- b __ z — c 



L " M N 

will be the required equations of the straight line, where the 
ratios L : M: N are to be determined from the equations 

LI + 3fm + iVn = 0, (Art. 49) 



= 0. (Art. 50) 



54. To find the equations^ of a straight line passing through 
a point and intersecting two given straight lines. 

Let (a, i, c) be the given point, and let the equations of the 
two given straight lines be 

X- a __y "H __ « — c' , x — a"^y-h"^ z — c" ^ 
~jj- - -jg^ - 7p- ) and -jjT- - -^- - j^n ; 



and let the equations of the straight line satisfying the re- 
quired conditions being 

x—a y—h _z^c 
~~L' " If ^ N ' ' 

By the conditions of intersection given in Art. 50 L^ Jlf, N 
satisfy the equations 

where P', Q\ iZ', &c., are the first minors of the two cor- 
responding determinants, whence the equations of the straight 
line become 



x — a 



= y-^ = 



« — c 



Q'B" - Q"ie RF' - R'F " FQ'- F' Q" ' 

55. To find the equations of a straight line passing through 
a given pointy parallel to a given plane j and intersecting a given 
straight line. 

Let (a, by c) be the given point, Z, m, n the direction-cosines 
of a normal to the plane, which will therefore be perpendicular 
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to the straight line whose equations are required, aud let the 
equations of the given straight line be 

x — a __ y — 6 _ « — c 
I m n 

The required equations will then be 

x^a y- b z — c 

where L \ M\ N are determined by the equations 

and V - 6, w', Jlf = 0. 
c — c, n', N 

66. To find the distance from a given point to a given straight 
line. 

Let A be the given point [x\ y\ z\ 

a? — a y — h « — c 
I m w ' 

the equations of the given straight line, B being the point 
(a, &, c) ; ^P the perpendicular from A on the straight line ; 
then the projections of BA on the axes of a?, y, z are respectively 
X —a^ y' — hi z' — c'j and the projections of these on the given 
line are l[x'-a)j m{y'-b)j n{z'-'c)j but the sum of these 
projections is the projection of BA on the straight line, or 

BP=l{x'-a)+7n{y'-'b) + n{z''^c)i 

hence, AP' = BA'--BP' 

= (a:' - ay-{- (y'- J)"h. (;8'- c)' - {Z(a?'- a) + 7n (y' - J) + n (;8' - c)}», 

giving the required distance, which may be written 

V[{n (y - bym{z'^ c)}»+ {?(e'-c)-n (cc'-a)} V {m {x'^ayi{y'- J)}']. 

If the equations of the line be 

x=pz-\-hj y = qz-\-kj 

which may be written 

a: — A _ y ~^ _ ^ 
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the distance wiU be 

57. To find ike equation of a circular cylinder^ ike equations 
of whose axis and the radius of a circular section of which are 
given. 

The circular cylinder being the locus of a point whose 
distance from the axis is constant and equal to the given 
radius r, if the equations of the axis be 

X— a __ y- ft _ »— c 
I m 71 ' 

the equation of the surface will be, bj the preceding article, 

(a;-a)'+(y-6)'+ («- c)''- {Z((r-a)4'»i(y- J) + n(a-c)}*=r'. 

58. To find the equation of a circular cone^ whose vertex^ 
vertical anghy and the equations of whose axis are given. 

If V be the vertex, P any point of the cone, PQ perpen- 
dicular on the axis, and 2a the vertical angle, 

F(2'=:FP"cos'a; 

therefore, if (a, ft, c) be the vertex, the equations of the axis 
as before, the equation of the cone will be 

{Z(aj-a)+w(y-ft) + «(«-c)}'^cos"a{(aj-a)"+(y-ft)"+(«-c)'}. 

59. To shew that the shortest distance between ttDO straight 
lines which do not intersect is perpendicular to both. 

Let APj BQ he the two straight lines, and let a plane be 
drawn through BQ parallel to AP^ and BR be the orthogonal 
projection of AP upon this plane, B being the projection of -4 ; 
therefore AB will be perpendicular 
to both straight lines, for it meets P A 

two parallel lines AP^ BR^ to one 
of which, BRy it is perpendicular, and 
it is also pe^endicular to BQ^ since — 
it is drawn perpendicular to the 
plane QBR. 
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Let P, Qhe any points in AP, BQ, join PQ, draw FB 
perpendicnlar to BB^ and join QB] then PQ is greater than 
PBj being opposite to the greater angle, and PB = AB] there- 
fore AB is less than PQ^ or the distance which is perpendicnlar 
to both straight lines is less than any other distance. 

60. To find the shortest distance between two straight lines 
whose equations are given. 

Let the equations of the two straight lines be 

x — a ^y — h^z — c j^ — ^'^ y- V _ « - c' 
7 "" IZ^ — "Z, ) and ^ — ^ — -^j — , 



m 



n 



V 



m 



n 



and let X, fi, V be the direction-cosines of the straight line per- 
pendicular to each, then (Art 23) 



^ ^ 



1 



mn*-m'n nT — n'l Im'-^Vm sin^* 

being the angle between the lines. 

Now, if we suppose P, Q^ in the last fignre, to be the 
points (a, J, c), (a', i', c'), the projection of PQ on AB^ which 
is AB itself, will be X(a — a')+At(J — J') + *'(^""0) hence 

^p (a-aO(iwn^-^'n)-f (ft-y)(nr-w'Z) + (c-cO(fa^-rH 

{(mn' - m'ny + (wf - n7)* + (fo/i' - f w)"}* 

61. To find equations of the line on which lies the shortest 
distance between two straight lines whose equations are given. 

Taking the equations of the last article, if (f , 17, ^ be any 
point of the line considered, the equation of the line will be 

mn' — mn nV — w7 Im — tm ' 

Hence, by Art. 50, since It meets each of the two given lines, 
we have 



h 



m, 



n 



and 



mn' — m'nj nl' — n'ly Iwl —I'm 
i - o', 17 - y, f - c' 







l\ 



m 



n 



mn' — m w, /i?' - w7, ?wi' — T 



in 



0, 
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and, since (^, 97, ^) is any point on the line these are equations 
of the line. 

If Z, Wj n and Z', m\ n be direction-cosines, since 

rn {Im - I'm) -n{nF- n'l) = I {mm' + 7in') - 1' (w* -f n») 

= Z (ZZ' + 7«/n' + nn) — T, 
these equations may be written 

(Z costf-Z')(aj-a) + (7w cos^-w') (y-J) + (n cos5-«')(j5-c)=0, 

(Z' cose-Z)(ic-a) + K cos0-m){t/'-b') + {n' co85-n)(«-c)=0, 

where 5 is the angle between the given lines. 

62. A very simple form, in which the equations of two 
straight lines can be presented, will be obtained by taking the 
middle point of the shortest distance between them for the 
origin, the line in which it lies for one of the axes, suppose 
that of Zj and the two planes equally inclined to the two straight 
lines for those of zxy zy. 

If 2a be the angle between the two straight lines, 2c the 
shortest distance between them, their equations will then become 

y = x tan a, « = c, and y = — a? tan a, z = — c. 



IV. 

(1) The straight line given by the equations 

ar + 2y + 3z = 0, 3x + 2y + z = 0, 
makes equal angles with the axes of x and e, and an angle sin'' -- with 
the axis of y. 

X* - 1 v* - 1 a* - 1 

(2) Prove that the equations , = = ■ represent seven 

x-\ y-\ %-\ * 

straight lines which all pass through the same point. 

(3) Find the direction-cosines of the straight line determined by the 
equations 

U \ my \ ni^mx \ ny \lz-nx -^ly \ mz. 

(4) The angle between the two straight lines given by the equations 

X -y and xy \ yz \ zx - 0, 
is sec"' 3. 
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(5) Find the equations of the straight line passing through the points 
{h, Cf o) {Cr a, h), and shew that it is perpendicular to the line passing 
through the origin and through the middle point of the line joining the 
two points, and also to each of the straight lines whose equations are 

X y z 

^ a e 

(6) Find the shortest distance hetween the axis of % and the straight 
line — J- = - — a - , and find its equatiofns. 

(7) Find the distance hetween the two parallel straight lines 

x- a y -h Z" e «-<*' y -h* «-c 
/ m n * I m n ^ 

and the equation of the containing plane. 

(8) Find the shortest distance hetween a side of a cuhe and a diagonal 
which does not meet it. 

(9) ProYe that the equations of any straight line intersecting Ihe two 
straight lines y o mx^ s » e ; y = - mx, s s - c ; may he written in the form 

X COS^ \ ' n \ 

m y -mA. smg \z 

mO cos^ e 

(10) The equations of two straight lines are 



X 

sma 


y _ »-c 
cosa ^ ' 


X 


y _ 2- tf. 



sin a - cos a 

shew that the distance hetween two points on these straight lines whose 
distances from the axis of r are a/ 6 respectively is 

V(4c* + a* + ft" q: 2ah cos 2a). 

(11) Interpret the equation 

(a» + y* + «•) (?+!»• + n«) = (Z« f my + nzf, 
and give a geometrical illustration. 

(12) The locus of the middle points of all straight lines terminated by 
two fixed straight lines is a plane bisecting the shortest distance between 
the fixed straight lines. 



a 
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(13) Find the equations of the straight line which passes through the 
origin and intersects at right angles the straight line whose equations are 

(m f n) a: + (f» + /) y + (/ + m) « » a, 

{m - n) X + {n - I) y -^ {I - m) z - a-f 

and obtain the coordinates of the point of intersection. 

(14) ITie equations — ^ = ^ ^, = ^-^ denote thirteen straight lines. 
^ ' ^ a? + l y+1 «+l 

Shew that four are equally inclined to each other, and construct for the 
rest. 

(Id) The straight lines determined by the equations 

Ix i my + wz = 0, 
/ (6 - c) y« + m (c - a) ax + n (a - 6) ary = 0, 

are at right angles to each other. 

(16) Shew that the equations 

a 4- tns - ny b -k- nx - Iz e -^-ly - tnx 
I m "^ n 

, ., , , X •¥ nb " mc f/ + le - na z a- ma - Hf 
are reducible to , = = , 

I, m, and n being direction-cosines. 

(17) The equations of a straight line are given in the form 

a - ny ■¥ mz b - h ■\- nx e - mx + ly * 
\ ~ fi f ' 

obtain them in the form 

llq - vb va -\c \b ~ fjui 

a: _ -CI. y - iT « - K 

l\ + nifji 4- nv * ^ /\ 4 tiifi + ny l\ + m/n + nv 

I " m ^ n ' 

(18) When a ray of light is reflected from a plane mirror, the shortest 
distance between the incident ray and any straight line on the mirror 
is equal to that between die re'flected ray and the same straight line. 

(19) Find the coordinates of the centre of perpendiculars of the triangle 
which the coordinate planes cut off from the plane 

at y z ^ 
a b c 

(20) ABC, AB'C are two straight lines, BB' the shortest distance 
between them, C, C any two points on the two lines, such that CA' is 
perpendicular to A'BC and Q A to ABC; prove that 

AB.BC = A'B\BC. 



■ T>--l 
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(21) Tbe cosine of the angle between the two straight lines whose 
equations are Ix ^ my 4 nz = 0, a*" + Jy" -i- ce* » 0, 

l*{h + c) + m"(c + o) + n*(a + b) 



IS 



Vl^* {b - cf +...+ 2mV (a - 6) (a - c) +...} ' 



(22) The locus of the middle points of all straight lines of constant 
length terminated by two fixed straight lines, is an ellipse whose centre 
bisects the shortest distance between the fixed lines, and whose axes are 
equally inclined to them. 

(23) If the axes of coordinates be inclined at angles a, /3, 7, shew that 
the equations of the four straight lines, each point of which is equidistant 
from the three coordinate planes, will be 



sin" a sin*/3 sin* 7 ' 

(24) If a system of straight lines be represented by 

y = \y f /I, z = X'j: + ft, 

where X, /u, V, f»f are given functions of a single parameter, what is the 
condition that any two consecutive lines of the system intersect P 



CHAPTER V. 



GENBBAL BQITATION OF THE FIRST DEGREE. 
EQUATION OF A PLANE. 

63. The locus of the general equation of the first degree ts 

a plane. 

The general equation of the first degree is 

Let (a, byc)j [a\ b\ c*) be two points in the locus, the eqaations- 
of the straight line joining these points are 

b m n 

, a' — a V -^h c* — c ,^^ 

where — 5— = = • (*) 

I m n ^ ^ ' 

and, since (a^ &, c] is in the locus of the equation (i)^ 

Aa+Bb + Cc+D=^Oj (4) 

ftimilarly, Aa + Bb' + (7c' + J9 = 0, 

.-. 4(a'-a)+jB(y-J) + G(c'-c) = 0^ 

whence^ the conditions (^) give 

Al^Bin+On = 0. (5) 

Now the straight line (2) meets the locus of (I) in aU points- 
for which the equation in r 

-4(a+Zr) + 5(J + mr)+ <7(c + fir) +i!) = 0, 

is satisfied, t,e. for all values of r, by (4) and (5) ; therefore^ 
every point in the straight line lies in the locus, and this is true 
wherever the two points (a, J, c), (a', b\ c') are chosen* Hence^ 
the locus is a plane* 



■ 

/ 
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64. The student will readily deduce the followiug special 
positions of the plane. 

(1) If i> = 0, the plane passes through the origin. 

(2) If .^ = 0, the plane is parallel to the axis of x. 

(3) If A and jB= 0, the plane is parallel to the plane of xy. 

(4) If Aj B and 2> = 0, the plane is that of xy, 

(5) If ^, j5and (7—0, while 2> remains finite, the plane is 
at an infinite distance. For, the point in which the axis of a; 
meets the plane is given hj.the equations 

y = 0, « = 0, ^aj + -D=:0; 

hence, the distance firom the origin being — -j-j i( A be in- 
definitely diminished, while D is finite, the plane cuts the axis 
of X at an infinite distance from the origin, and the same being 
' true for each axis, it follows that the plane is at an infinite 
distance firom the origin. 

65. It is important to observe that the existence of three 
arbitrary constants in the general equation of the first degree, 
T^iz. the three ratios A : B : (7 : 2>, shews that a plane may be 
made to satisiy three conditions, provided each condition is one 
Tvhich gives only one relation between Aj B^ Cj D, Thus, 
passing through a given point at a finite or infinite distance is 
s«ch a condition, but being parallel to a given plane is equivalent 
to two such conditions. 

Equation of a Plane. 

/ 66. To find the equation of a plane in the form 

Ix + my -^-nz^^p^ 

in which p is the perpendicular from the origin upon the plane j 
and Ij fn, n its direction-cosines. 

A plane may be considered as the locus of a straight line 
which passes through a given point, and is perpendicular to a 
given straight line. 
\ Let OD=^p be the perpendicular from the origin upon a 



\ 



\ 
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plane, Z, r/i, n its direction-cosineSj (a;, y-, z) any point P in the 
plane, then, hy the definition, FD is perpendicular to Oi>, and 
Oi) is the sum of projections of the coordinates of P on OD ; 

which is the equation of the plane in the form required, in 
which, if the axes be rectangular, P + m* + 7t* = 1. 

67. Interpretation of the expression p — lx — my - nz. 

The equation p — lx — my — nz^O represents a plane, in 




which p is the perpendicular from the origin, and 7, ?», n are 
its direction-c#sines. 
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Let ABC be this plane, and suppose OD^ QB to be drawn 
perpendicular to it, in the direction defined by (f, m, n), from 
the origin, and from the point Q [x^ y, z\ and join BD^ which 
will be perpendicular to OD. Let QB = j, and project x, y, « 
and q on O-D, then p = fo + my 4 «« + j ; 

Hence, the expression ^ — £c — wiy — w2 represents the per- 
pendicular drawn from (a;, y, 2) upon the plane 

p — lx — my — nz = 0, 

estimated positive in the direction defined by the cosines 7, m, 
and n. 

68, To find ike angle between two planes whose equations 
OBre given. 

Let Lx^-My^Nz^D, and i'x + Jf > + iV'« = 2^, 

be the given equations ; then (i, Jf, -ST) and (i', JLf ', -^ ) are 
proportional respectively to the direction-cosines of the normals ; 
but the angle between two planes is equal to the angle between 
their normals, hence the angle between the planes is 

cos 



The conditions of parallelism and perpendicularity are there- 
fore respectively 

and LL' + MM'-{-NN'=-0. 

The student may also deduce the conditions of parallelism 
from the consideration that parallel planes intersect in a straight 
line at infinity, or directly from the parallelism of the normals. 

69. To find the angle between a straight line and plane whose 
equations are given. 

T.aj-a y-b z — c ,^. 

L'x ^■M'y-^N'»=^ i>, (2) 
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be the given equations. The angle bettireen a straight line and 
a plane Is the complement of the angle between the straight line 
and the normal to the plane ; hence the required angle Is 

. . LL^MM'-vNN' 

sm 



70. To determine the perpendicular from a point (/*, ffj h) 
upon a plane whose equation is Ax 4 By + Cfe + 2) = 0. 
If we compare the equation 

Ax-^-By^- Cz + D^^O 

with the equation of the plane In the form 

Ix + my + m —p = ; 

^^ I m n p 1 

then -3 = -:5^ = -;:v = "^ = ± 



A' B'' C^^B"'^ V(4* + 5H 0») • 

where. If the ambiguous sign be so taken that p shall be an 
absolute length, Z, oi, n will be completely determined. 

The perpendicular from (/, g^ h) upon the plane, estimated 
positive when drawn in the direction defined hj these cosines, 

~P - If" mg — nh 
Af-^Bg+Ch + D 

that sign being chosen which is the same as that of 2>. 

71. To find the distance from a given point to a given plane^ 
measured in any given direction. 
Let the equation of the plane be 

Ax^-By-V Cz + J)^Oj 

and let (/, g^ h) be the given point, (Z, tn, n) the given direction, 
Z, m, n being direction-cosines for rectangular axes, and direction- 
ratios for oblique. 

The equations of a line drawn through {ffgjh)'m the given 
direction are 



^-f y-g _^'h _ 



I m 



= r 



n 



1 
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and where this straight line meets the plane, 

^(/-f Jr) + 5(5r+7iir)+ (?(A + «r)+2> = 0; 

.". the required distance is ' .. ™^ 7= — . 

Hence, if the given direction be perpendicular to the plane, 
and the axes be Tectangolar, 

i. - ^ — ^ - ^^ "*" ^^ "^ ^^ }l 

and the perpendicular distance MriU be '^.f 7^ p, — -z^. , 
the sign being chosen so that — jr-j^ — ^ — j^ is positive. 

72. To find the equation of a plane in the form 

X y z ^ 

- + T + - = 1- 
a o c 

Let OA = cLj OB^b, OC^c be the intercepts on the axes 
of Xj y^ z by the plane ABC^ and let P4, PB^ PC^ PO be 
drawn firom the point P {xj y, z) in the plane. 




Draw PM parallel to a?0, meeting yOz in M. Since the 
pyramids POBGj AOBC Sive on the same base, 

volPOBC : vol OABG :: PMi AO ::xi a] 

X vol POBG 



• • 



a ~ vol OABC • 

n 
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c. ., , y vol POG A 
Similarly, ^ = ^^^^^^^ , 

, z _ vol POAB 
*"''* c "" vol OABG ' 

and vol P0i?(7+ vol P06'^ -h vol POAB^ vol 0.4J?<7; 

ode' 

which is the equation required. 

The student is recommended to investigate this equation 
by the employment of a figure in which P lies in another 
compartment, as x'y'z^ of the coordinate planes, taking care 
to interpret the geom6trical into algebraical distances. 

73. If q be the perpendicular from a point Q (x, y, z) on 
the plane ABC estimated in the direction of ^3 the perpendicular 
from on the plane, 

q _ vol QABC 
y " vol OABG 



a b c' 



74. The equation of Art. 72 may be obtained from tbe 
genend equation of the first degree. 

For let a, J, c be the intercepts on tlie axes of a:, y, «, 

Ax + By-^ Gz-{-I>=Oj the equation of the plane. 

Since (a, 0, 0) is a point in tbe plane, 

— 2) = Aa^ and, similarly, =Bb== Cc. 

Hence, the equation of the plane is -+^ + ?=:l. 

'^ a c 

76. To find the equation of the plane in the form 

z=px + qy + c. 

Consider the plane as a surface generated by a straight line 
which moves subject to the conditions that it always intersects 
one given straight line and is parallel to another. 
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Let the eqaations of the line which it intersects be 

z=px + Cy y = 0; (t) 

and those of the line to which it is parallel 

z = qy^ a: = 0, 
the equations of the moving line will therefore be of the form 

«=2y + A a; = a, (2) 

and, since the two lines, whose equations arc (]] and (2), intersect, 

therefore, for every point in the plane, z - qy =^px + c] that is, 
the equation of the plane is 

In this form of the equation, c is the intercept on the axis 
of z cut off by the plane, p, q are the tangents of the angles 
made respectively with the axes of x and y by the traces 
on the planes of zxy yz^ if the coordinates be rectangular ; and 
the ratios of the sines of the angles made with the axes in 
those planes,, if the coordinates be oblique. 

76. To find the pcfar equation of a plane. 

Let c, a, fi be the polar coordinates of the foot of the pcr- 
pendiculap- from the origin on the plane ; r^ 0^ (f) those of any 
point in the plane, then if -^ be the angle between the lines 
joining these points to the origin, 

c = r cos'^, 
and cos ^ = cos 5 cos a + sin sin a cos (<^ — /8), (Art. 39) 

whence - = cos 5 cosa + sin 5 sin a cos(^ - )8), 

the most convenient form of the equation of a plane when 
referred to polar coordinates. 

Planes under Particular Conditions. 

77. Equation of a plane passing through a given jyoirit. 

Let a, J, c be the coordinates of the given point, and the 
equation of the plane lx + my + nz=pj then since {oy by c) is 
a point in this plane la-\-mb-\- nc^p^ or, eliminating^;, 

i (a? — a) + m (y — J) + n (2 — c) = 
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is the general equation, of a plane passing through the point 

(a, J, c). 

78. ^Eqtuztton of a plane passing through a point determined 
hy the intersection of three given planes. 

If the point be given by the equations of three planes^ 

t< = 0, v = 0, ti? = 0, 

passing through it and not intersecting in one straight line,^ 
then \u-\- fw + vw= will be tiie general ecjuation of a plane 
passing through that point, for it is satisfied hj t)ie values 
of Xj j/j Zy which are given by the equations- 

taken simultaneously, and therefore passes through the inter- 
section of these planes, which is the given point;, and since 
this equation is of the first degree, and involves two arbitrary 
constants^ namely, the ratios \ : fi : v^ it is the general equation 
of a plane passing through the given point.. 

If the- three- planes, w^O; ^ = 0,. t£» = Of intersect in a 
straight line, then these equations, and therefore the equation 
Xu-^-fiv + vw^-O^ will be simultaneously satisfied for all points 
lying in that straight line. Hence, \u + fiv-]-vw^O cannot 
be the general equation of a plane passing through a given 
point. The position of a point is not, in this case, completely 
determined by the given equations,, but only the fact that it 
lies on. a certain straight line;. 

Z9. Equation of a plane passing through ttoo given peintsi 
Let (a,, ft, c), (a', J',, c'-j be the given points; the equation, 
of a plane passing through (a, hy c) is 

l'{x — a) + m (^ - 6) + n (« - c) = 0* 

If this jdane also pass through {ayh'^ c'), we shall have- 

l{a' - a) + wi (5' - J) 4 n (<?'- c) = 0, 

which is ttie- condition to which I : m vn are subject ;. or, the^ 
equation, of the plane may be written 

^ x — a y — & z ^ c 

X-7 +/Lcf— y + F-7 — =-0, 

a — a 0—0 c - c ^ 
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\ f^Vj being subject to the conditioii 

X + ytA + v = 0. 

It is easily seen that if the points be given hj the two 
systems of planes, 

w = 0, r = 0, tc = 0, 

and u = a, v = hj w^Cj 

that the equation of the plane will be 

subject to the condition 

\a + /* J 4 vc = 0. 

80. Equation of a plane passing through the line of inter* 
section cf two planes. 

If tt = o, i; = be the equations of the two planes, the 
equation Xu+Mv = will represent a plane passing through 
their line of intersection 4 and since this equation involves one 
arbitrary constant (\ : /a), it will be the general equation of 
a plane passing through the straight line which is given by 
the two planes. 

81. To find the equations of two planes which form an 
harmonic systemf toith two given planes. 

These two planes must pass through the line of intersection 
of the given planes, and divide the angles between them, so 
that the sines of the angles made by each with the given 
planes shall be in the same ratio. 

Let tt = 0, t7 = be the equations of the. given planes, and 
let p, a be multipliers, such that pu and av are reduced to 
the form p — lx — my-^nz'^ in this form they are the perpen- 
diculars from {xj y, z) on the given planes. Hence, it is evident 
that pu: ±av are each numerically equal to the given ratio. 

The forms of the equations are therefore 

u — kv^O and w + At; = 0. 

82. Equation of a plane passing through three given points. 
Let (a, ft, c), (a', &', c ), (a", S", c") be the three given points, 

Z (x — tt) + W'(y - J) + n (2? — c) = 0, 

the equation of a plane passing through (a, J, r). 
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If this plane also pass through [a\ h\ c') and {d\ h'\ c"), we 
shall have 

Z(a' -a) + ?/i(6' - J) + w(c -c) = 0, 

i(a"-a) + m(J"-6) + n(c"-c) = 0, 

and eliminating Z, m^ n between (1), (2), and (3), we obtain 

{x^a)[b{c'--c") + b'{c''-'c)-\-V'{c^c')\ 

+ (y-*){<j(a-0 + c'(a'-a) + c"fa-a')} 

+ (;? - c) {a {V - b") + a' [b" - 6) + a" {b - 6')} =^0, (1) 

as the equation of the plane passing through three given points. 

The coefficients of Xj y^ z in this equation are the projections 
on the coordinate planes of the triangle formed' by the three 
given points, call these A^^ A^^ A^ ; then xA^ will be equal to 
three* tunes the volume of the pyramid whose base is A^ and 
vertex the point (a;, y, z). 

Hence, equation (1) asserts that the algebraical sum of the 
pyramids whose bases are the projections of any triangle on the 
coordinate planes, and common vertex any point in the plane 
of the triangle, is constant for all positions of this point. 

The equation b^re obtained becomes nugatory if 

b {d - d') + b' (c" - c) + b" (o - c') = 0, 
c (a'- a") + c' [a" --a) + c" (a- a') =^0, 
and a {V - J") + a' (6" - V) -f a" {b - b') =■. o, 
which are equivalent to 

(J - J') (c" - c') - (c - c') [b" - V) = 0, 
(c - c')[a" - a') - (a - a') (c" - c') = 0, 
[a - a') (6" - V) - (J - J') (a" - a') = 0, 

a— a' ^"^i' _ c — c' 

Z7 I^ ^ X^ jJ' — 1* I" > 
a —a 0^0 —c 

and these are the conditions that the three given points should 
lie in a straight line. 

83. To find the equation of a plane paaaing through a given 
point and parallel to a given plane. 

If (a, J, c) be the given point, and Z, w, n the direction-cosines 
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of a normal to the given plane^ the equation of the proposed plane 
will be 

Z(ic- a) + mfy — i) + n (« — c) = 0. 

84. To find the equation of a plane which passes through two 
given points and is parallel to a given straight line. 

Let (a, i, c) {a\ b\ c) be the given points, and Z, m, n the 
direction-cosines of the given line, the equation of the plane 
will be of the form 

\{x -a)+vLi(y-6) + K(j5 -g) = Oj 

where X(a'-a) + /i(&'-A) + f(c'-c) = 0, (1) 

and since ltd normal is perpendicular to the given line 

\Z + /i7n-f vn = 0, (2) 

the equation is therefore 

ar — a, y — hj z — c 
a —a^ 6' — J, c — c = 0. 
?, w, n 

. , , I 7n n 

This equation will become identical if = i-, — r "^ i i 

^ a —a —6 c — c ' 

which are the conditions that the given straight line may be 

parallel to the line joining the two given points. The equations 

(1) and (2) will in this case be coincident, orevery plane passing 

through the two points will necessarily be parallel to the given 

straight line;, as is otherwise evidept. The required equation 

will then be the equation of any plane passing through the two 

given points. 

85. To find the equation of a plane passing through a given 
point and parallel to tvx) given straight lines. 

If the direction-cosines of the two straight lines be Z, 7/2, n 
and f , m', n', and the coordinates of the given point a, i, o, 
the equation of the plane will be 

(wn'— mn)(x-a) + (nr-7i'Z)(.v-&)+(Zw- rr/2}(«-c)=0. (Art.23). 

I m n 
If -=—, = — , this equation will be satisfied for all values 

of x, y, a; or, if the given straight lines be parallel, there 
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will be an infinite number of planes satisfying the given con- 
ditions, the direction of the normal to the required plane being 
indeterminate. 

86. To find the equation of a plane which conUtina one given 
straight line^ and is parallel to another j not in the same plane. 

Let the equations of the given straight lines be 

a? — a _ y — J __ — c 
I m n ' 

. x — a' V — y « — c' 
t m n 

The plane contains the first line, and passes through the 
point (a, &, c), also its normal is perpendicular to each of the 
lines, which properties are expressed bj the equations 

X(a;-a)+/[t(y-J) + i/(«-c) = 0, 

Td 4 lin% + vn =0, 

XT ViAm* +Kw' =0, 

and the equation is 

{x - a) [mr^ - mn) + (y - J) [nV - n'l) + (« - c) [Itn - Im) = 0. 

The equation of the plane containing the second and parallel 
to the first is 

{x - a') [mn' - m'n) + (y - 5') [nV ^ nV) + (« - c') (Zm' ^ Vm) = 0. 

The shortest distance of the lines is the difference of the 
perpendiculars from the origin, estimated in one direction, giving^ 
the same result as in Art. (60). 

87. To find the equation of a plane equidistant from two 
given straight lines^ not in the same plane. 

Let the equations of the two given straight lines be 

I m n 

(«n y.. «i) a point »» ('0» (f.; Va «,) » PO'°t in (2), (f, 17, ?) the 
middle point of the line joining (a;,, y„ «,) and (a;,, y,, «,). 
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Then, 2f = a?, + a?, = a + a'+ Ir + fr', 

2i7 = y, + y^=J + 6'+mrrf mV^ 

2f = «^ + «, = c + c' + wr + nV, 

and eliminating r and r', we obtain, for the locns of (f, 17, f )> 
the equation 

+ (2f - c - c') [Im* - Tw) =• 0. (3) 

The plane represented by this equation bisects all lines joining 
any point of (1) to any point of (2), and therefore bisetts the 
shortest distance between them^ and since the direction-cosines 
of the normal to (3) are proportional to 

the normal is parallel to the shortest distance Between the lines 
(Art. 60). Hence this plane bisects at right angles the shortest • 
distance between the lines, which is clear &om the geometry. 

88. To determine ike conditions necessary and sufficient in 
order that the general homogeneous equation of the second degree 
may represenJt two real or imaginary planes* 

Let the general equation foe written 

u^=aa?+b^'{'Cz' + 2a'yz + 2Vzx + 2c xy = 0. 

If a be finite, the equation is equivalent to 

{ax + c'y + b'zY = (c'" - ah) f + 2 (iV - aa') yz + (6'^ - ac) z\ 

But, if the equation represent two planes, x must be capable 
of being expressed as a linear function of y and z^ and this 
can only happen when the second side of the above equation 
18 a complete square, and therefore of the form {py 4 qz^^ and 
the twio planes will have equations 

«» + c y + J'« = ± ( ;?y + qz) ^ 

every point of the line of intersection of the two planes will 
therefore satisfy 

ajX'\-(ly \ Vz = and py-^- qz=^ 0. 

I 
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Bj solving with respect to y and z^ we obtain similar results. 
Hence, for every poipt in the line of intc^ection, 

ax + c'y + b'z = 0, 

c'^+fty + a'«=0, (1) 

J'cc + a'y + cz = ; 

therefore, by eliminating x^ y, and z^ 

a, c\ V 

c, J, a' =0, 

ft', a'j c 

or H{u^ = oJc + 2a'ftV - aa^ - ftft'* - cc'" =0, 

this is the necessary condition, which might also harve been 
obtained from the condition for a perfect square, 

(ftV - oaf = (c'" - aft)(ft" - ca\ 

or a (abc + 2ab'c - aa'" - ftft" - cc'*) = 0, 

which, since a is finite, gives the same result. 

The symmetrical form of H(u^) shews that the result would 
have been obtained in this way whether a, ft, or c were finite. 

If none of them be finite, it is easily seen that a', ft', or c 
must be zero, and the equation will still hold. 

In order that the planes may be real, it is necessary that 
c'* — oft, ft'* - oc, and, similarly, a'* — be shall not be negative. 

89. Wien the gmeral equation of the second degree re- 
presents two planes^ to find the equations of their line of 
intersection in a symmetrical form. 

Any two of the equations (1) given in the last article are 
equations of the line of intersection. If we eliminate z from the 
first two of these equations, and x from the last two, we obtain 
the symmetrical equations of the line 

x (ft'c' -aa')=y (c'a' - ftft') = z (a'ft' - cc'). 
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V. 



» (1) The equation of a plane passing through the origin, and containing 

the straight line 

z - a y -h z ~ c 

l\in ft/ m\n I J n\l tnj 

Hence, find the equations of the straight line passing through the origin, 
and intersecting two given straight lines ; and examine the case in which 
the straight lines are parallel. 

(2) Find the equation of the plane passing through the points (a, 5, c), 
{bf e, a), {e, a, b), and the equations of the planes, each of which passes 
through two of the points and is perpendicular to the former plane. 

f (3) The equation of a plane passing through the origin, and containing 
the straight line whose equations are 

« + 2y+3« + 4 = 2j: + 3y-f48+l=3jr + 4y + 2 + 2, isa: + y-2f«0. 

(4) Find the condition that four planes whose equations are given may 
pass through one point. 

» (5) The equations of three planes are 

« + 2y - 3z » 1, 

2jr - 3y + 6« = 3, 

7* - y - « = 2. 

Shew that the equation of a plane, equally inclined to the three axes, and 
pasauig through their common point, is 

« -f y + « = 6. 

(6) Shew that the locus of a point dividing the distance between any 
two points on the two straight lines 

g - o y-6 sB-c X - a' y -V z- c' 
"T~ " 'HT ' "^ ' ~V~ " "ST" " ~n ~ ' 

in the ratio V : \, is the plane whose equation is 

\a + Va'^ 



{mn' - m'n) Ix - -J^^) + &c. = 0. 



(7) Employ Art (35) to shew that the equation Ax ^ By ^ Cz« D 
represents a plane, according to Euclid's definition. 

(8) The edges of a parallelepiped meeting in a point A are a, 5, c, 
and a plane is drawn cutting off parts a', (', o' from these edges ; prove 
that the plane will cut the diagonal ^^ in a point B'y such that 



X 



I % 

4' 
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(9) Find the ooordmates of Uie centre of perpendiculan of tli6 trlan^e, 
which the coordinate planes cut from the plane 

a b e 
(IQ) The equation of a plane passing through two straight lines 

y-6 s-c x-t^ y-V z-<f 

= a/ =* — T~f - T — * ^T — 9 



d h <f ' a b e 

is (he' - Ve) « + (co' - <^a) y + (<* - a'6) « = Oi 
Gire a geometrical interpretation of the equations. 

' (11) Shew that the three planes 

Ix^my ^nz^Q, (m-ffi)jri(ft-f/)y + (/ + m)s = 0; x\-y \fi^^ 

intersect in one straight One 

X y z 

m -n n-l^ l-m' 

(12) Shew that if the straight lines 

X y z X y_« * y_' 
• "jS^Jy' aa" bp"^* 7"in"«* 

lie in one plane, then - (6 - c) + ^ (c - a) + - (a - 6) = 0. 

(13) DelHrmine the conditions necessary in order that the planea 

ox + c^y + &'2 B 0, €^x + by i- i^z = 0,. h'x •¥ a^y •¥ cz ^ 0, 

may have a common lin% of intersection, and shew that the equatians of 

that line are 

X (aa' 'lfif)^y (W -<faf) = z {ee' - a'6'). 

Find the conditions necessary in order that the three planes may be 
coincident. 

(14) The equation of any plane containing the straight line 
x-a y-5 8 - tf . X (g -» o) fi(y-h) y (s - e) _ ^ 

/— — » — — — = — ^ la. • . T —————— + ■ — "f 

\ fA, y being connected by the equations X + ^ + i' « 0. Hence find the 
equation of a plane containing one given straight line and parallel to 
another. 

(15) A straight line is projected on a plane which always passes through 
a given straight line ; find the locus of the projections. 

* (16) The equations df two lines are 

» a y + 2a => 6 (ft - a) and « 4 * » 2y s - 12s. 

Find the two planes, each containing one line and parallel to the other, 
and thence shew that the shortest distance of the lines is 2a. 
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(17) The aoifular poiDts of a tetrahedron are (1, 2, Z\ (2, 3, 4% (3, 4, 1% 
and (4, I, 2); find the equations of its faee^ and shew that two tff the 
dihedral angles are right angles* two supplementary and one 60^. Also, 
that the perpendiculars firom the angular points on the opposite faces 

~.;;^.2V(2).2v^(a). 



are 



(18) The equation of a phme passing through the origin and containing 
the straight line 

a-^mM- ny ft -¥ nx- h 7-1-/^- nut 
I m n 

is (/• + m' + »*) (az + /^ + «ys) = (fe + m/3 + 117) (/« + my + !•«)♦ 

(10) UA,A'; BjB'i C, C are fixed points in any three fixed straight 
Hnes passing through a point, the intersections of the planes ^^C, A'B'C; 
A'BC, AB'CT; ABC, A'SC; and ABCf, ABC are four straight lines 
lying in a plane dividing the fixed lines harmonically. 

' (20) Find the equation of the plane which passes through the two 
parallel lines 

«-a y -h »-c^ X - al _ y -V %- d 
I m n * I " m n ' 

and explain the result when —^ — = = . 

I m n 

(21) The equation of the planes which pass through the straight line 

X y M 
7 m n' 

and make an angle a with the plane Ix -f m'y + n'z « 0, is 

{^ (ny - ms) 4 m' (& - «ur) -1- »' {mx - ly)Y 

= cos^a (?■ + m'" + n'*) {(ny - nuy + (& - nxf + (m« - /y)"}. 

What limitation is there to the value of aP Shew that for the limiting 
values the two planes coincide. 

' (22) Shew that the plane containing the line | -i- - » 1, x « 0, and 

o c 

parallel to the line - - - » 1, y « 0, is - - |^ - - + 1 » 0; and, if 2<i he 

a c a o e 

the shortest distance between the lines, shew that -^^ -s + ti + 3 • 

tP a* Ir €r 

(23) Shew that the line represented by the equations 

a-fms-ny 6 + iix-fo c + /y - tnx 
m-n "" n- Z "^ /-m 
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is at an infinite distance in the plane 

« (m - n) + y (n - Z) + « (/ - w) e 0, 
unless la -^ mh -k- nc = 0, when it is indeterminate. 

(24) The equations 

as + &y -^ b'z cz -khy ^ a'% _ h'x '^ a'y \ c% 
X y " z 

represent in general three straight lines mutually at right angles ; but» if 

6V ^ c'a dV 

they represent a plane and a straight line perpendicuUir to that plane. 

(25) A straight line moves parallel to a fixed plane, and intersects two 
fixed straight lines not in the same plane ; prove that the locus of a point, 
which divides the part intercepted in a constant ratio, is a straight line. 

(26) li, mi, till Iwt m^ n^; /„ m^ ft„ are the direction -cosines of three 
planes at right angles to one another, an,d pi, pz, j9, are the perpen- 
diculars from the origin upon these planes; prove that the locus of a 
point equally distant from these three planes is the line 

X - [lipx -f /, pa •»• hP^ ^ y ' (»»iPi + ^tPt ^ ^Pt) ^ g = («ii>i + n%Pt + n^p^ 
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QT7ADBIPLANAR AND TETRAHEDRAL OOOBDINATEa 

90. We now proceed to describe other Bystems of co- 
ordisates, which are employed in casoB in which it is an 
object to express the relations between lines, planes, surfaces 
and carves by means of equations which are homogeneous 
in form, on account of the facilities which such forms present 
in the application of theorems of higher algebra. 

FouT'Flane or Quadriplanar System. 

91. In the quadriplanar coordinate system, four planes are 
fixed upon as planes of reference, which form, by their inter- 
sections, a pyramid or tetrahedron ABGD, The position of a 
point is determined in this system by the algebraical distances 
2P, y, z^ to from the four planes respectively opposite to the 
irertices Ay J?, (7, i>, these distances being all absolute distances 
when the point is within the tetrahedron. 




Hence, for a point in the compartment between the plane 
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AGD and the other three prodaced, y will be negative and 
X, 0, w positive; between BAGj CADj and DAB^ prodaoed 
through A^ x will be positive and y^z^w 2S\. negative. 

If o^ be positive, a; = a is the equation of a plane pai^el to 
BCD^ at a distance a from it, on the side towards A\ x = ^a 
that of a plane on the opposite side at the same distance. 

92. In this system of coordinates the following peculiarity- 
must be observed, viz., that any three of the coiMrdinates 
a;, yj Zj to are sufficient to determine the position of the point, 
since, when cc, y, z are given, three planes are determined 
parallel to the faces opposite to A^ i?, C which intersect in 
the point, and so determine its position completely. 

Hence, when ar, y, z are ^ven, to ought to be known from 
the geometry of the figure, and we proceed to determine the 
relation between the coordinates in this system. 

Relation of Coardinafes in the Four-Plane System. 

93. Let V be the volume of the tetrahedron contained by the 
four fixed planes, A, Bj G^D the areas of the triangular faces. 

If the point P, whose coordinates are a;, y, 0, fr, be joined by 
straight lines to the angular points of the tetrahedron, four 
pyramids will be formed, whose vertices will be at P, and 
whose bases will be the faces of the tetrahedron. 

The algebraical sum of these four pyramids will make up 
the volume of the tetrahedron ; therefore, remembering that the 
volume of a pyramid \a one-third of the base x the altitude, 

^aj + Py+Ci? + i>w? = 3F=-4^o = %o = ^o = -^^o7 
Po9 ?o9 ^0) ^0 ^^^S ^^ perpendiculars from the angular points on 
the opposite faces, whence, when any three of the coordinates 
of a point are given, the fourth may be found. 

The object of the introduction of a fourth coordinate, in 
this system, is the same as that for which trilinear coordinates 
are employed in Plane Geometry, viz. to obtain equations homo- 
geneous with reference to the coordinates, and thus to arrive at 
symmetrical results. 

By means of the equation given above, any equation which 
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does not appear in a bomogendoas fonn can be reduced to Bucb 
a form Immediately. 

Tbu8 tbe equation a; = a of a plane may be reduced to the 
homogeneous form 

Tetrahedral Coordinates. 

94. It is evident that the relation between the coordinates 
given in the last article would be much simpliiied if we were 
to select as coordinates 

Ax By Cz Dto x y z w 

W 3F' 3F' FF* ^^^' ^' 7^' 7^' 

to which these are equal. Such a system of coordinates is 
called a system of tetrahedral coordinates^ each coordinate being 
the ratio of the pyramid^ whose base is a face of the tetrahedron 
and vertex the point considered, to the volume of the funda- 
mental tetrahedron, sign being of course always regarded. 
If {x^ y^ Zy to) represent a point in this system 

x+y-\-z + to=ly 

m 

and any given equation involving four-plane coordinates may 
be transformed into the corresponding equation in tetrahedral 
coordinates by writing ^^a?, q^y^ r^Zj sju) for a?, y, «, w. 

Since both these systems are never employed in the same 
discussions, it is unnecessary to adopt a different notation for 
' the coordinates. 

95. It may be shewn, as in Art. 35, that the four-plane 
coordinates of a point which divides the line joining two points 

(a?, y, z^ w) and (x', y', «', w') in the ratio fi : A, are -^ — ^— , 

* A. + /A 

&c. ; and the same result will be true, if the coordinates be 
tetrahedral. 

96. To find the distance of two given points in tetrahedral 
coordinates. 

Let (a;, y, «, w) and [x\ y\ z\ lo) bo two given points P, Q, 

K 
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The square of the distmoe between them is easily seen to be 
of the second degree in terms of «— a:', y— y, «— «', 10— u/. 

But a:+y + « + «i^ = l==x'+y+«' + ti^', 

.-. (a;-a;')+(y-y') + {«-«') + {ie7-w') = 0; 

and similarly for (y — y)% &c. 

Hence, die square of the distance can be expressed in terms 
of the six products {x — x') (y — y'}) &c. 

Let 7 be the coefficient of {x^x'){y^y')^ and let us apply 
the expression to find the distance AB\ now the coordinates 
of A and B are 1, 0, 0, 0, and 0, 1, 0, 0, hence every product 
but one yanishes, .'. AB"= — 7, and 

^P(jr^Aff{x--x'){s^y') + AG'{x--x'){z^z')-^.... 

97. Hence we may obtain the equation of a sphere, the 
coordinates of whose centre are/| g^ Aj k^ and whose radius b r, 

+ a'^{a:-/){tr-*) + J'«(y-<7) (117- A) +c'«(«- A) («?- i), 

a, J, c being the sides o(ABG opposite to ^, J5, C; a', 6', c the 
edges DAj DB^ DC respectively opposite to a, ft, c. 

The StraigJu Line. 

98.- To find the eqwOiona of a ttraigU line in four-plane 
coordinates. 

^ (/> ffi A, A) be a fixed point in a straight line, (as, y, «, to) 
any other point, B the distance between them, \ fi, v^ p the 
cosines of the angles between the straight Ibe and the normals 
to the corresponding faces of the tetrahedron, ar-/=\5, &c. 

Therefore the equations of the straight line are 

^ ft V p °* .' 

^^riJ^'Tu *""** «q"ations are sufficient td determine the line, 
there must be a relation between X, m, v, p. 

Now ^z/. y-.9 . «-A , w-;fc „ ,. 
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the relation is — + —+-+- =0. 



A ?« ""^ •- 



[ft O 



Anether relation, not homogeneooa, may be obtained fiOOi 
the value of £, in Art. 96, chained to four-plane ooor£natea 

a* V e a*" ir c*" 



?o^« '•oA Po7o A«o ?A V. 

In this form of the equations, X, ^, f, p may be called the 
direction-cosines of the line. 

In tetrahedral coordinates the corresponding equations are, 
for the straight line 

a?— /__ y~9 _ g — ^ _ ^~^ «. -^ 
X Ik y p <r ' 

with the conditions X-f /a4 y + p = 0, 

and aVK+6VX + c*X^ + a'^ + J'*/ip4c''rp = -a*, 

-^ , — I — * , — bebg the direction-cosines. 
0* 0* (T <r 

99. The general equations of the straight line may be 
written in tetrahedral coordinates 



where Z, if, N^ JR satisfy the equation 

and it may be observed that, if two equations -y^ « ]Lf ~ "n\r 
be given, the fourth member may be derived from it, since each 

If the straight line pass through one of the angular points, 
as A, (1, 0, 0, 0) 

«— 1 _ y _ « _ «^ 

If it join the middle points of ABj CD, viz. (^, ), 0, 0) and 

(0, 0, i, J), 
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100. To find the angle hetioeen ttoo straight lines whose equo' 
tions are given in tetrahedral coordinates. 
Let tho equations be 

* x—f y—g _« — A ^w—k ^B 

\ fjk V p a ^ . 

X^f y-^n' Z-K W-K R 
and -rrr- = ^—r- = -77- =* — = v • 

Take two straight lines parallel to these, passing through 
D and meeting ABG in P, P'. 
The equation of DP is 

X /* V p a ^ 

and the coordinates of P are , - - , — ,0, and DP= , 

p^ p' p' p' 

and similarly for P' and DP' ; 

\p pJ\p pj \p pj\p p) 

+ ,-(^.^V^.ii')=.^.^+2^'cosPZ)P, 
\p p l\p p ) p p pp 

whence, substituting the values of <r* and cr" (Art. 98), we obtain 
± 2cr(r' cosPDP = a* [fw + ply) +...+ a" (V + >'» +.- • 

101. As an example of the use of this formula, we will find 
the angle between AD and P(7, whose lengths are ci and a. 
For -4Z>, y = and « = 0, and for P(7, a; = 0, w = 0, and the 

values of X, m^-'m ^'9 /^'} ••• ^^7 l>o taken respectively, 
1, 0, 0, - 1 and 0, 1, - 1, 0, .*. <r* = a" and <r'* = a", and, if d 
be the acute angle between these lines, 

2aa' cos 5 = (J* + &'") -^ (c* + c'*). 

102. The condition of perpendicularity of two straight lines 
given in tetrahedral coordinates 

x-f y-g z^h w^k , x-f _ y-g' 
L ^ M ' N '^ B ' ^^ L " M ^"'' 

is a' {MN' + M'N) +. . .+ a" ( LiZ' + L'B) +. . .= 0. 



J 
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It may be seen, as an example, that, if the lines joining the 
middle points of (a, a') and (j^, V) be perpendicular, c and d will 
be equal. 

The Plane. 

103. The general equation of the first degree rqpreaenta a 
plane. 

Let Ax'\-By-\'Cz'\-Iho^O be any eqaation of the first 
degree. 

If arbitrary points [fyg^ A, A), (/', g\ A', k') be taken, which 
satisfy tbe equation, any point P in the line joining them may 

be represented by (-=^ ^, ~ — ^, ... ) , and since 

\ X + /A A + ffr / 

Af +^+CS -\-Dk =0, 
Af-\-Bg'^CK + DK^O', 

therefore the coordinates of P satisfy the equation, and the 
whole straight line joining any two arbitrary points lies in the 
locus of the equation, which is therefore a plane. 

104. Geometrical interpretation of the constants in the eguor 
turn cf a plane Xo: + /tty + f5? + pt^? = 0. 

Let E be the point in which the plane EFO cuts AB^ its 
four-plane coordinates being a?', y', 0, ; .'. Xoj' + /ly' = 0. 




Draw JEfe, Aa perpendicular to JBCZ?, 

Ee EB x' EB , . ., , v' EA AE 

'' Ta'^-SB^'''prAB'^ ^^' '''"'^*''^' arBA-^ AB^ 
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^^> if ^, ; be the perpendiculaFB from A, B upon tbe given 
plane, estimated in the same direction, 

AE-EB' •• p,^ q^ "^' 

.*• — ■ = — , and similarly each = — = £ , 
t 1 I £ 

and the equation of the plane is 

aj + — y + — » + — 1£? = 0. 

A ?o ^0 «o 

In tetrahedral coordinates the equation becomes 

px-\- qy-\-rz-\^ 8w^0. 

105. To find tbe equation of a plane €U an infinite distance. 

If the plane be at an infinite distance, p=iqssr = 8j and the 
equation in tetrahedral coordinates becomes 

2c + y + « + u;=sO. 

106. To find the conditions of parallelism of ttoo planes^ 
whose equations are given. 

Let the equations of the two planes be 

^ + A''y + ^^ + pw? = and X'a? + /t*'y + v'« + p'w = 0, 

these planes intersect in the plane at an infinite distance, whose 
equation is 

aj + y + »-Ht(? = 0, 

using tetrahedral coordinates. 

From the three equations we deduce 

(X-/))a: + (/i-/>)y-f (i'-p)« = 0, 

which are satisfied by an infinite number of values of the ratios 
x\ y \ z^ they must therefore be identical equations ; 

. X -p _ /* -p _ v -p 
X — p fi — p V -^ p ^ 
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these are the equatioDS of condition, which mvy abo be written 

1, 1, 1, 1 I 

They alao follow immediately from p — p=q- j'=s ... . 



107. To find the length of the perpendicuUar from a given 
point upon a plane given infour-^lane or tetrahedral coordinaUs. 
Let the equation of the plane with fonr-plane coordinates be 

and let (a;', y\ z'^ to') be the given point. 

^oppose the whole system to be referred to rectangular 
Cartesian coordinate axes^ and let the equations of the four 
planes of reference be 

then the equation of the given plane will become 
hence, by Art 70, the perpendicular required will be 

where a*=(X?j + /i?, + i'?, + p?J*+... 

= X' + /4* + V* + /)"-2\/*C08(4^)-... (2), 

[AB] being written for the dihedral angle between the faces 
of the tetrahedron opposite to A and B. 

Kpj q^ Tj 8 be the perpendiculars from A, B^ (7, i> on the 
given plane, p being the perpendicular from [p^^ 0, 0, 0), the 
expression (1) will give 

i'=^%?=^-^,&e., (3), 

whence the eqaation of the plane in four-plane coordinate will be 

^ + 2y+ !:?^.ff=:0• 
i'. ?o »•« «0 ' 



72 



THE PLANE. 



= 0. 



and, in tetrahedral coordinates 
where, by equations (2) and (3), 

^Po/ V?o/ W W Polo 

80 that the left side of the equation in either form represents 
the perpendicular from any point {x, y, z, w). 

108. The method which we have adopted in the last article 
shews that the quadric function V + /a'+...— 2X/* cos(-45)— ... 
is reducible by transformation to three squares, the condition 
of which is that the discriminant vanishes, or that 

— 1, cos(^-B), cos (-4 (7), cos (-42)) 
cos(J.5), -1, cos(iB(7), cos(J8Z)) 
cos(^(7), co8(50), -1, cos(CZ>) 
cos(^Z)), cos (52)), cos(C2)), -1 

Also, since each of the three squares is positive, there is only 
one system of values which reduces the function to zero, viz. 
that which belongs to a plane at an infinite distance, for which 
pzszq = r=^8^ whence, by (3) Art. 107, \p^ = /*j^ = kt^ = /w^- 

That the discriminant vanishes, may be shewn independently 
by projecting any three of the faces of the tetrahedron on the 
fourth, and obtaining the determinant from the four equations 
similar to 

A-B co^[AB) - G co^\A (7) - 2) cos [AD) = 0. 

109. To find the angle hettveen two planes whose equations 
are given. 

Let the equations of the planes be 

\x + fiy + vz + pto = 0, and \'x + fi'y + vz + p'w = 0, 

using the same method as in Art. (107), if be the angle between 
the planes 

<7<r' cos ^ = (XZ, + /iZ. + V?, 4 p?,) {fil, + /*7, + v7, + pl^) +. . . 

= XV + /A/i' 4 vv +/)/)'- (X/a' + X» cos{AB)^.... 
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110. To find the directton-cosines of the normal to a plane 
whose equation is given in tetrahedral coordinates. 

Let 2>x -H jy + r^j + su? = be the given equation. 

The eqaations of the perpendicular from A on the opposite 
face are easily shewn to be 

x-\ y z w J. 

\^ COS{AB) C08(^C) '^ C08(^Z>) ^^ 
Po So ^ *o 

thereforCi where it meets the given plane, 

jf {p _i cos(AB) _ r cos{AC) _ s co% (AD)) _ 

^" XPo ~ "ffo ^0 *o I ~ ' 

and /? = -B COS (^, ^J ; 

f \ P q cob(AB) r co9[ AC) s cos {AD) 
•"• ^^[PyPo) =- ) 

Fo STo '^o ''o 

and similar expressions for the other direction-cosines. 



VI. 

(1) Shew that for every point in a plane through the edge AP bisect- 
ing the angle between the planes CAB, BAB, 

2 - v s 0, if the angle be the internal angle, 

« + IT a 0, external 

(2) Shew that for every point in a plane drawn through the vertex A 
parallel to the opposite face. 

By -^ CSsf 2)u7 = 0; 

or, with tetrahedral coordinates^ 

y 4 z -f tc s 0. 

(3) If ^O be drawn perpendicular to the opposite face BCD, then 
for any point in A O, 

By Cz ^ Dw_^ ^ 

^COB " ABOB ^BOC " 

(4) Every point in a plane through CD parallel to AB satisfies the 
equation, in tetrahedral coordinates, 

« + y = 0. 
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(5) A poiDt is determined in tetrahedral coordinates by the equations 
Ix = my = «« =s no. 

What plane is represented by the equation my = ns, and what straight 
line by the equations my = 9i2 « no ? 

(6) At any point in the straight line joining the first points of trisection 
of AB and CD, the tetrahedral coordinates satisfy the equations 

x-2y, z- 2w. 

(7) Shew that the coordinates (tetrahedral) of the centre of gravity of 
the fundamental tetrahedron are given hy x = y = » = w, 

(8) The three straight lines joining the middle points of opposite edges 
of a tetrahedron meet in its centre of gravity. 



(9) A plane cuts each of the six edges of a tetrahedron; another 
point is taken in each edge, so as to cut it harmonically; prove that 
the six planes through these latter points and the opposite edges of the 
tetrahedron intersect in one point. 

(10) If the equations of a point O be 

^ _ y _ « _ IT 
/ m n r ' 

and AO, BO, CO, DO be joined and produced to A\ B, C, Df, such 
that O bisects the lines AA, &c., the tetrahedral coordinates of the point 
A' will satisfy the equations 

2x y z w 2 

I - m- n " r m n r^l + m + n + r* 

and similarly for B', C, J>. 

(11) The line joining the centres of the two spheres which touch the 
faces of the tetrahedron A BCD opposite to A, B respectively, and the 
other faces produced, will intersect the edge CD in a point P, such that 
CP I PDi: ti^ACB : AADB, and the edge AB (produced) in a point Q, 
such that AQ: BQ:: ^CAD i A.CBD. 

(12) If two opposite edges of a tetrahedron be trisected, and the points 
of trisection be joined by two lines in either order, shew that the line which 
bisects these lines will also bisect two other opposite edges. 

(13) /, V are the lengths of two of the lines joining the middle points 
of opposite edges of a tetrahedon, w the angle between these lines, a, a' 
those edges of the tetrahedron which are not met by either of the lines, 



COSco = 

4/f 
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(14) A point O is taken within a tetrahedron ABCD, so as to be the 
centre of grarity of the feet of the perpendiculars let fall from O on the 
faces ; proTe that the distances of O from the several faces are proportional 
respectively to those faces. 

(15) Shew that the reciprocals of the radii of the spheres which can be 
drawn to toach the four £Eices of a tetrahedron, are the positive values of 
the expression 

Po 9. U *t 

/'•t 9t> ^^ *9 being the perpendiculars from the angular points upon the 
opposite faces. 

(16) Lines are drawn from the angular points of a tetrahedron, through 
the centre of the sphere circumscribing the tetrahedron, to meet the 
opposite faces; prove that the sum of their reciprocals is three times the 
reciprocal of the radius of the sphere. 

(17) The inscribed sphere of a tetrahedron A BCD touches the faces 
in A% B, C, IXj prove that AA\ BB, CC\ DU will meet in a point, if 

cos \a cos ja •= cos Ih cos }/3 s cos \e cos J7 ; 

where a, a ; 5, ^ ; c, 7 are pairs of dihedral angles at opposite edges. 



CHAPTER VII. 



FOUR-POINT COOBDINATB SYSTEM. 
THE POINT. THE PLANE. 

111. In the Four-Plane Coordinate System^ the position of 
a point is given by its algebraical distances from four funda- 
mental planes, given in position, which do not pass through one 
point, so that they form the plane faces of a tetrahedron of finite 
volume. 

The position of a plane is given bj a relation between the 
four-plane coordinates, which exists for every point which lies 
in that plane. 

In the Four-Point Coordinate System^ the position of a plane 
is given bj its distances from four fundamental points, given In 
position, which do not all lie in one plane, so that they form the 
angular points of a tetrahedron of finite volume. 

These distances are called Point Coordinates of the plane. 

An infinite number of planes can be drawn through any given 
point, and it can be shewn that the point coordinates of each of 
these planes satisfy a linear equation ; this equation determines 
the position of the point, and is called the equation of the point. 

112. To find the distance^ estimated in any direction^ of a 
pointy whose position relative to fixed points is known^ Jrom a 
plane whose distances from the fixed points are given. 

Let Lj Jf be two points, and let a point Q be taken in the 
straight line joining them, such that \.LO = fi.MG. 

Let LL'j MM' J 00' be parallel lines, drawn in a given 

direction, meeting a given plane AB in Z/', (?', iT, then it is 

evident that 

LL'-'OO' OO'-MM' 

10 ^ MO ' 
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and \.[LU ^0G') = fJt.{GG' - Mil')] 

.'. \.LL'-\-fi.MM' = {\'\-fM) GG\ (1) 

If N be any other point, and H be taken in GN so that 
(X + p) GH= y.HNj and if EH', JV.V' be drawn parallel to LL\ 

then v.NN'-]-{\-{-fi)GG'^{\-^fi + v)Bir; 

.-. \.LL' -^fi.MAT + vNN' = (X + /i + v) HE'. (2) 

I£ there be four fundamental points X, J/, N^ R^ and JT be 
taken in J7B, such that (\ + ^ + >') ^^= p .i?^, and RR\ KK' 
be drawn parallel to LL' meeting the plane AB in R\ K\ then 

p.RR ■\' {\ + fi-^v) EE' ^[\^ fi^ V -\^ p) KK' \ 

.-. X.LL'^ yi..MM'-\r v.NN'-^ p.RR ^[\-\^ IM-\- v-Vp) KK'. (3) 

Thus, the position of the point K relative^to four fundamental 
points is given by the quantities X, fi^ v, p, and it may be 
denoted by (X, fi^ v, p) ; and the distance of the point thus 
determined from a plane, estimated in any direction, is known 
by (3) in terms of the distances of the four fundamental points 
estimated in the same direction. The equations (1) and (2) 
determine the same thing for two and three fundamental points 
respectively. 

113. If the formula for the position of the centre'of gravity 
of any number of particles be assumed, the results of the pre- 
ceding article will be obtained at once, by considering masses 
proportional to X, /i, v, p placed at the fundamental points, the 
point K (Art. 112) being the centre of gravity of these particles, 
where the masses may be supposed negative if necessary. 
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114. To find the equation of a point in four-point coordinates. 
If the four points lie in a plane, then by the conatroctlon of 

Art. 112, it is obvious that the point K^ being in the line HB^ 
will lie in the same plane with the four points. This accounts 
for the restriction with respect to the fundamental points, that 
they shall not lie in one plane, because the equation obtained 
would then always denote a point in the same plane, and could 
not be the general equation of a point in space. 

It' A^ By Cj D be any four points which do not lie in a plane, 
Pi 9, 9*, 8 the perpendicular distances of a plane from these points, 
estimated in a given direction, (X, /i, v, p) a point P, with 
reference to these fundamental points, and t the perpendicular 
from Pupon the plane; we shall have, by (3), Art. 112, 

and ^ = for every plane passing through P, 

.•. Xp + /t^ + Fr + /Dfi = 0. 

Hence, upon the same principle, upon which, in the four- 
plane coordinates, a?, y, 0, w being the coordinates of any point, 

is the equation of that plane, in which a series of points lie, 
whose coordinates satisfy the equation ; so, p, ;, r, a being the 
coordinates of a plane in the four-point system of coordinates, 
Xp 4 /itj + vr + p5 = is the equation of that point, through which 
all planes pass whose coordinates satisfy the equation. 

115. To interpret the constants in the equation of a point. 
Let the equation of the point P be Xp + /Ltj+»T + p« = 0; 

the four-point coordinates of BCD are p^^ 0, 0, 0, hence, the 

perpendicular on BCD from P is, by Art. 112, -^' 



X + /i+K + p* 
therefore r is the corresponding: tetrahedral co- 

X + /A+V + /3 ^ ^ 

ordinate of P for the same fundamental tetrahedron ; so that 
X, /i, V, p are proportional to the tetrahedral coordinates of the 
point whose equation is given, which may therefore be writtea 
as in Art. 104, 
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In this form the first member of the eqaatlon is the per- 
pendicular from the point given by the equation, also denoted 
"^7 (^9 Vi ^} ^)j upoii the plane whose four-point coordinates 
are pj y, r, s, 

116. To find the equation of a point which divides the straight 
line joining tv)0 points^ whose equations are given^ in a given ratio. 

Let the equations of the two points P, P* be 

a?p + yj + «r + M?^ = 0, and xp + yq + zr + ws = 0, 

and let Q be a point in PP^ such that 

PQ\ QP'y.mili 

for every plane passing through Q the perpendiculars from P, P* 
are in the same ratio, and observing that these perpendiculars 
are drawn in opposite directions if Q be between P and P' , 
we have 

I {^ + yq + «r + ws) + m {xp 4 y'q + z*r + w's) = 0, 
the equation required. 

117. To find the equation of a point at an infinite distance. 
Let the equation of a point be X^ + /aj + vr + ptf = 0, the 

perpendicular distance from this point on any plane {p^ q^ r, s) is 
Xp + pLq + yr-^- ps 
X + f* + v + p 

If this point be at an infinite distance, we must have the 
condition X + /A + v + p = 0, which expresses that, if (a;, y, «, w) 
be the point in tetrahedral coordinates, a7 + y + ;7+i/7 = 0, or that 
the point lies in the plane at an infinite distance, (Art. 105). 

118. The signs of the constants in the equation of a point 
in the general form Xp + /* j + vr + p5 = 0, in order that the point 
may lie in the different portions of space cut off by the indefinite 
planes which form the faces of the fundamental tetrahedron, 

can be obtained by considering that —)-«-)- are the 

<r cr cr <r 

tetrahedral coordinates of the point, ifo- = X+f* + K-l-p. 

119* To find the distance between two points^ whose four-point 
coordinates are given. 
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The distance between two points P, P', whose equations 
are Xp + ftj 4 i^ + p« = 0, and \'p + fi'q + vr + ps = 0, can be 

found from Art. 96, by considering that —>-»—»-) ^ind 
—-;,—,, -7 , —, are tetrahedral coordinates of two points ; 

.■pp'..p-^)(e-^)^i>.|. 

120. To shew that the straight lines Joining the middle points 
of opposite edges of a tetrahedron intersect and bisect each other. 

The equation of the middle point of AB isp-\-q=0 (Art. 116), 
and of the middle point of CD is r + « = 0; therefore the 
equation of the middle point of the line joining these is 
p + q + r-\-s = 0^ which for the same reason bisects the lines 
joining the middle points of the other opposite edges. 

121. The student is recommended to examine caxefuUy the 
processes employed in the following applications of point-co- 
ordinates. 

Let Xp + /xy + vr + p5 = be the equation of any point J?, 
and let planes be drawn through this point and each of the 




edges ; and let (a5) denote the point in which the plane ECJD 
meets AB^ and similarly for the other edges. 

The point E lies in the straight line joining (ai), for which 
X^ + /i2 = 0^ and {cd}^ for which yr + p« = 0, since its equation 
is of the form L {\p -f fiq) + 3f{vr -{■ ps) = 0. 
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Since for {ah)^ \p-\^ fiq^ 0,' 

(erf), vr ■\- ps = 0,^ 

the straight lines joining these pairs of. points meet BD in a 
point {p'd') whose equation is fiq = ps^ and the equation of {bd) 
is /^ -f p5 = ; therefore h'cC^ bd divide BD harmonically. 

Similarly, the line joining (oi), {ac) and (Jrf), (erf) intersect 
50 in (iV), for which /L62 = vr; and the straight line (aJ), (erf) 
meets the plane passing through A and the points (iV), (c'rf') in 
the point whose equation is 

2\p + 2fiq '-vr — p8 = 0^ 

since this equation may be written 

2\p -{-{fiq- vr) + {fiq - ps) = 0. 

Again, the equation 2\p + /iq+vr — 0^ being of the form 

Lp -\- Ms + N{\p + /Aj H- vr + pa) = 0, 

represents a point in the plane ADEy and, being of the form 
L [\p + fiq) + M {\p + vr) = 0, the point lies on the line joining 
(aj), (ac), and is obviously in the plane ABC. 

Let the straight lines AE^ BE meet the opposite faces in 
A\ B' ; the equations of these points are 

/xj + vr + p« = 0, and Xp + vr + /08 = 0, 

and therefore A'B* intersects AB in the point Xp - A^? = 0, the 
same point in which (oe) (Je), (orf) (6rf), meet J[jB. 

122. Many of the results of the following articles have been 
obtained in the preceding chapter, but the independent processes 
adopted here will serve to illustrate the subject on which we 
are engaged. 

123. To find the inclinations of a plane^ whose coordinates are 
giv&ij to the faces of the fundamental tetrahedron. 

Let Pj g, r, s be the coordinates of a plane, \, /*, v, p the 
cosines of the angles between the direction in which the coor- 
dinates are measured, and the perpendiculars from -4, 5, (7, J? 

M 
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on the opposite faces, and let Aa^p^ be the perpendicular 
from A on BCD. 




The tetrahedral coordinates of a are 

aACD aCD B cos(AB) »„ ,.^ 



« = 2.0 cos (^ C), t(? = -2.0 COS {AB) . 







The equation of the point a Is therefore 

-^ cos (^ J5) J +^° cos (-4 (7) r + 2.0 cos (^i)) « = 0, 

S'o ^"0 *0 

and, the coefficients being tetrahedral coordinates, the first 
member Is the perpendicular from a on the plane (p, y, r, 5), 
and therefore =/? — jp«^j 

.-. X=2. - £ cos(^5) - ^ cos(^(7) -^ cos(^Z>) ; see Art. 110. 

Po ?0 ^0 *o 

Similar values may be obtained for /k, v, p. 

124. 2b ^nrf ^Ae relation between the four-point coordinates 
of a plane. 

The tetrahedral coordinates of P, the foot of the perpendicular 
from A on the plane (p, q^ r, 5), are 

jro 30 '0 °o 
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therefore, from the equation of the point P, we have 

P ^ Q ^ * 
.-. — X + ^ u-f -y + -p=l. 

Hence, substituting the values of X, /k, k, p found above, we 
obtain the relation between the coordinates 

^[ + ^+J:^ + :^«?P£cos (AB) -...= 1, see Art. 107. 

125. If the plane be at an infinite distance the left side of 
tbe above equation will vanish, the only system of values for 
-which this will be the case beings = 5' = r = «, (Art. 108). 

Since the coordinates are equal and of infinite magnitude, 
the expression for X in Art. 123 gives 

=^ - i cos (AB) - - cos {AC)-^ cos {AD), 

Po ?0 ^0 *0 

or = ^ - J? cos [AB] - G cos [AC)-D cos [AU). 
We have also from Art. 124 

— + -+- +^ = 0, 

Po ?o ^•o *0 

a linear relation between the direction cosines of any plane. 

126. The equation which connects the fourrpoint coordinates 
of a plane is of the second degree, whereas the corresponding 
equation for four-plane or tetrahedral coordinates is of the 
first degree. 

The reason of this equation being of the second degree 
should be explained. 

If three four-point coordinates of a plane be given, suppose 
J?, ;, r, this plane must touch three spheres whose radii are 
Pi ii ^j centres A, By C] and, if we suppose the most general 
case, there will be eight such planes, two for which the three 
spheres lie on the same side, in which cases p, q, r will be of 
the same sign, and six for which one of the spheres lies on the 
opposite side to the other two, in which cases two of the 
coordinates pj j, r will be of opposite sign to the third. 
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Whether ^, j, r be of the Bame sign, or p he of opposite 
sign to 2' and r, there are two positions of the touching plane ; 
that is, there are two values of «, viz. the perpendiculars in 
these two positions; the equation must, therefore, be of the 
second degree in ^, and similarly for p, ^, and r. 

Hence, although, when three tetrahedral coordinates are 
given, the fourth is fully determined by the equation of con- 
dition; this is not the case in four-point coordinates. 

127. To find the angle between two planes whose coordinates 
are given. 

Let (y, J, r , s) and (p", q\ r", s") be two given planes 
denoted by U\ Z7", and let the line drawn perpendicular to 
U' from the fundamental point A meet U" in the point N^ so 
that^-?^=-cr=/'sec(J7', U"). 

Let V, /a', v', p be the cosines of the angles between the 
normal to the plane U\ and the normals to the corresponding 
faces of the fundamental tetrahedron. 

The tetrahedral coordinates of -^ are 

hence the equation of N is 

«rt — -btV 'stu! 'UXV' «Tp' 

Po ii^ ^ «0 

and, since the plane U" is a particular plane through ^, we 

// 

have, since — =cos(Z7', C/"), 
tff 

■\ I II I II I II I It 

Po % \ »0 

II I I 

But V =-^ - ^ COS [AB) - - cos (^ C) - - cos [AD] (Art. 123) ; 

Pa % ^0 *o 

I It , ff » 



- ^^ "^^^ cos (^5) -..., see Art. 109. 
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If the planes be parallel, since the perpendicular distance 
between them is constant, p -p" = q' — q" = r — /' = 8 — a". 

As in Arts. 68 and 22 in the corresponding case with 
Cartesian coordinates, these conditions can be deduced from 
the value of cos ( U\ U"). For, since ( U\ U") = 0, 



I t 



2 cos ( U\ U") = 2 =^. +. . .- -^?- cos [AB) -... 



irt e\ II It 



+ -Si +•••- -=^— cosMB)- ... (Art. 124), 
Po A?. 

whence ^P^fl +...- lijtlfm^n ^os{AB) -...= 0. 
Po PAo 

But (Art. 108) this is only possible when 

t It t it 

128. To find the coordinates of a plane which passes through 
the intersections of tioo planes whose coordinates are given. 

Let (/, y', /, s') {p'\ q\ t\ *") be the planes U' and Z7", 
and let (^, g^ r, s) be the plane V passing through their line 
of intersection. The perpendiculars from the fundamental point 
A on the three planes all lie in a plane, and the relation 
between these three may be found from the Irilinear coordi- 
nates corresponding to an evanescent fundamental triangle, 
whose angles are the angles between the planes, or the supple- 
ment of those angles ; hence 

^sin(?7', !7")=y 8in(<7", V)^f ^\xi{V\ 7); 

/. p^lp Jrmp\ where P±2Zmcos(J7', r/") + w''=l, 

and similarly for j, r, s. 

129. If ip + Mq + iVr + JK5 = be an equation involving one 
variable t In the first degree, it may be considered as the 
equation of a line, since it may be put into the form u + ^v = 0, 
and by varying t we may obtain every point in the line joining 
the points m = 0, v = 0. 

130. If Lp^-Mq-k-Nr-^- Rs = be an equation involving 
two variables *, t' in the first degree, it may be considered as 
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the equation of a plane, since it maj be put in the form 
u-{-tv-\-t'w=^ 0, and by varying «, t' we may obtain every point 
in the plane passing through the three points u = 0, v = 0, and 

W7 = 0. 



VII. 

(1) The equation of the centre of gravity of the face ABC is 

/> + J + r = 0. 

Hence, shew that the lines joining the vertices with the centres of 
gravity of the opposite faces meet in a point. 

(2) The equation of the centre of the circle circamscribing the triangle 

ABCia 

p 8ln2^ f q 8in2J9 4 r Bin2C=: 0. 

(3) The coordinates of the plane passing through the centres of gravity 
of the faces ACD^ ADB^ and ABC^ are given by the equations 

-!■« f- 

(4) If P be any point in BD^ Q, R points in AC, such that 

AQ : QC:: BP : PB :: CR : RA, 

then PQ and PR will intersect the lines joining the middle points of 
BCj AD, and AB, CD respectively, and divide them in the same ratio 
vaAC. 

(5) If through the middle points of the edges BC, CD, DB straight 
lines be drawn parallel respectively to the opposite edges, these straight 
lines will meet in a point; and the line joining this point with A will pass 
through the centre of gravity of the pyramid. 

(6) The equation of the centre of gravity of the surface of the tetra- 
hedron is 

(.4 + ^ + C+ 2>) (ji + g f r f s) = 4p + ^y + O- + 2>«. 

(7) Shew that the equation of the centres of the eight spheres which 
touch the faces or the faces produced of the fundamental tetrahedron are 

Ap±Bq±Cr±D$^ 0. 

(8) The centre C of the inscribed sphere lies on the line joining G, H 
the centres of gravity of the volume and of the surface of the tetrahedron; 
also, shew that CG = *6GH, 
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(9) The points B, C, D are joined to the centres of gravity of the 
opposite faces, and the joining lines produced to points ft, e, </, so that 
St h, &c., are equidistant from the corresponding faces, prove that the 
coordinates of the plane hod are given hy the equations 

- 2p = y = r = «, 

and that this plane divides the edges AB, A C, AD in the ratio 1 : 2. 

(10) If points be taken in the lines joining B, C, D to the centres 
of gravity of the opposite faces, dividing them in the ratio m : n, the 
plane containing these points will divide the edges AB, AC^ AD in the 
ratio m : 2m 4 3n. 

• 

(11) If through any point P straight lines AP, BP, CP, DP be 
drawn meeting the opposite faces in a, b, e, d, the straight lines AB, ah 
vrill intersect, and their point of intersection and the point in which Cd 
meets AB will divide AB harmonically. 

(12) The straight lines joining D to the intersection of AB^ ab, and A 
to the intersection of DB, db, will intersect in a point lying on Be, 

(13) If through any point three straight lines be drawn, each meeting 
two opposite edges of a tetrahedron A BCD; and if a, a ; 5, ^; 'c, 7 be the 
points where these straight lines meet the edges BC, AD; CA, BD\ 
AB, CD; then will 

Ba.Of.D^^Bfi.Cd.Dy, 

Cb.Aa.D^^C^.Ab.Da, 

Ae.Bfi.Da^Aa.Bc.Dfiy 

Ab,Bc,Ca«Ae.Ba.Cb. 
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LOCI OF EQUATIONS. TANGENTIAL EQUATIONS OF SURFACES. 

TORSES. DUAL INTERPRETATION OF EQUATIONS. 

BOOTHIAN COORDINATES. 

Tangential Equations of Surfaces and Torses. 

131. If ^, J, r, a be the coordinates of a plane referred to 
a four-point system, to find what is represented by the general 
equation F{p^ j, r, s) = 0, we observe that there are generally 
an infinite number of planes, the coordinates of each of which 
satisfy the equation, and that these planes envelope a surface 
of which the equation is called the tangential equation, from the 
circumstance that each plane of the system is a tangent plane 
to the surface, and the surface may be called the envelope locus 
of the equation. 

As in a quadriplanar or tetrahedral system, if we take three 
points on the locus of <^(a;, ^, z^ w)=^0^ the plane containing 
these three points will ultimately be a tangent plane to the 
locus, if the three points become ultimately coincident, so, if we 
take three planes touching the envelope locus of i^(^, y, r, s) = 0, 
the point in which these three planes intersect will be ultimately 
the point of contact of these planes when they become coincident. 

Thus, p =/ is the tangential equation of a sphere whose 
centre is the fundamental point A. 

In the case of the linear equation Xp + /lcj + vr + p* = 0, the 
envelope degenerates into a point, through which all the planes 
pass which correspond to the various solutions of the equation. 

132. Again, if we .take two surfaces represented in the 
tetrahedral system by ^ (a;, y, z^ w) = 0, and 4>i (^? y? ^j ^) = % 
the coordinates of every point in their curve of intersection will 
satisfy both equations, and the two equations will determine the 
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position of this curve ; so if F{p^ q, r, s) = 0, and F^ (/?, j, r, 5) = 
represent two surfaces in the four-point system, the coordinates 
of every plane which touches both surfaces satisfy the two 
equations, and the series of planes so determined have for 
their envelope a particular kind of surface, called a Developable 
Surface^ or, according to Cayley, a Torsej which touches the 
two envelope loci of the equations, the reason of the term 
developable being as follows: 

If we take three consecutive planes P, Q^ 5, each of which 
touches the two loci S^ /S,, of the equations F{pj y, r, s) =0, 
-Fj C^, y, r, «) = 0, Q will be intersected by P and R in two 
straight lines (P, Q)^ and ( Q^ B)y and in the limit the portion 
of Q intercepted between these lines will ultimately be a portion 
of the envelope of the planes ; similar portions of P and R will, 
with the former, constitute three elements of the envelope, each 
of which will touch both S and 8^ ; and this envelope is called 
a developable surface, because the three elements can be de- 
veloped into one plane by turning them about the lines (P, (?), 
{Qj R)'j and the same is true for all the elements. 

According to this interpretation, the developable surface 
touching two spheres, p=/, q^g^ is a system of two cones, of 
which one will be imaginary if the spheres intersect. 

133. It may appear, from what has been said, that, since 
two equations, as well as one, in the four-point system determine 
a surface, the case of this system is not analogous to that of the 
three or four-plane system. But the two kinds of surfaces in 
the point system are really as distinct from one another as the 
surface and curve in the plane system. 

For, as in the four-plane system one equation represents the 
limitation that the current point must remain on a surface, and 
the second equation confines the motion on that surface to posi- 
tions such that it also remains on a second surface ; so in the 
four-point system one equation limits the motion of a plane 
to positions in which it touches a sarface, and the second 
equation allows the plane to touch that surface only in such a 
maimer that it also touches a second surface. 

Stated in this way the analogy is complete, the point moving 

N 
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in the direction of a line, the plane turning round a line, to 
gain tlie consecutive position. 

134. As a simple example of the use of the tangential 
equation of a surface, we will consider the properties of the 
Poles of Similitude of four spheres; the poles of similitude of 
two spheres being the vertices of the two cones which envelope 
both spheres, points from which the lengths of the tangents 
to the spheres are proportional to their radii. 

These poles of similitude are called internal or external poles, 
according as they lie on the line joining the centres, or on 
this line produced. 

135. To find the relative positions of the internal or external 
poles of similitude of four spheres. 

Let the centres of the spheres be taken for the fundamental 
points -4, jB, (7, and i>, and let their radii be r„ r^, r„ r^. 

The tangential equations of the spheres are ^ = r„ j = r,, 

The external and internal poles of similitude of the spheres 
[A), and [B) have equations 

t- + ^ = Oj and similarly for the rest. 
r^ r^ 

(1) The external poles of {AB), {AG), and [AD) lie in a 
plane whose coordinates are connected by the equations 

p _ q _^ r s 

r r r r ' 
'i '% 'a 'a 

which evidently contains also the external poles of [BC), (CZ>) 
and iJDB). 

(2) The coordinates of the plane containing the external 
poles of [AB) and [AC) and the internal pole of [AD) satisfy the 
equations 

ji) __ J _ r s 

^i " ^ " ^ ' " ^ * 
and the same plane evidently contains the external pole of [BC) 
and the internal poles of [BD) and ( CD). 



I 
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(3) The coordinates of the plane containing the external 
pole of (AB) and the internal poles of [A C) and [AD) satisfy 
the equations 

and this plane evidently contains the external pole of {CD) and 
the internal poles of [BC) and {BD). 

Hence one plane contains the six external poles, four planes 
contain each three external and three internal poles, and three 
contain each two external and four internal poles. 

The poles of similitude lie in eight planes, which are called 
planes of similitude, each of which passes through six poles of 
similitude situated three and three in four straight lines. 

Thus for the six external poles ^ 



and i-i: = 2'-I-f^-?-) = 0; 

T r T T \r T J 
'a 'a 'i '8 ^i %' 

therefore the external pole of [BC] lies in the line joining those 
o{{AB) and (^(7). 




Similarly it lies in the lines joining those of [DB) and [DC]* 
Hence, the six external poles lie in the sides of a plane quad- 
rilateral, as in the figure. 
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Dual Interpretations of Equations. 

136. By what has preceded, we see that all homogeneous 
equations and systems of two equations in four variables a, /9, 
7, S, admit of a dual interpretation, according as we conceive 
the four variables to be tetrahedral or four-point coordinates. 

Thus \a + /A/8 + V7 -f- pS = is the equation, in these two 
methods of viewing it, of a plane or of a point. 

So if a, )3, 7, B be tetrahedral coordinates, the equation 
2^(a, iS, 7, 8) = gives a surface on which every point lies, 
whose tetrahedral coordinates satisfy the equation, while If they 
be point coordinates, the equation gives a surface touched by 
every plane whose coordinates satisfy the equation. 

Two such equations may in like manner be interpreted 
to define (1) a curve, which is the intersection of the two 
surfaces represented by the separate equations; or (2} a torse 
enveloped by all planes which touch both surfaces represented 
by the separate equations. 

Thus, the dual results given by the method^of Keciprocal 
Polars, which will be seen to apply to three as well as to 
two dimensions, may be obtained by giving this dual inter- 
pretations to all our equations. 

We cannot, however, in a volume of moderate compass, 
pretend to include all the dual results to which our equations 
might give rise, but must confine ourselves to a development of 
the methods most generally useful. 

Boothian Coordinates. 

137. There is another system of coordinates which bears the 
same relation to four-point coordinates as the Cartesian to the 
tetrahedral system ; these coordinates have been called Boothian 
from Dr. Booth, who first published the method in Dublin.* 

We have seen that the equation of a plane in one form is 
aa; + /8y + 7« = 1, where a, )8, 7 are the reciprocals of the inter- 



♦ Both Chasles and Pliicker seem to have conceived the idea previously. Briofc 
and Bouquet, Geom, Anal, p. 388, 
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cepts on the coordinate axes, if this plane pass through a point 
P, C/j 9t A)? then a/+ /8y + 7A = 1 is an equation between a, ^, 
and 7, which will be true for all planes passing through P. 
a, i3, 7 are called Boothian coordinates of a plane, and any equa- 
tion of the first degree in a, /}, 7 expresses that the plane passes 
through a certain fixed point, and may be considered the 
equation of that point. 

Any equation whatever between a, )3, 7 will express that the 
plane touches a certain fixed surface, and may be considered 
the equation of that surface. ' 

Thus, we know that the equation of a sphere is a?"+ y'-f «' = *•", 
and that the distance of the plane he -f my + nz = r from the 
origin is r; the plane therefore touches ihe sphere, and if the 
equation of the plane be written ax + l3i/-\-yz=l^ then we have 

a* + )8* + 7* = -^ = It , which is the Boothian equation 

of the sphere and is of the same form as the Cartesian. 

138. Cartesian coordinates are a particular case of tetrahedralj 
and Boothian qf/our-point coordinates. 

If we imagine the plane ABC of the tetrahedron of reference 
to move off to infinity and make the corresponding changes in 
our equations, any equation between a;, y, z^ w will become one 
between f , 17, ^ ordinary Cartesian coordinates, and any equation 
between p, y, r, s will become one between a, /8, 7 Boothian 
coordinates of a plane. 

Thus take the equation px + qy + rz + sw = Oy where (a?, y, «, iv) 
are tetrahedral coordinates of any point, and (p, 9, r, s) four- 
point coordinates of any plane through (or, y, z^ w). If the 
plane meet JDA^ DB^ 2>(7 in a, J, c, and f, 17, f be the Cartesian 
coordinates of (a;, y, z^ w) referred to the planes meeting in i>, 

then x^^j, y^DB' ^^DG' '^"^"DA"DB''1)G' 
whence the equation becomes 

J {s^p) 17 [s-q) C g~r ., 
DA' s ^ DB' s ^BC s '^' 
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^ , p Aa 8 — p DA 8 — p 1 

But— = rr . or — ^ = ^r- » or — 7-^ = ^^- = a% 
8 Da^ 8 Da^ 8.JJA Da ' 

and the equation of the plane becomes af + /Si; + 7?^= 1. 

139. Any equation in which [x^ y, «, ta) are involved will 
generally have the coefficients of the different terms functions 
of DA^ BCj ... edges of the tetrahedron of reference, so that 
although for any finite point (f, 1;, f) we have, when ABC 
moves off to infinity, a; = 0, y = 0, 2 = 0, w; = l, yet we shall 
get a limiting equation between f, 17, f when we have made 
the substitutions above and take DA^ DBj Z>(7, ... all infinite. 
So, for any equation in /?, ^, r, «, the coordinates of a plane 

8 8 8 

at a finite distance from i>, although in the limit - ^ - j - are 

all equal and zero, yet by making 

p = «(l-a.J9^), q = 8{l-l3.DB), r = 8[l-y.DC\ 

we shall obtain a finite resulting equation in a, )3, 7. But 
such transformation is very seldom of much advantage. It is, 
however, frequently convenient to render Cartesian or Boothian 
equations homogeneous by multiplying such terms as require 
it by Wj w^^ ... or by S, S', ..., these being at some subsequent 
stage put equal to unity. 



VIII. 

(1) State some properties of the loci of the following equations, whether 
'» Pt 7} ^ be regarded as tetrahedral or four-point coordinates. 

(1) lafi^myS. 

(2) (« + py = nyi. 

/ox i fn n r ^ 

(3) - + -J + - + T = 0. 

a p 7 o 

(2) If ti = be the equation of a surface of the second degree, » = 
that of a plane, referred to tetrahedral coordinates, r^ - Au is the equation 
of a surface touching the surface u » along the seetion made by v a 0. 

Give the interpretation when the tetrahedral we replaced by four-point 
coordinates. 
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(3) Prove that if the fundamental points be in the angles of a regular 
tetrahedron, the tangential equations of the spheres circumscribing and 
inscribed in the tetrahedron will be respectively 

ji^ + 3* + »•" -f »* - yr - rp - ^y - «p - « y - w = 0, 

and jr + fp + pj + «p 4 »^ 4 «r = 0. 

(4) Shew that in the same case the envelope locus of the equation 

fj* 4 5* + r* + «■ - 23r - 2r;> - 2py - 2»p - 2«^ - 2«r » 
will touch each of the edges of the fundamental tetrahedron. 

(5) In the last problem, find the two tangent planes parallel to one of 
the faces of the tetrahedron, and shew that their distances from that face 

will be {V(3) ± 1}» <* being the length of an edge. 

(6) If two surfaces given by tetrahedral. coordinates intersect in two 
plane curves, what is the corresponding property of the torse in the dual 
interpretation ? 

(7) Prove that the Bootbian equation of a sphere passing through the 
origin of rectangular axes is of the form 



»" 4 /S* + 7* = ( - - fc - m/3 - 117 j , 



/, tit, n being the direction-cosines of the radius r drawn through the 
origin. 

(8) Two spheres of radii r, 4, pass through the origin, and have their 
centres on the axes of x and y respectively ; shew that the torse or develop- 
able surface enveloping both is a cone whose vertex has the Boothian 
equation 

r 9 



CHAPTER IX. 



TRANSFORMATION OF COORDINATES. 

140. The investigation of the properties of a surface repre- 
sented by a given equation is often rendered more convenient 
by referring it to a different system of coordinate axes, in the 
choice 'of which we must be guided by the nature of the in- 
vestigation proposed. 

We proceed to obtain the working formuIsB by which such 
a transformation may be effected. 

141. To change the origin of coordinates from one point to 
another J without altering the direction of the axes. 

Let {f g^ h) be the new origin referred to the primary 
system. If (oj, y^ «), (x, y\ z') represent the position of the 
same point P referred to the first and second systems respec- 
tively, since the algebraical distance of the plane of y'z from 
that of yz is /, and x, x' are the algebraical distances of P from 
th? planes of y« and yz\ we have 

0? = ic' 4*yi 

and similarly, y = y' + g^ 

z = z -^h] 

or, suppressing the accents, the transformation is effected by 
writing x +/, y H- 5^, « + A, for a?, y, z. 

142. Since the formulae thus obtained involve three arbi- 
trary constants, we can generally by this transformation make 
the coefficients of three terms in the resulting equation vanish, 
but, since the coefficients of the terms of highest dimensions 
are unaltered, none of the three terms, so eliminated, can be 
of the same dimensions as the degree of the equation. Thus, 
in an equation of the second degree, we can generally destroy 
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the terms of one dimension in x^ y^ z] in an equation of the 
third degree three of the terms of two dimensions, and so on 
with equations of higher degrees. If, however, the terms, 
whose coefficients we desire to destroy, differ by more than 
one dimension from the degree of the equation, the equations 
for determining f, g^ k in order to effect this result wiU rise 
to second, third, or higher degrees. For, if F{x^yj «)=sO be 
an equation of the rfi^ degree, the transformed equation will be 
F[x +/, y 4 (7, « + A) = 0, and the terms of the [n — r)^ degree 
in the expansion can be represented in the form 



the coefficients of any term in which will involve F{f^ g^ h) 
differentiated n - r times with respect to the quantities^ y, h ; 
hence the resulting equation for destroying any such term will 
be of the r^ degree. If three terms are to be destroyed, it is 
necessary that the three corresponding equations should be 
consistent ; it may happen that these equations are not in- 
dependent, in which case if two terms are made to disappear 
the third term will disappear at the same time, and we shall 
be able to get rid of a fourth term. 

143. To tramform from one system of coordinates to another 
system having the same origin^ both systems being rectangular. 

Let (?aj, Oy, Oz be the first system, 6ar', Oy\ Oz* the 
second ; let a,, J^, c^ ; a„ J„ c, ; a„ A„ c^ be the direction-cosines 
of Ox\ Oy\ Oz\ referred to Oar, Oy, Oz ; and x^y^ z* x'j y\ z' 
coordinates of the same point in the two systems. 

Then the algebraic distance of the point from the plane of 
yz 13 x] but, projecting the broken line a;'4y + «', this same 
distance is a^x' 4 a^' 4 ^,«'. Hence 

X = a^x' 4 ajf' 4 v',*) 
and similarly, y = b^x 4 bj/' 4 Jj«', r (1) 

z = c^x 4 cj/' 4 c// 

the formulae required. 

The nine constants introduced in these results are connected 
by six equations of condition, expressing that the two systems of 
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coordinates are rectangular, for since Oxy Oy^ Oz are each two 
at right angles, we have the system of equations 

and by reason of Ox\ Oy\ Oz being also at right angles, the 
system 

« A + ¥., + Vs = % ] 

«,a, + J A + ^1^9 = ^^- ^ 

The number of disposable constants in this transformatron is 
therefore only three. 

The relations M), {B) subsisting among the nine constants 
involved in these formulsB may be replaced by 

rt,'-f a^' + <=l, ' 

if we consider Oa?', Oy', Oa' the primary system of axes, in 
which case the direction-cosines of Oa?, Oy, Oz^ will be a,, a,, a^ ; 
^ij ^2) ^8 5 ^1? ^8' ^8' ^^^ equations [A) and (-B*) obtained from 
the same facts as the equations [A) and [B\ are of course deducible 
from them. Either system may be obtained from the identical 
equation a;" + y* + «' = »*+ y'" -f «?'*, by substituting for a;, y, z 
their equivalents given in equations (1), or similarly for a?', y', «'. 
/ 

144. The relations between these constants may also be ex- 
pressed in the following convenient form. 
From the equations 

«i«« + ^h + ^'iC, = % %^x + *8*i + Vi = % 
we obtain immediately 



*A-&3^, C2«8-C3«2 «A-"«8* ' 
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each member of these equations is therefore equal to 
(aZ + V + c .')* 

by equations (^), (5). 

In a similar manner, we obtain 



By using the equations {R) in a similar manner, we obtain 



^j _ ^8 __ rt. 



which shews that the ambiguities in the three systems of equa- 
tions, here obtained, must be taken all of the same sign. 

Any two of these three systems of equations may be taken as 
completely expressing the relations between the nine constants : 
the third system being immediately deducible from the other 
two. 

We give the following problem as an illustration of the use 
which may be made of this transformation of coordinates. 

145- To find the equations of the straight lines which bisect 
tJie angles between two straight lines given by the equations 

Ix -\- my + nz ^ and ax^-\'by* ■\'CZ^^{), 

Choosing the axes, so that the axes of x' and y shall be the 
two bisecting lines, and the plane of x'y' shall contain the given 
lines, their equations will be of the form 

2j' = 0, and Vx'"-/Ay» = 0. (1) 

The formulae of transformation give 

X ='ax rh^y +yzj 

y =ax +)3y +72?, 

z' =:lx 4* niy -\-nz 'y 
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or a; = Oic' 4- ay' + lz\ 
y = ^aj' + ^y' + mz\ 
z = 705' + 7'y' + nz ; 
hence, by (1), the second given equation becomes 

a (oaj' + ay)" + b {j3x' + /9'y')» + c (70:' -f 7 yT = 0, 
which must be identical with W* — /aY* = ; 

.-. aaa' + b^ff + 077' = ; (2) 

also aa' + )8i9' + 77' = 0, 
since the bisecting lines are at right angles ; 

oo^ ^ ^ ^ _77' 
* * 6 — c c — a a— J * 

From these equations a variety of forms may be obtained 
for the equations of the bisecting lines; thus, if we require 
the forms Ayz 4- Bzx + Cxy = 0, and Ix -\- my -\- nz =^ 0, since the 
first equation must reduce to the form ay' = 0, when »' = 0, we 
obtain the relations 

^/S7 + £7a + (7a^ = 0, and -4/3'7'-h^'a' + ea'y3' = 0; 

A B C 

•'• aa' [fiY - /8'7) " /S/3' (7a' - 7'a) "" 77' [ol^ " a'/3) ' 

A ' B C 

(J — c) Z (c — a) m {a — b)n^ 

hence, the equations of the bisecting lines may be written, 

-.(J-c)+ - (c-a) + -(a-6) = 0, 

X ^ y z ^ ' ' 

and ic + wy + n« = 0. 

146. Euler*8 formulce for transforming from one system of 
rectangular coordinates to another having the same origin. 

There being in the formula already obtained for this purpose 
nine constants connected by six invariable relations, it must be 
possible to obtain formulae to. effect this transformation which 
shall involve only three constants. The three chosen by Euler 
for this purpose are (1) the angle which the intersection of the 
planes of xy and x'y' makes with the axis of x, (2) the angle 
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made by the same straight line with the axis of x\ (3) the angle 
between the planes of xy and x'y. 

Let Ox^ Oy^ Oz be the original ; Ox\ Oy\ Oz' the transformed 
axes of coordinates ; Ox^ the intersection of the planes of ary, 
icY; xOx^ = <f)^ sc'Oa?, =-^5 zOz=0j which is the same as the 
angle between the planes of xyj x'y\ 




The transformations may be effected by successive trans- 
formations, each in one plane — 

(1) through an angle 0, in the plane of xy^ from Ox^ Oy 
to Ox,j Oy, ; 

(2) through an angle 0j in the plane of y^z^ from Oy„ Oz 
to Oy„ Ozi 

(3) through an angle -^^ in the plane of y^x,^ from Oo:,, Oy^ 
to Oxy Oy'. 

The formulae for these transformations are^ using the same 

suffix for any one of the coordinates as for the corresponding 

axisy 

a; = a, cos c^ — y^ sin ^,| 

y = a;j sin^ + y, cos^J 



y,=y, cos5-25' sin^,| 
z =y, sin5 + z' cos^jj 

ic, = x' cos y^—y sin '^,] 
y^ = as' sin -^ + y' cos-^J 
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from which we obtain, by successive substitutions, 
x = x' (cos if> COS *^ — sin ^ sin*^ cos 0) 

— y (cos^ sin^ + sin^ cos^ cosd) + ^' sin^ sind, 
y=^x' (sin cos ^ + cos ^ sin ^ cos 0) 

- y (sin ^ sin ^ — cos^ cos*^ cos 0) — «' cos ^ sin ^, 

» =x sin^ sin^+y cos^ sin^H-^' cos5. 

These formulsB might be established without successive trans- 
formation by Spherical Trigonometry, but this is left for the 
exercise of the student. 

147. These formulas are too complicated and unsymmetrical 
to be generally employed. A modification of them, however, 
may be useful in determining the nature of any proposed plane 
section of a surface. We may in that case, by using the first 
two transformations, make the plane of ar^y, coincide with the 
proposed plane section, and then, making 2;' = 0, obtain the 
equation of the section in that plane. 

The results may be at once derived from the final equations 
of the last article by making V^ = 0, «' = 0, or directly by 
geometrical considerations, and we have the formulas 

x = x' cos^ - y' cos^ sin^, 

y^x' sin^ +y' cos^ cos^, 

» =y sin^, 

by effecting these substitutions we may obtain the equation of 
the curve which is the intersection of a surface with a given 
plane. 

If the equation of the plane be Za; + my H- n^ = 0, and the 
curve of intersection with the surface /(a;, y, «) = be required, 
we shall have 

^ n , sin6 cos<& 

co8a= -jpp i *\ J and — ~ = — - = 



.ii\ » 



and the equation of the curve of intersection will be 
f[x cos^-y cos^ sb^, x sin^ + y costf cos^, y sind) = 0. 
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148. As an example of this method, we will examine the 
position of a plane passing through the origin, when its inter- 
section with the surface am? -f Jy* + c«' = 1 is a circle. 

Let the intersection of the plane with the plane of xy make 
an angle ^ with Ox, and let be its inclination to the plane 
ofay. 

The equation of the section will be 

a (xcos<f>—yco^0 sin^)*+& (ajsin04y cos9cos0)*+cy*Bin*tf=l, 

if this be a circle, the coefficient of a?y = 0, and those of x* and 
y* will be equal and positive ; 

.*. [a — b) cos 5 sin2<^ = 0, 

and a C08*<^ + b sin*^ = [a sin"^ + b cos*^) cos*^ + c sin*^ > 0, 

we shall therefore obtain the following systems of solutions if 
a, 6, c be unequal : 

I. cos^ = 0, a cos'04- J sin*<^ = c>0, 

cos^6 sin* 6 1 
J — c c — a b^a' 

II. ^ = 0, a = J cos'^ + c sin"^>0, 

cos«^ sin*^ 1 



or 



c — a a—b c — b' 

III. ^ = i7r, & = a cos'^ + c sin*^>0, 

cos'^ sin*^ 1 
or y = 7 = . 

If a, 5, c be of the same sign and in order of magnitude, 
III will be the only admissible solution, and the cutting plane 
must pass through the axis corresponding to the mean coefficient. 

If a and b be positive, c negative, i > a, II will be the only 
solution. 

K a be positive, b and c negative, there will be no plane 
circular section through the origin. 

149. Transformation from one system of coordinates to an-' 
other having the same origin^ both systems being oblique. 

Let Oxj Oy^ Oz and Ox\ Oy\ Oz' be the two systems ; Ow, 
On\ On* the normals respectively to yz^ zXj and xy^ and let nx 
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denote the angle wOx, and so /or the others. Then the alge- 
braical distance of a point whose coordinates in the two systems 
are respectively a;, y, z and x\ y\ z from the plane of yz^ is 
X cos 720;, and is also 

X co^nx +y coswy' + z' cosm\ 

Whence x cosnx = x' cosnx + y' cosny' 4* z* cosn^;', 

and similarly, 

y'cosn'y =x' coswV +y cosny' +z' cosnV, 

z cosn'z =x cosw'V+y' cosn'y + «' coswV, 

the required formnlro, involving in this form twelve constants, 
but, as they may be written in the form 

X = a^x' + a^' + a^z'j 
y = \x' + bjf' + h^z\ 

z = c^x' + Cj/ + Cg^', 

where a, = , and similarlv for the others, we see that 

' cosTio; ' • ' 

really only nine constants are involved, and these are connected 

by three equations on account of the angles between the original 

axes being fixed, so that again there are only six disposable 

constants. 

150. Tran^rmation from any one system of axes to any 
other. 

If we wish in any of the above transformations of the direc- 
tions of the axes also to remove the origin, we may first remove 
the origin to the point (/, g^ h\ retaining the directions of the 
axes. This will give 

a?,, y„ z^ being the coordinates of a point (ir, y, z) referred to the 
system of axes through the new origin parallel to the primary 
system. Now changing the direction by transformations of the 
form 

x^ = afl' + aj/ + aji\ &c.. 
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we see that the most general transformation possible is obtained 
by formalae of the form 

151. To shew that Hie degree of an equation cannot be changed 
hy transformation of coordinates. 

We can now prove the important proposition, that the 
degree of an equation cannot be altered by any transformation 
of coordinates : the degree of an equation meaning the greatest 
number which can be obtained by adding the indices of the 
coordinates involved in any term. For let Asfjfz* be a term 
in an equation of the n^ degree, such that p-^- q'\-r=in: this 
will be a type of all the terms of the n^ degree involved in 
the equation, any one of which may be obtained by assigning 
to A^p^q^r suitable values. Now on any transformation this 
term becomes 

A (/+ a^x^-aji^ajiY (^+^«'+*,.y'+*/)' (*+ c,a;'+c,y'+c/)', 

and no term in this product rises beyond the degree p + ; + 9- 
or n. Hence the degree of an equation cannot be raised by 
transformation of coordinates; nor can it be depressed, for if 
by any transformation the degree be depressed, then on re- 
transformation, the degree of the equation so depressed would 
be raised to its original value, which we have seen to be 
impossible. 

152. Belations betiveen coefficients of a ternary quadric before 
and after transformation of coordinates. 

We notice here that in the case of quadric functions, relations 
between the coefficients in the original and transformed functions 
may be obtained without the use of the formula of transforma- 
tion. 

The method of obtaining these relations depends upon the 

consideration that, if a quadric be the product of two linear 

factors, it will still be so after any transformation of coordinates 

has been effected. 

p 
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The square of the distance of any point (a;, y, z) from the 
origin being ar* + y' + «*, if the axes be rectangular, this ex- 
pression will be unaltered in form when a change is made from 
one set of rectangular axes to another having the same origin. 

Let w = ax* + by* + cz* + 2a yz + 2b' zx + 2c'xy be any ternary 
quadric, and let h be supposed so chosen that h (a?' -\-y* + z*)-u 
shall be the product of two linear functions ; the condition that 
this shall be the case is (Art. 88) 

(A-a) [h-b) (A-c) -a'*(A-a) - J'«(A-5) -c"(A-c)-2a'tV=0, 

shewing that there are generally three such values of A. 

Suppose now that, on transformation to another system of 
rectangular axes, u becomes ' 

V = ax* + i8y" + yz* + 2a'yz + 2/3' zx + 27'ary, 

then A (aj*4-y* + a*) — V will for the same values of h be the 
product of two linear factors; 

.-. (A-a)(A-/3)(A-7) 

_a'*(A-a)-/3'*(A-/3)-7''(A-7)-2a'/3V = 0. 

The two cubics being satisfied by the same values of A, we may 
equate the coej£cients and obtain three relations 

a + J-f-c = a + /3 + 7, 

ic + ca + aJ- a"- &'*-c'* = i87 + 7a + a)8-a'*-/8^ -7'*, 

abc - aa'* - W* - cd* + 2dVd = a^7 - aa" - ^pT - 77'* + 2a'y9 7', 

these three functions of the coefficients, a + & -f 0, &c. are called 
invariants of the quadric, being equal to the same functions of 
the corresponding coefficients of the transformed quadric. 

153. In the more general case of transformation from any 
system of axes to any other, the square of the distance of 
(a;, y, 2;) from the origin being 

^' + y" + «' + 2y2 cosX + 2zx cos /A -f 2v:y cos v, 
it is easily seen that the two cubics which determine A will be 
of the form 

(A-a)(A-J)(A-c)-(Acos\-ay(A-a)-... 

+ 2 (A cosX - a) (A cos/i - V) (A cos v - c') = 0, 
and the corresponding invariants are the ratios of the coefficients. 
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154. To transform from rectangular to polar coordinates. 

In the cases in which polar coordinates are required to be 
used, we may first transform the axes so that the axis of z is 
parallel to the line from which is measured, and the plane of 
zx parallel to the plane irom which ^ is measured. If when 
referred to these axes the coordinates of the pole be f g^ \ the 
formulae expressing the rectangular in terms of the polar co- 
ordinates will be 

a5=y+r sin5 COS0, y = ^ + r sin^ sin^, « = A + rco8^. 

155. To transform from a four-plane to a three-plane CC" 
ordinate system. 

This is immediately effected by the substitution of 

p—lx" my — nz for a?, 

and by similar substitutions for y^ 2, w. 

If the three planes terminating in D be taken for the three- 
plane system, and Z, m^ n be the sines of the angles which the 
edges DA, DB, DC make with the planes DBC, DC A, DAB 
respectively, we shall have to write fcr, my, nz for x, y, «, and 

* f 1 ^ ) for «7 to effect the transformation. 



(Ix my nz\ 



156. To transform from one four-point coordinate system to 
another. 

If the equations of the fundamental points of the second 
system, referred to the first, be 

Xp + /Aj + vr + /}« = 0, &c., 

and Pj qy r, s] p\ q, r\ s\ be the coordinates of any plane 
in the two systems, 

from which equations the formulae required for transformation 
can be deduced. 

157. The method to be employed in the transformation, 
when the tangential equation of a surface is to be found, the 
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equation to which is given in four-plane or tetrahedral co- 
ordinates, and vice versa^ we shall defer until we have con- 
sidered the general conditions of tangency. 



IX. 

(1) If /ifTtifip lifn^i, ^s^^s ^® ^^^ direction-cosines of a system of 
rectangular axes, and if ? + — + — = 0, and 7 + — + — » 0, then ^ill 

r + -- + — = 0, and a : 6 : c :: IJ^ : mjm^n^ : fiithn^ 

(2) If al* + 6m/ + en/ = = o// + 6m,« + w/ - al* + 6m,* + en,*, 
shew that 

/,■ - m/ : I* - Iff/ : /,* - m,* :: m/ - n/ : m,* - fij* : m/ - «/, 
and that /, (m^ ^^ msin) + 4 (^'^a'*! + ^i^s) -^ h {"^i^ + *^'*i) ~ ^- 

(3) Transform the equation ys + s« 4 «y e a*, referred to rectangular 
axes, to an equation referred to another system, one of which makes equal 
angles with the original axes. 

(4) Shew that, by the same transformation as in the last problem, 
the equation 2' + y' + s* + yS + &r + «y»a*u reduced to the form 

4a:* + y" + «■ = 2fl*. 

(5) Prove both analytically and geometrically that, if the three straight 
lines, each of which is perpendicular to two of three other straight lines, be 
perpendicular to each other, the other three straight lines will be at right 
angles to each other. 

(6) The straight lines bisecting the angles between the straight lines 
given by the equations 

Ix •{• my -k- nz ~ 0, ax* + 2&ry 4- ey* = 0, 

lie In the two planes 

a^{alm'b (n* + P)} + xy {a (m* -^ n*) - e (n* + i*)} -y« {cfei -6{m* + »•)} =0. 

(7) The equations of the straight lines bisecting the angles between the 
straight lines given by the equations Zr -h my + ns » 0, ojb* 4- ^y* + csP = 0, 
may be put into the form 

W {- r (6 - (?) + m* (c-a)^ n* (a - b)}, 

+ my { r (6 - c) - m« {o-^a)^ n* (o - 6)}, 

and £c + my 4 fis » 0. 
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(8) The straight lines bisecting the angles between the two lines given 
bj the equations 

i!r -I- my + »« s Oy ox* -k (y* -i- ez* -t- iO'yz + 2b"%x 4- 2<fxy - 0, 

lie on the cone 

«• (c'n - l/m) +...+...+ yz {e'm - h'n + (c - 6) /} +...+... = 0. 

(9) If at* + fty* 4 C2* become a£* + /3»i' + 7i^ by any transformation of 
coordinates, the positive and negative coefficients will be in like number in 
the tvro expressions. 

(10) Employ the metbod of Art 152 to reduce the equation 

«• + y' + \yz + «* = a*, 
to the form «• + ly* - J«* = a*. 

(11) Assuming the formulie for transforming from a system of co- 
ordinate axes inclined at angles a, /3, 7, to another inclined at angles, 
«', /3', y, to be 

« = ^£ + mitj + n,?, y = t£ + m,n + n,5, « = /j£ + m,i| + n,J, 
prove that l-l* + 1^ -^l^* + 21J, cosa + 2^1 cos/3 + 2/i^ cos7y 
with similar equations in m and n ; and that 
cosa' = niiHi + m^ 4- ntsMs 

+ (wa«3 + «b»a) coso + (wyii + mi»,) 0O8/3 + (wi«a + m^,) C0S7, 
with similar equations in n, /, and /, m. 

(12) If there be two systems of rectangular coordinates, and O^, 0^ 0^ 
be tbe angles made by the axes of xf, y', z", with that of z, and 0,, 0., 0, the 
angles made by the planes of zaf^ s/, zaf with that of mt, then will 

6ot?^i cos* (08 - 0,) = cot»^, cos»(0, - 0i) = cot*^, cos* (0j - 0^) 

« - COS(0a - 0,) COS(^ - 0i) CO8(0i - 0,). 

(13) Shew, by transformation of four-point coordinates, that the centre 
of gravity of a tetrahedron is also the centre of gravity of the tetrahedron 
formed by joining the centres of gravity of the faces. 

(14) Shew, by the same method, that the centre of gravity of the 
surface of a tetrahedron is the centre of the sphere inscribed in the tetra* 
hedron formed by joining the centres of gravity of the faces. 



CHAPTER X. 



ON GEBTAIN SUBFACES OF THE SECOND DEGBEE. 

158. Before proceeding to discuss the general equation of 
the second degree, we think It advisable for the student to render 
himself familiar with some of the properties of the surfaces which 
are represented by the general equation. We shall therefore 
introduce him to the equations of these surfaces In their simplest 
forms, In which the axes of coordinates being In the direction 
of lines symmetrically situated with regard to these surfaces, 
the nature and properties of the surfaces will be more easily 
deduced. We hope that by following this plan we shall assist 
the student to understand more clearly the methods adopted In 
the general equations. 

For this purpose we shall give geometrical definitions of the 
surfaces, and deduce equations from those definitions; and we 
shall shew vice versd how from these equations the geometrical 
construction of those surfaces can be deduced. 

The Sphere, 

159. To find the eqtiation of a sphere, 

Def. a sphere is the locus of a point, whose distance from 
a fixed point is constant. The fixed point is the centre and the 
constant distance the radius of the sphere. 

Let (a, by c) be the centre of the sphere, d the radius, (a?, y, z) 
any point on the sphere ; 

.-. (a?-a)'+(y-i)*+ («-€)* = <?. 

This equation may be written In the general form 

«* + y' + 2* + -4a; + 5y+ G8 + 2> = 0, 

the equation required. 
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160. Since the general equation of the sphere contains four 
arbitrary constants, the sphere inaj be made to satisfy four 
specific conditions. 

It may be seen from geometrical considerations that, when 
four conditions are given, there may be only one sphere, or a 
limited number, or an infinite number of spheres, which satisfy 
the equations; at the same time the four conditions must be 
consistent with the nature of a sphere, and if this be the case, 
and the conditions be independent, there must be a limited 
number of spheres satisfying those conditions. For example, if 
four points be given through which a sphere is to pass, no three 
points can lie in one straight line ; and if four points lie in one 
plane, they must also lie in« a circle, otherwise no sphere could 
pass through them, and if such a condition be satisfied, an infinite 
number of spheres can be constructed, each of which contains the 
circle in which the four points lie ; if the four points do not lie 
in a plane, so that the four conditions to be satisfied are inde- 
pendent, the sphere is completely determined. 

Again, if four planes be given, each of which is to be touched 
by the sphere, no three of these must have one line of intersec- 
tion, and the four cannot pass through one point, except under 
a condition, and in that case an infinite number of spheres can 
be drawn, touching the four planes. In other cases, eight 
spheres can be drawn satisfying the conditions. 

Equation of a sphere under specific conditions. 

161. To find ike equation of a sphere passing through a given 
point. 

Let (a, £, c) be the given point, and the equation of the 

sphere 

x^ -Y y" -\- z^ •\- Ax-\- By -{ Cz -{• D = 0\ 

is the equation required. 

If the given point be the origin, the equation will become 

a;* + y * + i5* + -4 oj + 5y + C& = 0, 

and the sphere may be made to satisfy three more conditions. 
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162. To find the equc^ion of a sphere which passes through 
two given points in the aods of z. 

Let Cj, Cg be the distances of the given points from ; when 
a? =s and y = 0, the equation must become [z — c,) (« — c,) = ; 
therefore the equation of the sphere is 

If the sphere touch the axis of «, c^^c^ = 7, 

.-. a?* + y* + «' + -4aj4£y-27« + 7' = 0. 

163. To find the equations of spheres which touch the three 
axes. 

Let the equation of the sphere be 

Since it touches the axis of x^ let a be the distance from the 
origin ; therefore when y = and ;s = 0, 

the roots of which are each equal to ± a ; 

.*. -4 = ± 2a and D «= a*. 
Simliarlj, y* + 5y + a* is a complete square ; 

.•. B=±2a and C=±2a, 

and the equations of the spheres which satisfy the given con- 
ditions are 

ai* + y' + «" ± 2ax ± 2ay ± 2az + a* = 0, 

which are eight in number for any given value of a, corre- 
sponding to the different compartments of the coordinate planes. 

164. To find the equation of a sphere touching the plane of 
xy in a given point 

Since the sphere meets the plane of xy only in the given 
point (a, 5, 0), when 2^ = 0, the equation must reduce to 

tlierefore the required equation of the sphere is 
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165. Interpretation of the expression 

in the equation of a sphere. 

Let the equation of the sphere be 

and {x\ y\ z) be any point Q, C the centre of the sphere, and 
let a straight line through Q intersect the sphere In the points 
P, Pj and have for its equations 

x — x y—y' z- z 

— — — — ™_ ""^f 

m n ' 

therefore at the points P and P 

if r„ r^ be the roots of this equation, 

r,r, = (aj'-o)«+(y'-&/+(^'-c)»-rf*; 
therefore the left side of the equation for any point [x\ y', z') is 

QP.QF, or "QP.QF^ 

according as Q is without or within the sphere. 

If Q be without the sphere it will be the square of a tangent 
drawn from Q to the sphere. 

If Q be within, it will be the square of the radius of the 
small circle on the sphere whose centre is Q. 

Def. The product of the segments QP^ QF is called the 
power of the sphere with respect to Q. 

Cob. All tangents drawn from an external point to the 
sphere are equal. 

On the Belations of two or more Spheres, 

166. To find the equation of the radical plane <f two spheres. 
Def. The radical plane of two spheres is the locus of points, 

the powers of the twa spheres with respect to which are equal. 
Let the equations of the two spheres be 

(ic-a)'+(y-5)'-f («-c)"-t?=w =0, 

and (x- «')" + (y- &7+ {^- cy-ef^H w' = 0. 

The equation of the radical plane Is therefore w - u' = 0. 

Q 
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167. To shexo that the six radical planes of four spheres 
intersect in one point. 

Let u = 0, m' = 0, u" = 0, u'" = 

be the equations, in this form, of the four spheres. 
The equations of the six radical planes are given by 

which intersect in one point determined by these equations. 

Def. The point of intersection of the six radical planes is 
called the radical centre of the four spheres. 

Cylindrical Surfaces, 

168. It has been seen that the locus of an equation 
jP(aj, y) = 0, which involves only two of the coordinates, is a 
cylindrical surface, of which the generating lines are parallel 
to the axis of the omitted coordinate. We shall now shew how 
to obtain the equation of certain cylindrical surfaces in which 
the generating lines are in a general direction. 

169. To find tke equaHon of the cylindrical surface^ tohose 
generating lines are in a given direction and guiding curve an 
ellipse traced on the plane ofxg. 

Let the equations of the guidmg ellipse be 

-1 + ^ = 1, and « = 

and (7, m, n) the direction of the generating lines. 
Let the equations of any generating line be 

na? = & + a) 

At the point of intersection of the generating line with the 
guiding curve, the values of a;, y, z in (1) and (2] being 
the same, we obtain as a general equation, after eliminating 
x^ y, and z^ 

:? + T. =«> (3), 



(1), 
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and since this is true for all positions of the generating line, 
eliminating a, fi between (2] and (3), 

{nx - Zg)' {ny - mzf , 
a" "^ 6« ""* 

is true for eveiy point in the cylindrical surface, and is therefore 
its equation. 

Conical Surfaces. 

170. Def. a conical surface is a surface generated by a 
straight line which constantly passes through a given point, 
called the vertex, and is subject to some other condition. 

171. To find the equations of a conical surface^ whose vertex 
is the origin^ generated by a straight line^ of which a guiding 
curve is an ellipse^ whose centre is in the axis of z^ and plane 
parallel to the plane ofxy. 

Let the equations of the guiding ellipse be 

-t+ j« = l) and « = c, (1), 

those of a generating line in any position, 

a? = a«, y = i8«. (2). 

Eliminating cr, y, z^ the coordinates of the point in which 
the generating line meets the guiding curve, satisfying (I) and 
(2) simultaneously, 

-^+V=l- (3). 

Since this equation is true for every position of the generating 
line, eliminating a, /9 from (2) and (3), 

?! y* - ?! 

a* "^ J' "• c*' 
which is the required equation of the surface. 



172. To find the equation of the conical surfacCy whose vertex 
is any given pointy and of which the section hy the plane of xy is 
an ellipse whose axes are in the axes ofx and y. 

Let the coordinates of the vertex be/, g^ A, and the equations 
of the elliptic section be 



« = 0, and -, + X5 = 1; 
' a 
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and let the equations of any generating line be 

a?-/=a(5?-A), and y~5r = ^(fl?-A) (I), 

where this straight line meets the ellipse 



a o 



(2); 



eliminating a and fi from (1) and (2), we obtain for every point 

in the surface 

[fi-hxf {gz-hyY , . 
a^ "^ V -"^^"'^^' 

which is the equation required. 

Cob. 1. If Zy «i, n be the direction-cosines of any generating 
line 

a' ■*■ A" ~^' 
Cor. 2. The equation of an oblique circular cone is 

if a be the radius of the circle in the plane of xy. 

173. To shew that these are two systems of circular sections 
of any oblique circular cone. 

When the circle which guides the motion of the generating 
line has equations « = 0, a?* + y* = a'*, the cone will be perfectly 
general, if we take the vertex in the plane of zx^ and therefore 
/, 0, h for the coordinates of the vertex. 

The equation of the cone will then be, as in the last article, 

this may be written, in the form 

A« («?" + / + «• -a') = ;5{2/%aj-Cr- A* -'a«)«-2Aa«}. 
Hence, if the conical surface be cut by either of the planes 
2 = a, or 2/Xa; - (/* - A' - a') a - 2/ia' = )8, 
l^e points of intersection will satisfy an equation of the form 

x''-\-y^-\'Z* + Ax'\'By+ (7=0, 
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for all yalaes of a and )3, and the sections will therefore be plane 
sections of a sphere. 

Therefore, there are two series of circular sections made by 
two systems of parallel planes. 

174. The trace of the cone on the plane of zx^ putting y = 0, 
has for its equation 

(/«-^a:)»-a»(i5-A)» = 0, 

being the two generating lines which lie in that plane ; and the 
equation of two planes in opposite systems, giving circular 
sections, is 

(«-a){2/Aaj-(/*-A"-a")«-2Aa'-)9}=0; 

by adding these equations we obtain 

which shews that the four points, in which these generating 
lines meet the two circular sections, lie in a circle ; hence, the 
first system of planes makes the same angle with one generating 
line which the second system does with the other. 

The Spheroids. 

175. Dep. a spheroid may be generated by the revolution 
of an ellipse about either axis. 

If the axis of revolution be the minor axis, the surface is 
called an Oblate Spheroid^ and if the major axis, a Prolatat 
Spheroid. 

176. To find the equation of a spheroid. 

Let the centre be taken as origin, the axis of revolution that 
of s, and let P be a point (a?, y, z) in the ellipse CP4, which ist 
the position of the revolving ellipse, when inclined at any anglo: 
to the plane of sa?, 

OM^x^ MN=y^ NP^z^ OA^a^ OC=c) 

• I . = 1 • 

a c ' 

• ^ y _L. _ ~ 1 

a c 
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This is the equation of ftn oblate or prolate spheroid according 
as c is less or greater than a. 

The Ellipsoid. 

177. Def. An ellipsoid may be generated by the motion 
of a variable ellipse, which moves so that its plane is always 
parallel to a fixed plane, and which changes its form so that its 
vertices lie in -two ellipses having a common axis traced on 
planes perpendicular to each other, and to the fixed plane. 

178. To find the equation of an ellipsoid. 




Let QRN be a variable ellipse in any position, Q, R being its 
vertices lying in two ellipses A C, 5(7, traced on perpendicular 
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planes, taken for those of zx and yz ; the plane of xtfj to which 
the variable ellipse is parallel, being the plane containing the 
semi-axes OA^ OB. 

Let Qj c, and bj c^ be the semi-axes of AC and BC^ and 
(a?, y, z) any point Pin QBj Pif perpendicular to QK 

y' a;* 

Then, 5^ + -g^Yi. = l| 

and, since Q is a point in the ellipse A (7, 

similarly, -^5^- = 1 - ^ j 
^ y* «• _ - 
which is the eqaation required. 

179. To construct the suTface whose equation is 

? "^ i' "^ ? " *• 

Lei the sarface be cat bj a plane whose equation is 2 = 7 ; 
the projection of the carve of intersection on the plane of xy has 
the eqaation 

therefore, the carve is an ellipse whose semi-axes a, fi are given 
by the equations 

^, - 1 ^ - y , 

hence, the vertices lie in the two ellipses which are the traces of 
the surface on the planes of zx and yz» 

Also, smce ^ = t t the variable ellipse remains always similar 
^ a o^ 

to a given ellipse, which is the trace on the plane of xy. 

The surface may therefore be generated by the motion of a 

variable ellipse, whose plane, &c. (See Def.) 
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The Hyperboloid of one Sheet. 

180. Dep. The hyperboloid of one sheet may be generated 
by the motion of a variable ellipse, which moves so that its 
plane is always parallel to a fixed plane, and which changes 
its form so that its vertices always lie in two hyperbolas traced 
on planes perpendicular to each other and to the fixed plane, 
these hyperbolas having a common conjugate axis. 

181. To find the equation of an hyperboloid of one sheet. 

Let A Q^ BR be the hyperbolas traced on the two perpendi- 
cular planes taken for the planes of zxy yz^ 00 their common 
semi-conjugate axis, being the direction of the axis of z. 




Let QPIt be the variable ellipse in any position, P any 
point (a;, y, z) in it, QN^ BN its semi-axes. 
Draw JPM perpendicular to QN. 

Then MN=Xy PM^y, ON^z^ 

and -^ 4- -^ =1- 

also, since Q, B are pointy in the hyperbolas, 

if 0^ = a, 05= &, and OC=c, 



a c 



BN* 
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• -1 4- ^ = — J- 1 



a 

X* y* «* . ^ 

which is the eqaation of the h jperboloid of one sheet. 

188. To construct the surface which is the hcusofthe equation 

X* if z^ ^ 
a c 

Let the surface be cut by a plane whose equation is z = yj 
then the projection of the curve of intersection upon the plane of 
xy has for its equation 

which is the equation of an ellipse, whose semi-axes a, fi are 
given by the equations 

a c 

therefore the vertices of the ellipse lie respectively on the hyper- 
bolas which are the traces of the surface on the planes of zx^ yz. 

Also, since - = j- ^ this ellipse is always similar to the ellipse 

which is the trace of the surface on the plane of xy. 

Hence the locus may be generated by the motion of a 
variable ellipse which moves, &c. (See Def.) 

183. The locus may also be generated by the motion of an 
hyperbola, for, if the surface be cut by a plane parallel to the 
plane of yz^ whose equation is ar = a, the curve of intersection 
will be an hyperbola, the equation of whose projection on the 
plane of yz will be 

V c^" a'* 
J{ a<a^ the semi-axes ^, 7 will satisfy the equation 

6" ~ c" ~ a" ' 

R 
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hence the extremities of the transverse axis 2/3 will lie on the 
ellipse, which is the trace on the plane oixy. 

fl* «v* a* 
If a > a, we shall have « = ^ = -5 — 1; 
' i* c" a* ' 

hence the extremities of the transverse axis 27 will lie on the 
h3rperbola, which is the trace on the plane of zx. 

184. To find the form of the surface at an infinite distance. 
If z be increased indefinitely, 

a? y* «* / c"\ «* , . , 
-.+|i = ^(l+p) = -.«ltimately. 

Let this surface and the hjperboloid be cut by a straight 
line drawn parallel to Oz through a point {xj y'y 0], and let e,, z^ 
be the corresponding values of Zj 

,, or'* y z' 
then —5 + TT = -T » 
a c ' 

and -T + T« = -I + Ij 

a b c ^ 

• 1 



■^ = 1, and «j - 2f^ = 



.. ^, ., ««. ., ., ^^^^^, 

if oi^ or y\ or both, and therefore z^ and z^^ be indefinitely in- 
creased, z^ - «, will diminish indefinitely, and ultimately vanish ; 



.a 



X y z 

* • ^» "^ j»« >.« 
a c 

is the equation of an asymptotic surface, which lies further 
from the plane of xy than the hyperboloid. 

This asymptotic surface is a cone, for, if it be cut by any 

plane whose equation is - = - cos 0, all the points of intersection 

a c 

will lie in the planes -^='±-8in5. The surface is therefore 

c 

capable of being generated by a straight line which passes 

through the origin, and is guided by the ellipse whose equations 

are 

-7 + •^ = 1, and « = c. 
a ' 
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The figure shews the position of the conical asymptote rela- 
tive to the hyperboloid. 

ABab is the principal elliptic section, ABdh\ A"B'a!'b" 
the sections of the hyperboloid and cone made by a plane parallel 
to that principal section, at a distance 00 = c. 




The Hyperboloid of two Sheets. 

185. Dep. The hyperboloid of two sheets may be generated 
by the motion of a variable ellipse, which moves so that its 
plane is always parallel to a fixed plane, and which changes 
its form, so that its vertices lie always on two hyperbolas 
having a common transverse axis, traced upon two planes 
perpendicular to each other and to the fixed plane. 



186. To find the equation of the hyperboloid of two sheets. 

Let A Qj AB be the hyperbolas traced on two perpendicular 
planes, taken for the planes of zx^ xy^ and having the common 
semi-transverse axis OA^ and let QPR be the variable ellipse 
in any position, whose axes are QM^ RM^ parallel to the plane 
of yz. 

Take P any point (a?, y, z) in the ellipse, and draw FN per- 
pendicular to RM^ then OM^Xj MN^y^ and NP^z) there- 
fore, since P is a point in the ellipse. 



Jf 



1 + 



RM"" ■ QM' 



= 1; 
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y 




and if a, c and a, h be the semi-axes of the two hyperbolas A Qj 
AB. 



a 



,« > 



«*« ^x ^« 

• • 6« ^ c'' "" a« ^' 



or 



- - ?! _ ^* - 1 



which is the equation of the h jperboloid of two sheets. 

187. To construct the locus of the surface whose equation is 

a" 6* c« ^ • 

Let the surface be cut by a plane whose equation is x^ol] 
the equation of the projection on the plane of yz of the curve of 
intersection is 



a* «• 



■^ IIS" "■ ^« "" ^> 



a 



which, if a > a, is the equation of an ellipse whose semi-axes fij y 
are given by the equations 

i* ~ a» ^ ~ c» ' 
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therefore the vertices of the ellipse lie in two hyperbolas, whose 
equations are 

-5 — Ti =1, and -5 - ;5 =1, 
or ^ a cr ^ 

which are the traces of the surface on the planes of xy^ zxy having 

a common transverse axis in the line Ox ; and since t* = - 9 this 

ellipse is always similar to a given ellipse, axes 2bj 2c. 

Hence the locus may be constructed by the motion of a 
variable ellipse which, &c. (See Def.) 

188. The locus may also be generated by the motion of a 
hyperbola; for, if. the surface be cut by a plane parallel to the 
plane of xt/j whose equation is 2; =s 7, the curve of intersection 
will be an hyperbola, the equations of whose projection on the 
plane of an/ will be 

which may be written -; — ^ = 1, whose transverse and con- 

a py 

jugate semi-axes will satisfy the equations 

a CO 

Hence the tranverse axis will have its extremities in the hyper- 
bola, which is the trace on the plane of zx^ and the hyperbolic 
section will be similar to the trace on the plane of ocy. 

189. To find the form of the hyperboloid of two sheets at an 
infinite distance. 

. a;" V* «' 
If X be increased indefinitely, the equation -5 = t, + — + 1 

shews that y, or 2;, or both, will also be increased indefinitely, 
and the equation becomes 



^» = (^ + ?)^ + 7^ 



V ^ e' 



>.j« •« 

= ?.j.?. 



= p + -J ultimately. 
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Let the hyperboloid, and the surface represented by this 
equation, be cut by a straight line parallel to the axis of a:, 
drawn through the point (0, y\ z\ a?j, a?,,, the corresponding 
values of x are given by the equations 



a- " i- ■*" c» ' 



and 



x^ 
a' 






+ 7 + 1; 



X^ — X, 



a 



/. ' ^ ' =1) and a?,-a;, = — ; — ; 

therefore x^ — x^ diminishes indefinitely, and ultimately vanishes 

as y, or z\ or both, increase indefinitely ; hence the hyperboloid 

of two sheets continually approximates to the form of the 

a? ij* z* 
surface whose equation is -5 = ^s + -j , which is therefore called 

a c ' 

an asymptotic surface. 

Also, if this surface be cut by a plane whose equation is 

1/ X 

T = - cos^, all the points of intersection will lie in the two 

Z X 

planes - = ±-sin^; and the surface can therefore be gene- 
rated by straight lines drawn through the origin, which inter- 
sect the ellipse, whose equations are ja + -5 = l, x=^a. 
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This asymptotic surface is therefore a cone on an elliptic 
base, and lies nearer to the plane of yz than the hjperboloid^ 



since x^ < x*. 



Its position relative to the hyperboloid is shewn in the figure, 
in which BC is the section made by a plane parallel to yz 
throngh the extremity of the transverse axis, and DEy de are 
sections of the hyperboloid and conical asymptote, made by a 
plane parallel to yz. 



The Elliptic Paraboloid. 

190. Dep, The elliptic paraholmd may be generated by 
the motion of a parabola, whose vertex lies in a parabola traced 
npon a fixed plane, to which its plane is always perpendicular, 
the axes of the two parabolas being parallel, and the concavities 
turned in the same direction. 

191. To, find the equation of the elliptic paraboloid. 

Let xOy be the plane on which the fixed parabola OQ i^ 
traced. Ox the- axis of 0(?; QR the axis of the moveable 
parabola QP^ P any point (x, y, z) in the parabola. 




Draw PN perpendicular to QE^ and QUj NM to Ox^ then 



«« 
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since P is a point in QP^ if Z, ? be the latera irecta oi OQ 

and QP^ 

PN^ = T.QN, and QTP^LOU] 

.'. ^ + y= 0U+ QN= OM^x, 

which is the equation of the elliptic paraboloid. 

192. To construct the locus of the equation 

Let the locus be cut by a plane, whose equation is y = /8, 
the projection of the curve of intersection upon the plane of zx 
has for its equation 

.f(.-f), 

which represents a parabola whose axis is parallel to the axis 

of a?, the coordinates of whose vertex are -p, i8, 0; therefore 

the vertex of the parabolic section lies In the .parabola, whose 
equation is y* = ?a?, which Is the trace on the plane of xy ; there- 
fore the locus may be constructed by the motion of a parabola, 
whose vertex, &c. (See Def.) 



The Hyperbolic Paraboloid. 

193. Def. The hyperbolic paraboloid may be generated by 
the motion of a parabola, whose vertex lies in a parabola traced 
upon a fixed plane, to which its plane is perpendicular, the axes 
of the two parabolas being parallel, and the concavities turned 
in opposite directions. 

194. To find the equation of the hyperbolic paraboloid. 

Let xOy be the plane upon which the fixed parabola is 
drawn, Ox the direction of the axis of the parabola ; let QR be 
the axis of the moveable parabola QP^ parallel to Ox, measured 
In the direction contrary to Ox, 
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X 



Draw PN perpendicular to Qfl, and QU, NM to Ox; then, 
if P be any point (a?, y, z) m QP^ OM=x, MN~y, and 
NP= r.. 

Let Z, ? be the latera recta of 0^, QP; 

therefore, PiP = t.QN, taxA QlP = l.OU, 
and ^^-?^=0U- QN= OM; 

ivhich is the equation of the hyperbolic paraboloid. 
195. To construct the locus of the equation 

I I ^' 

Let the locus of the equation be cut bj the plane, whose 
equation is y = )8; the projection of the curve of intersection 
upon the plane of av has for its equation 

^-r(?-«), 

which represents a parabola, whose axis is measured in the 
direction contrary to Ox^ and the algebraical distance of whoso 

vertex from the plane yOz\% -y ; therefore the section by the 

s 
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plane y = yS is a parabola, whose latus rectum is ? and the co- 

ordinates of whose vertex are ~- , /8, ; or, the vertex lies in a 

parabola traced upon the plane of (ry, whose equation is y' = £r. 

Hence the locus may be generated by the motion of a para- 
bola, whose vertex, &c. (See Def.) 

196. The locus may also be generated by the motion of an 

hyperbola ; for if it be cut by a plane parallel to that of yz 

on the positive side, whose equation is a; = a, the equation of 

the projection of the curve of intersection on the plane of yz 

y^ z* 
will be ^^ Y'='^'i whose tran verse and conjugate semi-axes, 

/8, 7, will satisfy the equations )8'=&t and 7"=— fa, the extremi- 
ties of the transverse axis will lie in the trace on the plane of xy^ 
and the conjugate axis will be equal to the double ordinate of 
the trace on the plane of zx corresponding to a; = — a. 

If it be cut by a plane parallel to yz on the negative side, 
the section will be an hyperbola whose transverse axis will be 
in the direction of Oz. 

If a = 0, the hyperbolas will degenerate into two straight 
lines, which is the intermediate form in the transition. 

197. To find the form of the hyperbolic paraboloid at an 
infinite distance. 

If y and z be indefinitely increased while x : z remains finite, 

y « ^ . ^' 



V » / tx\ z 
l=f\}^^) = I ultimately ; 






•'• /7— ± IV J 



and if these planes and the hyperbolic paraboloid be cut by a 
straight line parallel to Oy, drawn through a point (a?', 0, a'), 
y,, y, the corresponding values of y will be given. by the equations 






. y.^^L^a,'^ or y^-y^^ 



• • 



I "' ^' ^' y.+y. 



i 
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Therefore, if a?' remain finite or small compared with y^ or y^, 
y% " Vi ^^^^ diminish as z' increases and will ultimately vanish ; 

and the two planes, whose equations are -y, = ± -r^ , will give the 

form of the surface at an infinite distance for finite values of x^ 
or for values of x which are small compared with y or z. 

These planes will not form an asymptotic surface, except 
for points at which x vanishes compared with y or 2J, since 
y%^y\ ^'^ ^^* ultimately vanish in any other case, and simi- 
larly for ^j — ^,. 






1 / 

1 / 

1 r 

, / 


^ ^ ** 






^"■i^MM 




B 



The figure is intended to shew the position of the asymptotic 
planes with reference to the hyperbolic paraboloid. 

Ox is parallel to the axis of the generating parabola, of 
which OB is one position in the plane of ^j:. 

PApj PAp are opposite branches of a hyperbolic section 
perpendicular to O.r, the asymptotes of which RCR\ rCr are 
sections of the asymptotic surface, AA' the transverse axis 
being parallel to Oy, 
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LL\ IV are the traces on the plane of yz of both the para- 
boloid and its asymptoticsurface. 

QB^ is a branch of a hyberbolic section on the negative 
side of (?a?, the two asymptotes of which SG'S\ sC's' are sec- 
tions of the asymptotic surface, and the transverse axis BC is 
parallel to Oz. 

198. To shew that the elliptic and hyperbolic paraboloid are 
particular cases of tJte ellipsoid^ and the hyperboloid respectively. 

a cf c 

be the equation of an ellipsoid or hyperboloid, and let the 
origin be removed to the point (—a, 0, Q). 
The transformed equation is 

oj' y* «* _ 2x 
a o c a 

V <? 
Let a, b^ c become infinite, while — , — remain finite quan- 
tities, and denote these by I and H. 
The equation may then be written 

x^ V* «• 
a II _ 

which has for its limit, when a becomes infinite, 

±^±y=2x, 



which is the equation of an elliptic or hyperbolic paraboloid. 

The assumption that - and - remain finite is the same thine: as 
'^ a a ' ^ 

assuming that the latera recta of the traces on the planes 
a^, zxy respectively, remain finite when the axes become in- 
finite, and the corresponding ellipses or hyperbolas become 
parabolas. 

It is obvious from the above, that the elliptic paraboloid is a 
limiting case of either the ellipsoid or the hyperboloid of two 
sheets, and the hyperbolic paraboloid of the hyperboloid of one 
sheet. 
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199. The surfaces of the second degree^ which we have been 
discussing, have equations of the two forms, 

^• + %« + (7«' = i>, (1) 

snA B^-\-Cz' = Ax] (2) 

and it will be shewn in a succeeding chapter that the equations 
of all surfaces of the second degree may by transformation of 
coordinates be reduced to one of these two forms. 

The first form of equation includes all surfaces which have 
a centre at a Jlnite distance, and the second those which have 
a centre at an infinite distance. 

In the equation (1), if — a?, — y, — « be written respectively 
for Xj y, Zj the equation will not be altered ; therefore if {x^ y, z) 
be a point in the surface, (— ^9 — y? — ^) &lso will be a point in 
it, so that if FOP' be any chord through the origin 0, the chord 
will be bisected in (?, and will be a centre of the surface. 

Also, for any values of y and Zy the values of x are equal 
and of opposite signs, therefore the plane of yz bisects the 
chords which are drawn perpendicular to it ; and a plane which 
bisects the chords drawn perpendicular to it is called a prin" 
cipal plane of the surface. 

Hence the planes ary, yz and zx are principal planes of the 
surface. 

It is evident that the planes of zx^ xy are principal planes of 
the surfaces whose equations are of the form (2). 

The sections made by the principal planes are called ^rtn- 
cipal sections. 

That the surface represented by (2) may be considered to 
have a centre at an infinite distance may be shewn by con- 
sidering this equation as the limiting form of (1) when the 
origin is transferred to a point (— a, 0, 0), a being determined 
by the equation Ac^=^D. The equation (1) will then assume 

the form 

Ax^ + jBy* + Cz^ = 2A(xXy 

and this surface has a centre on the axis of a;, at distance a 
from the origin. 

l«Iow, if we suppose A to vanish, while Aa remains finite, 
an equation of the form (2) is the result. But to satisfy these 
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conditions a must be infinitely great; hence a surface repre- 
sented by (2) has a centre at an infinite distance on the axis 
of ic, and also a third principal section, parallel to the plane of 
yz^ at an infinite distance. 

200. Considering the peculiar importance of the properties 
of surfaces of the second degfee, and their frequent occurrence 
in the solution of problems, and the establishment of theorems, 
in all departments of physical science, we have adopted a special 
terra derived from the term Conic^ invented by Salmon for the 
locus of the equation of the second degree in Plane Geometry. 

Def. The locus of the general equation of the second degree 
is called a Conicoid,* 



X. 

(1) A straight line is drawn through a fixed point O, meeting a fixed 
plane in Q, and in this straight line is taken a point P such that OP, OQ 
is equal to a given quantity; shew that P lies on a sphere passing through 
Of whose centre lies on the perpendicular from O upon the plane. 

(2) Investigate the equation of a sphere conceived to be generated by 
the motion of a variable circle, whose diameter is one of a system of 
parallel chords of a given circle, to which the plane of the variable circle is 
perpendicular. 

(3) Construct the sphere whose polar equation is r = a sind cos^. 

(4) A straight line moves with three fixed points A, -B, C in the three 
coordinate planes ; shew that any other fixed point P of the straight line 
will lie on an ellipsoid whose semi-axes are equal to PA, PP, and PC, 

(5) Find the locus of a point whose distance from a given point bears 
a constant ratio to its distance, (1) from a fixed plane, (2) from a fixed 
straight line. 

(6) Find the locus of a point which is equidistant from two fixed lines 
which do not intersect. 



♦ The reasons for not adopting the term Quadric, which is employed by 
Salmon and approved of by many writers, are given in the Preface. 
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(7) The locus of a point, whose distance from a fixed plane is always 
equal to its distance from a fixed line, is a cone. 

(8) Shew that the elliptic paraboloid may be generated by a variable 
ellipse, the extremities of whose axes lie on two parabolas having a common 
axis, and whose planes are at right angles to each other. 

(9) Shew that an hyperbolold of one or two sheets degenerates into a 
right elliptic cone, when its axes become indefinitely small, and preserve a 
finite ratio to each other. 



(10) Three straight lines, mutually at right angles, are drawn from the 

origin to meet the ellipsoid — « + ri + ~k = ^ > s^ew that, if their lengths 

be r„ r„ r^, 

i- 1 _1 i i 1 

V* «■ 

(11) The curve traced out on the surface^ + - = « by the extremities 
^ ' be 

of the latera recta of sections made by planes through the axis of x, lies on 

the cone y* + «* = 4a:*. 

(12) The locus of the line of intersection of two planes at right angles 
to each other, each of which passes through one of two straight lines, 
inclined at an angle 2a, and whose shortest distance is 2c, is a hyperboloid 
of one sheet, one of whose axes is 2c, and the others are as cos a : sin a. 

(13) The surface generated by a straight line, revolving about a fixed 
straight line, with which it is supposed rigidly connected, will be a cone, or 
a hyperboloid, according as the straight lines do or do not intersect. 

(14) Find the equation of the locus of a line which always intersects 
two given lines, and is perpendicular to one of them. Interpret the result 
when the two given lines are at right angles to each other. 



(15) The locus of the middle points of all straight lines passing through 
a fixed point and terminated by two fixed planes is a hyperbolic cylinder. 

(16) Find the locus of straight lines which meet the two lines x = a, 
y = 0, and x-- a, 2 = 0, and touch the sphere «* + ^* + z* = e*; and shew 
that the locus reduces to two central conicoids when c » a. 

X* V* 

(17) The ellipse, whose equations are -, + n = ^» ^"^ * = ♦'*^> ratates 
about the axis of z, prove that it always lies on the surface 

nrar 
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(18) Prove that the cones on the elliptic base — + |j « 1, « = 0, vhos© 
Tertices are on the hyperbola -5 — r, ~ n = ^» y = 0, are right circular. 

(19) Of two equal circles, one is fixed and the other moves parallel to a 
given plane and intersects the former in two points ; prove that the locus 
of the nroving circle is two elliptic cylinders. 

(20) If A, Bf be the extremities of the axes of an ellipsoid, and A C 
BC the sections containing the least axis, find the equations of the two 
cones whose vertices are A^ B, and bases BC, AC respectively; shew that 
the cones have a common parabolic section, and if / be the latus-rectum of 

this parabola, and /^, I2 those of the sections AC, BC, then n- Tt'^ j* • 

(21) Find the locus of a point through which three straight lines can be 
drawn mutually at right angles, and passing through the perimeter of a 
curve whose equations are 2 = 0, and aa^ f 6^' = 1. 

(22) The trace of an ellipsoid on the plane of ^ry is AB; shew that a 
cone which has AB for a guiding curve will intersect the ellipsoid in 
another plane curve, and that this plane intersects the plane of ^ J? in the 
polar with respect to AB of the projection of the vertex on that plane. 
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ON GENERATION BT STRAIGHT LINES. 

201. In the preceding chapter we have shewn how certain 
surfaces of the second degree maj he generated by the motion 
of ellipses, hyperbolas and parabolas. In the case of the 
cylinder and cone we have investigated the equations by sup- 
posing them to be generated by the motion of a straight line 
subject to certain conditions. 

We shall in this chapter shew that the hyperboloid of one 
sheet, and the hyperbolic paraboloid, as well as the cone and 
cylinder, are capable of being generated by the motion of a 
straight line. 

But, before giving the analytical representations of the mode 
of generation by straight lines, a general geometrical discussion 
may be/ound useful. 

202. Since a surface of the second degree can be inter- 
sected by a straight line in two points only, unless it should - 
tarn out that the line lies entirely in the surface, as in the 
case of a cylinder, it follows that no straight line can intersect 
a plane section of the surface in more than two points, and 
that every plane section must therefore be a conic. 

Mow, if a plane be drawn containing a tangent to the prin- 
cipal elliptic section of the hyperboloid of one sheet and per- 
pendicular to its plane, the curve of intersection with the surface 
will, in consequence of the flexure of the surface being in 
opposite directions, be a conic which crosses itself at the point 
of contact, and the only conic having this property is two 
intersecting straight lines. 

T 
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Hence, through every point of the elliptic section two 
straight lines can be drawn which lie entirely in the sorfacci 
and by making the plane travel round the ellipse, such straight 
lines sweep round the whole surface, which can therefore be 
generated in two ways by the motion of a straight Une. 

203. If we take any two positions of the plane through 
tangents PT^ P'T to the principal elliptic section APP*A% 




their line of intersection, which will be perpendicular to the 
principal plane, will intersect the hyperboloid in two points only 
Q, C and the two pairs of generating lines will be PQ^ PQf 
and P'Q^i P'Q^ since no straight line common to the plane 
PQQ^ and the surface can meet QQ^ except in Q or Q^, 

Thus, the orthogonal projections of generating lines on this 
principal plane are tangents to the principal elliptic section ; and 
similarly for the principal hyperbolic sections. 

Also, through every point such as Q, two straight lines can 
be drawn which lie entirely in the surface; and it is evident 
that generating lines of the same system, such as PQ and PQ^ 
do not intersect. 

If a plane be drawn in any direction containing a generating 
line P^, the conic of intersection must be two straight lines ; 
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■ 

hence, the plane will contain another generating line, and these 
two generating lines will be of opposite systems, since they 
must intersect at a finite or infinite distance. 

Since P'Q is parallel to a generating line of the opposite 
system, drawn through the other extremity of the diameter 
through P', the same conical surface will be generated by lines 
drawn through the centre of the hyperboloid parallel to either 
system of generating lines. 

204. No stray ht line^ which does not helong to one of the two 
systems of generating linesj lies on an hyperboloid. 

For, if possible, let a straight line ((7) lie entirely on the 
hyperboloid, then since each system generates the whole hyper- 
boloid, [G) must meet an infinite number of straight lines of 
each system ; let two of these [A) and (B) of opposite systems 
intersect ( C) in two different points, in which case a plane can 
be drawn through them intersecting the surface in three straight 
lines ; but the section of a surface of the second order by a plane 
must be a curve of the second degree, therefore no such line as 
[G) can exist. 

205. We leave it to the student to shew that a hyperbolic 
paraboloid may be generated in a similar way, and that the 
generating lines are all parallel to one or other of two fixed 
planes. 

It will thus be seen that, since no three lines of a cone of the 
second degree can be parallel to the same plane, unless the 
cone split up into two planes, this forms a complete distinction 
between the two cases in which the generating lines of conicoids 
are real, viz. the hyperboloid of one sheet and the hyperbolic 
paraboloid. 

206. To find the surface generated hy a straight line which 
meets three fixed non-intersecting straight lines. 

Let these fixed straight lines be {A\ (jB), ( G) ; these lines 
obviously lie on the surface in question. 

Kow consider any plane through {A) ; it will meet [B) and 
[G] in points Q, R^ and in these points only, and QR will 
meet [A) in some point P\ so that PQR is the only straight 
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line of the system lying in the plane. Hence this plane meets 
the surface in two straight lines PQB and {A)^ which form 
a group of the second degree. But the section of a surface 
by a plane is a curve of the same degree as that of the surface. 
The surface in question is, therefore, of the second degree. 

207. To find in what cases a straight line can he dravm 
through a given point of a conicoidj so as to lie entirely in the 
surface. 

Let the equation of the conicoid, supposed central, be 
aa?*+ i:y* + c2* = l, and let [fg^h] be the given point, Z, w, n 
the direction cosines of the straight line supposed to satisfy 
the condition ; the coordinates of any other point at a distance 
r from (f^ g^ h) SiTef+ Ir^ g + «wr, A + «r ; hence the equation 

a(/+Zr)"+J(5r + wr)* + c(A + «r)' = l, 

must be satisfied for all values of r ; 

.-. aP + Jm" + c»' = 0, (1) 

of I + hgm + chn = 0, (2) 

and a/' + J^* + cA* = l. (3) 

(1) shews that one or two of the quantities a, 6, c must be 
negative; let c be negative; then since, by (1), (2), and (3), 

a5(yZ-/w)Hcn» = 0; (4) 

hence, unless a, 5, or c = 0, which are cases of cylindrical sur- 
faces, ah must be positive, and therefore both a and h wiU be 
positive, since all three cannot be negative. 

Thus the central surface, on which a straight line can lie 
entirely, must be the hyperboloid of one sheet. 

If the surface be non-central and its equation be y + — = «, 
the equation corresponding to (1) wiU be 

-^ + - = 0, 
c ' 

which shews that the surface must be the hyperbolic paraboloid| 
since h and c must have opposite signs. 
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In this case, for every position of the point (/, g^ h) there 
are two straight lines.whlch lie entirely on the surface. 

The hjperboloid of one sheet, and the hyperbolic paraboloid, 
can therefore be generated in two ways by the motion of a 
straight line. 

208. The equations (2) and (4) give the directions of the 
two straight lines through (/, g^ A), 

I m n 



V(^)^-^ VC-r)/-^* 



209. To find the points of an hyperbolmd of one sheety cor^ 
responding to which the generating lines will he at Hght angles. 

By equations (1) and (2) of (Art. 207), 

[of I + hgmy + cV (a? + hm^) = ; 

if ?^, «t„ w,, and Z,, w^, «,, be the direction-cosines of the two 
generators 

m^m^ a [af* + cA*) ^ 

'• Ji^' + cA^^cAHa/" ■"«/* + */ 5 
IJ,^ ^n.m Tt^y?^ 

i-/« l^^g" i-A« 
a -^ b ^ c 

and IJ^ + mjn^ + n^n^^Oy 

hence, the points lie on the intersection of the sphere 

» . f « 1 1 1 

^ a o c ^ 

with the hyperboloid. 

210. The following method of dealing with generating lines, 
shews very clearly their relative positions. 
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Analysis of generating Lines, 

211. To find the generating lines of an hyperboloid of one 
sheet. 

The equation of the hyperholoid of one sheet is 

S S V 

X y z 
a c ^ 
this equation may be written in the form 

-^ -f ^ = Tcos^ ± - sin^J + (sin^ T - costfj 

for all values of ; 

/. -=cosd±-sind and f = sin5T- cos5, (1) 

a c • c ' ^ ' 

satisfy the equation ; hence the two straight lines which, for a 
particular value of 0^ have these for their equations, lie entirely 
in the surface. 

By the variation of we obtain two systems of straight 
lines, which lie entirely in the surface, and either of these 
systems generates the hyperholoid. These equations may also 
be written in the form 

x — a cos y — 5 sin ^ z 
a 8in0 —J cos5 c' 

from which equations it is manifest that straight lines drawn 
parallel to them through the centre will lie upon the asymp- 
totic cone. Hence also, no three generators of the hyperholoid 
can be parallel to the same plane. 

If « = 0, x = a cos^, and y = b sin5; therefore is the ec- 
centric angle of the point of intersection of the two straight 
lines (1) with the trace of the hyperholoid on the plane of xj^. 

212. Any point of the hyperholoid may be represented by 
the coordinates 

a cos sec ^, 5 sin ^ sec 0, ctan^, 
since these satisfy the equation for all values of and 4>* The 
equations of the generating lines through this point may be 
readily found to be 

x — a cos g sec^ _ y — J sin5 sec^ « — c tan^ 
a sin (^ ± ^) " -6 cos (^~±^)~ " ±^ » 
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which shew that they meet the principal elliptic section in points 
whose eccentric angles are 0±<f>» 

213. The projections of the generating lines upon the principal 
planes are tangents to the traces on those planes, 
.The equation of the trace on the plane of zx is 

a« c» "■ ^' 
and that of the projection of a generating line on the same plane 

- =cosd±- sin^, 
a c ' 

and the points of intersection are given by the equation 



^ + 1- [co8^±- sin^j =0, 



z 

c 



Z^ 2<3 

or -5 cos*^ T — co»^ sin + sin'^ = 0, 
c c ' 

which, giving equal values of Zy shews that the projection is a 
tangent to the trace upon the plane of zx. 

Similarly, the projection on the plane of a;y, and the trace on 
that plane, intersect in points given by the equations 

- C0s5 + f Sin5=l, -5 + T5 = li 

a ^ a h ^ 

s 



whence ( - sin^-^ cos^j =0. 



Hence the points of intersection coincide, or the projection 
is a tangent to the trace on the plane of ocy. 

214. To shew that two generating lines of the same system 
do not intersect. 

The equations of two generating lines of the same system 

X Z tl z 

are - = costf ±- sin^, v=sin^ T- cos5, 
a c ^ b c ' 

and - = cos^' + - sin^, ? = 8in^'?- cos^' ; 
a " c ^ c 
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if the two lines meet, we shall have at the points of intersection, 

= cos5 — cos^±- (sin5 — sin^'), 

c 

and = sin^ - sin 5' T - (cos^ — cosO') ; 

and the condition of intersection will be 

(cos^- cos ^7 + (sin5 - sin ey =T) ; 

which cannot be satisfied unless = 0\ 

Hence, generating lines of the same system do not intersect. 

215; To shew that generating lines of opposite systems must 
intersect. 

The equations of two generating lines of opposite systems 

are - = cosa ±- sm^, V = 8maT-cosa: 
a c ^ c 

and - = cos^ + - sin^', ? = sin^' ± - cos5'. 
a c ^ o c 

If the two lines meet, we shall have at the points of intersection, 

= cos^ — cos^ ± - (sin^ + sin^'), 

c 

and = sin^ — sin^'T- (cos^ + cos^), 

c 

and the condition that they may intersect will be 

cos* - co8*5' + sin"^ - sin'^' = 0, 

which, being identically true, shews that any two generating 
lines of opposite systems intersect. 

216. To find the locus of the intersection of two generating 
lines of opposite systems^ drawn through points in the principal 
elliptic section^ whose eccentric angles differ by a constant angle. 

Let -f a, and ~ a, be the eccentric angles of two points in 
the principal elliptic section, differing by a constant angle 2a. 

The equations of the generating lines of opposite systems are 

- = cos(^ + a)±-sin(0 + a), | = sin(d+a)T- cos(fl + a), 
and - = cos(fl-a)T-sin(fl-a), | = sin(fl-a)±- cos(O-a). 
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At the points of intersection, 

= 8ind sinaT- sind cosa, /. -=±tana. 

Also - = co80 cosa±- cos0 8ina = co80 seca. 
a c ^ 

f = 8lndcosa±- sinO sina = 8ind 8eca: 
o c 

•"• -; + Ti = sec* a, and - = ± tana. 

Therefore the locus required is the two elliptic sections, 
parallel to the plane of ory, which intersect the traces on the 
planes of zxy yz^ at poiuts whose eccentric angles are ± a. 

217. The accompanying figure is meant to be a repre- 
sentation of the positions of sixteen generating lines of each 
system, corresponding to eccentric angles differing by ^7r. 
ABah is the principal elliptic section, ABaV and A'B'ab" are 
the parallel elliptic sections which intersect the conjugate axis 
of the hyperboloid at its extremities G\ C\ the axes of which 
sections are in the ratio V^ ^ 1 to the axes of the principal 
sections. 

The generating lines through the extremities of the axes 
Aa^ Bb intersect these two ellipses at points i', K\ and Z", K'\ 

whose eccentric angles are -- and -— , t.e. at the extremities of 

4 . 4 

equi-conjugate diameters; and those through X, iT, the ex- 
tremities of equi-conjugate diameters of the principal elliptic sec- 
tion pass through the extremities of the axes of the two ellipses. 

The two ellipses ABd and A'B^a are the loci of the inter- 
sections of opposite systems of generating lines drawn through 
the extremities of conjugate diameters of the principal elliptic 
section. 

The figure serves to represent that the intersections of gene- 
rating lines of opposite systems drawn through points in the 
principal elliptic section, whose eccentric angles difier by a 
constant angle, lie in an ellipse, the plane of which is parallel 
to the principal plane. As, for example, such pairs of gene- 
rating lines as LB\ FD^ and BL\ PF. 

u 
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218. TofindlJie generating lines of a hyperbolic paraboloid. 
The equation of the hyperbolic paraboloid, 



5L _ — 'T 

I V ~^' 

is satisfied by the values of a;, ^, z for every point in the lines 
whose equations are 

whatever be the value of a. 
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Therefore by giving a all Yaloes, we obtain two series of 
straight lines, all of which lie entirely in the surface ; and these 
are the two systems of lines which are rectilinear generators of 
the paraboloid. 

The equation (I) shews that in the two systems all the gene- 
rators are parallel respectively to the two' asymptotic planes, 
whose equations are 

219. To shew that generating lines of a hyperbolic paraboloid 
of the same system do not intersect^ and that those of opposite 
systems do intersect 

Let the . equations of two generating lines of the same 
system be 







z 


a 


V 


z 


a ' 


and 




z 


/3 




z 





If the two lines could intersect, these equations could be 
simultaneous, therefore a — ^ = 0, which is impossible, since the 
two generating lines are distinct ; hence they do not intersect. 

Changing the order of the signs in the ambiguities in the 
second set of equations, we have the equations of a line in the 
system opposite to that of the jGrst. 

If then the straight lines intersect, 

and the consistency of these equations proves that two generating 
straight lines of opposite systems will always intersect. 

220. To shew that the projections of the generating lines on 
the principal planes are tangents to the principal sections. 
Since the equations of the generating lines are 

y_ - ^ _ ^ y ^_v^^' 

^|l ^ 7f ■" Tl' ' '\ll * V? " i^' 
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the equations of their projecdons on the ^ane of 2x, are 



1z 



JT 



which) being of the fonn z^mx — — , arc the equations of tan- 
gents to the parabola s? = -Tx\ nmibriy for the projections 
on the plane of xy. 

221. The accompanying fignre is intended to represent the 
manner in which the hyperbolic parabdoid b generated by 
straight lines. ' 




HAK^ H'A'K* are portions of the branches of a hyperbolic 
section made by a plane parallel to that of yz^ cutting Ox on the 
positive side; ECE\ DCU are the asymptotes of the section. 

FBFj GEG' are portions of the branches of a hyperbolic 
section parallel to yz on the negative side of Ox. 

A OA! and BOB arc the traces on the planes of xy and zx. 
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The two sections are so chosen that the generating lines 
through B^ an extremity of the transverse axis of one section, 
pass througlf A^ A\ the extremities of the transverse axis of the 
other. 

dO^ dOe are the traces of the paraboloid on the plane yz^ 
where the hyperbolic section degenerates into two straight lines. 



XI. 

(1) The equations of the generating lines of the surface 

yz + sar + jry + a' * 0, 

drawn through the point f 0, am^ 1 , are 

a: {1 ± m) = am - y = + {mz + a). 

(2) At « any point where the planes x->ty \ z-±a meet the surface 
'y + ys + »r + a' « 0, the two generating lines of the surface are at right 
angles to each other. 

(3) The eccentric angles of the points in which the principal hyperholic 
sections are met hy any generating line are complementary, and that of 
the point in which it meets the principal elliptic section is equal to one of 
these. 

(4) Prove that the points at a finite distance on a hyperbolic paraboloid, 
at which the generating lines are at right angles to each other, lie in 
a plane. 

(5) Shew, by geometrical considerations, that the locus of intersection 
of two generating lines drawn through two points in the principal elliptic 
section of an hyperboloid of two sheets, whose eccentric angles differ by a 
constant quantity, is two ellipses parallel to the principal plane, at equal 
distances from it. 

(6) ProTe that, if any straight line intersect three straight lines which 
are all parallel to the same plane without intersecting each other, the 
intersecting straight line will in all positions be parallel to another fixed 
plane. 

(7) Shew that there are two straight lines, and two only, which intersect 
four straight lines, no three of which are parallel to the same plane, and 
no two of which intersect. 

(8) Find at what points of the principal elliptic section of an hyperbo- 
loid the generating lines can be at right angles, and shew that the 
diameter parallel to the tangent at that point is equal to the length of the 
imaginary axis. 
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(9) If four generating lines intersect 80 as to form a quadrilateral, 
whose angular poinU taken in order are (&i0i), (^s0i)f (^s^)* ifid>i)f {^^ 
Art. 212), pro¥e that ^i + ^a = ^, + 0^ and 0i f 0, = 0^ + 04* 

(10) A straight line mores so as to intersect the panholas 

y*=ajr» s = 0; s« = -64f, y = 0; 

and to be always parallel to one of the planes •=— » ± -^; shew that its 
locus is the paraboloid ~ - - = jr. 

(11) The equation of the locus of a straight line constrained to move so 
as to intersect three straight lines, which do not intersect each other, and 
are not parallel to the same plane, is, when referred to axes parallel to the 
straight lines, 

be ea ab a o e 



(12) The generating lines of the hjperboloid 'i+7a'3=l>&^ ^^J point 

x* V* s* 
where it is met by the cone -» + n ~ "i = ^» *'® ^^^ perpendicular to some 

other generating line. 

U the generating lines be themseWes at right angles, the point will lie 
also on the sphera x* -{- y* i 2* = a' -}• 6* - c*. Shew that these conditions 

• * 1 111 
cannot coexist unless -% 4 r. = t • 

o" 6" <r 

(13) If three generating lines of the same system on an hyperboloid be 
mutually at right angles, the shortest distance between any two will lie 
on a generating line. 

(14) If three generating lines of the same system, mutually at right 
angles, be made the edges of a rectangular parallelepiped, shew that the 
angular points of the parallelepiped which are not on the hyperboloid will 
lie on the surface «* +y' + s* « a* -1- 6' - c*, and on the surface whose equation 
would be obtained by eliminating h between the equations 



(15) If two planes be drawn, passing respectively through two gene- 
rating lines of the same system at the extremities of the major axis of the 
principal elliptic section, and intersecting in a third generating line, the 
traces of these planes on either of two fixed planes will be at right angles 
to each other. 

(16) If a ray of light be reflected between two plane mirrors, inclined at 
any finite angle, shew that all the reflected rays will lie on an hyperboloid 
(Jf reyolution ; and find its position. 
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(17) The perpendicolars from the origin on the generating lines of the 
paraboloid -g - ^ = - lie upon the cones f — + ^ J (ax ± by) + 2»' = 0. 

(18) The perpendiculars from the origin upon the generating linetf of 
the hyperboloid i + ^-^^^l lie upon the cone 

(19) The angle between two planes, each passing through the centre, 
and through one of the generating lines at any point of an hyperboloid, is 
given by the equation 

2rcot0_ 1 1 2 1 

r being the distance of the point, and p that of the plane containing the 
generating lines, from the centre of the h}'perboloid. 

(20) K be the acute angle between the perpendiculars from the centre 
on the generating lines of an hyperboloid which pass through the point 
(a cos a, 5 sin a, 0), then will 

c» (a« - y)' ^ ^b[j-f)* y (c« 4 flV 
tan*J^ sin" a cos" a 

(21) If be the angle between the generating lines of the hyperboloid 

which pass through a point at a distance r from the origin, and ifp be the 
perpendicular from the origin upon the plane passing through them, 
shew that 2abe cot0 -|i (r* - a* - 6' + c*). 

(22) The tangent of the angle between the generating lines of the surface 







«• 


y* 








a 


T"' 


which 


pass through 


the point (/, g. 


h),is 




- 






a 

a-b 
4 


S 



(23) Prove that if r be the distance of any point of the surface 
yz-f s;c + :ry + 2a*e0, from the origin, the angle between the two genera- 
tine lines at that point will be 



cos 



r« + «* 
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(24) The angle between the generating lines through the point {xyz) of 

the hyperboloid — 4.¥- + - = li8 cos"* ^^ ^ /* , where \., X, are the roots 

a c \, - Apj 

of the equation 

*• y* «^ A 



o (a + A.J b {b -^ X) e {c -i^X) 

(25) Generating lines of the hyperboloid 

a*' b* c« ' 

are drawn through points in the plane of xy, whose eccentric angles are 
a, p ; shew that their points of intersection are given by the equations 

X y z 1 

a cos —^ b sin ± c sin — -i- cos -7,-- 

2 2 2 2 

also that the shortest distance ^ between two of the same system is giren 
by the equation 

4 sin* — ^ Bin* — — cos' — j~ cos* — ^ 

(26) The straight line which is orthogonal to each of two non-intersect- 
ing generators of the hyperboloid «' + y* - z* = a*, becomes a generator of 
the opposite system when the two non-intersecting generators become 
consecutive. 

(27) Shew that the shortest distances between generating lines of the 
same system drawn at the extremities of diameters of the principal elliptic 
section of the hyperboloid whose equation is 

lie on the surfaces, whose equations are 

cxy , abz 



ic* + y* o* - 6* ' 

(28) Shew that, if an eye observe the generating lines of an hyper- 
boloid of one sheet, every generating line will appear to lie on another. 

If the eye be placed upon the surface of the hyperboloid whose equation 
is aa* + 6y* + C2* = 1, prove that the poinU through which the generating 
lines appear to be perpendicular lie on a plane whose equation is • 

(a + 6 + c) (abx + bgy + cAz - 1) = 2 («•/« + b^yy + c'hz), 
where (/, y, h) is the position of the eye. 



CHAPTER XII. 



SIMILAR SURFACES. PLANE SECTIONS OF CONICOIDS. 

CYCLIC SECTIONS. 

222. We shall now consider the nature of the curves in 
which a plane intersects central and non-central conicoida, and 
we shall at present consider these surfaces as given by equa- 
tions in the simplest form, such as have been discussed in the 
tenth chapter. 

We shall examine the special cases in which the section 
made by a plane is circular, called a cyclic section, and the 
generation of the central conicoids and of the elliptic paraboloid 
by the motion of a variable circle, the plane of which is parallel 
to a given plane. 

Similar Surfaces, 

223. Def. Two surfaces are similar, say U and U\ when 
for any point determined with regard to Z7, and any two 
radii OP, OQ, another point 0\ and two radii OT', O'Q' can 
be found for U\ such ih^X lPOQ = lP'OQ\ and 

O'P'iO'Q' :: OP: OQ. 

224. From the definition it follows that if OA, OB^ OC be 
three arbitrary radii at right angles to one another in U^ three 
radii ffA^ OB\ OC can be found also at right angles satis- 
fying the above proportion, and if the direction cosines of radii 
OP and O'P' referred to these as axes, in U and V respec- 
tively, be equal, OP : OP' :: OA : O'A. 

The surfaces will be similarly situated when the lines OA^ 

. OB^OC are parallel to 0'A\ 0'B\ 0'C\ and in this case 

may always be chosen so that and ff coincide, in which 

X 
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case the surfaces are said to be similarij situated with respect 
to 0. 

225. The analytical expression of this statement is that, 
if y [x, y, z) = be the equation of any surface, that of any 
similar and similarly «tuated surface will be 

where OP=xaP'. 

It is easily seen that the number of conditions, which the 
coefficients of the equations of two surfaces of the n^ degree 

* *-^ • (n + l)(n + 2 Tn + S) ^. , , ^ . 
must satisfy, is -— 5, m order that they may 

be similar and similarly situated. 

Also, that the terms of the highest degree in the two equa- 
tions must be the same, except for a constant factor. 

Thus, in the case of the hyperboloids, they are similar if 
they have similar conical asymptotes. 

It will be seen that, according to the definition, hyperboloids 
of one and two sheets may be similar, as 

-ax*-%' + c2*=i, 

for imaginary radii of one drawn in the same direction as 
real radii of the other will be in the same ratio. 

226. Sections of the same contcoid by parallel planes are 
similar and similarly situated conies. 

Sections of similar and similarly situated conicoids by the 
same plane are similar and similarly situated conies. 

These propositions are easily proved by transforming the 
axes of coordinates, so that the plane of xy is parallel to the 
cutting plane, when the projection of any section, found by 
making z constant, will be represented by an equation in x 
and y, for which the terms of the second degree will be the 
same. 

Hence, we can deduce that a plane section of a hypcrboloid 
is a hyperbola if the parallel plane through the centre intersects 
the conical asymptote in two of Its generating lines. 
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227. It is of great importance to observe that, wlien two 
conicoids are similar and similarly sitaated, the condition, that 
the terms of the second degree are the same in each except 
for a constant factor, or, in geometrical language, that their 
real or imaginary asymptotes have their sheets parallel, may 
be stated as follows: ^'similar and similarly situated conicoids 
intersect the plane at infinity in the same real or imaginary 
conic." 

A particular case of this is that ^' all spheres pass through 
the same imaginary circle at infinity/' 

228. To determine tlie nature of the section of q^ conicold 
made hy any given plane. 

This may of course be done by the substitutions of Art. 147, 
but for surfaces of the second degree the plane sections will 
be curves of the second degree, so that simpler methods may 
advantageously be employed. If it be required only to dis- 
cover the species of conic to which the section belongs, we may 
eflTect this immediately, taking any orthogonal projection of 
the curve of section, since an ellipse, parabola, or hyperbola, 
will be projected into a curve of the same species, though in 
general of difierent eccentricity. The only exception is when 
the plane of section is perpendicular to the plane of projection, 
but as no plane can be perpendicular to all the coordinate 
planes, there is at least one of the coordinate planes which may, 
in any proposed case, be taken as the plane of projection, and 
which will not be perpendicular to the plane of section. 

As an example of this method, we may take the section of 
the paraboloid by* + cz* =^<c made by the plane Ix-\'my + nz^ 0. 
The equation of the projection of the curve of section on the 
plane of yz is I (Jy* + cz^) + my + w« = 0, which is always an 
ellipse, or always an hyperbola, according as b and c have like 
or unlike signs. If Z = 0, the exceptional case above mentioned 
arises, and taking the projection on zx we have the equation 

(w7? + m^c) z^ = 7w*a?, 

or the section is parabolic, unless w*J 4 m^c = 0, when it reduces 
to a straight line, the other straight line completing the curve 
of intersection being at an rafinite distance. Hence, for the 
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paraboloids, all sections parallel to the axis of the principal 
sections are parabolas, and all other sections ellipses for the 
elliptic paraboloid, and hyperbolas for the hyperbolic paraboloid. 
If, however, a. more exact determination is required, it will 
be convenient to deal with the problem in the manner we 
propose. 

Plane Sections, 

229 To find the locus of the centres of all sections of a 
central conicotd made by parallel planes. 

Let oo:* + hy^ + C2* = 1 be the equation of the surface, and 
he + my -{-nz=-p that of one of the parallel planes. 

Any straight line drawn in this plane through the centre of 
the section will be bisected at that point. 

Let (f, 17, f) be the centre, r any radius of the section drawn 
in the direction (\, /x, v), therefore the values of r are given by 

a (f + \ry -\-b{v + firY + c (?+ vr)' = 1, (1), 

and, since the values of r are equal and of opposite signs, 

a^ + hf)fi + c?v = 0, (2) 

also, since the direction of r lies in the plane, we have 

l\ + mfi + wv = 0, 

which equations being true for an infinite number of values of 
\: fi : Vj we have 

I . m n ^ ^ ^ 

therefore the equations of the locus of centres of sections made 
by planes whose direction-cosines are Z, m^ n are 

ax by cz 
I m n ' 

230. The equation for determining r being 

{aX' 4 V + cv') r^ = 1 - af - 67;" - c? », (4) 

shews that the parallel plane sections are similar, for, if (X', fi', v) 
be the direction of another radius r, r* : r'*^ is independent of 
p^ or constant for all the parallel sections, which are therefore 
«iinll:ir and similarly situated. 
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231. To find the position of the cutting plane when the curve 
of intersection becomes a point-ellipse or line-hyperbola. 

Since each member of (3) becomes 

IS '\- mrf -{■ n^ V m^ w* ' * ' » /-J 

a J c 

equation (4) becomes (aV -f Ju* + cv*) r* = 1 — „ ■ >, , . 

Im n 

a 6 c 

If 9 be the value of p when the sectioo becomes a point- 
ellipse or line-hyperbola, r = for any direction which makes 

aX* + Ju* -f cv* finite : therefore w* = - + -r- H — . 

' a b c 

The point-ellipse is when the values of X, /ea, v given by 
aV -f 5/iA* -f cv* = 0, and l\ + wft + wi' = are impossible, and the 
line-hyperbola when they are real. 

Now, it is not hard to shew that 

(ma\ — Ibfif + abcv^nr* = 0, 

hence, the section degenerates to a point-ellipse when abc is 
positive, or for an ellipsoid and hyperboloid of two sheets, and 
to a line-hyperbola when abc is negative, or for an hyper- 
boloid of one sheet. 

232. To find the locus of the centres of all sections of a/i 
elliptic or hyperbolic paraboloid made by parallel planes. 

Let iy* + c2* = 2a; be the equation of a non-central conicoid, 
and let the equation of one of the parallel planes be 

Ix + my + nz = j?, 

then using the same notation as in the last article, we obtain 
the equation 

ft (^ + IJi'TY + c (r+ vr)« = 2 (f + \r), (1) 

and deduce for an infinite number of values of \ : /a : v 

brifi-^c^v- X = 0, (2) 

and m/A + wv + Zx = ; 

therefore —=--=- y , (3) 

m n I ^ ' 
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thus, the locus of centres of sections made by planes \7hosc 
direction-cosines are /, 7«, n is a straight line parallel to the 
axis of the paraboloid. 

233. To find the position of the plane for which the section 
is a point-ellipse or line-hyperbola. 

Since /f 4 Twi; + n^=pj 

and the equation for determining r is 
{hfJL' + cv')r' = 2^^brj'-c^ 

The sections are ellipses, when r cannot be infinite, or when 
b and c are of the same sign ; point-ellipses when^ = «r. 

They are hyperbolas where b and c are of opposite signs, 
and the directions of the asymptotes are given by J/a" + cv* = 0, 
which shews that the asymptotes are parallel to the same two 
planes for all values of Z, ?», and n. 

234, To find the magnitude and direction of the axes of any 
plane central section of a central conicoidy and the area when 
the section is elliptic. 

The equations which connect the direction of any radius of 
the section by a plane, whose equation is Ix + my + «5? = 0, are, 
as in Art. 229, 

and ZX + TW/ti + «v = 0, (I) 

.'. n* {{ar^ - 1) X* + (ir* - 1) fi'] + [cr^ - 1) {l\ + mfj^y = 0, (2) 

is an equation which, for a given length r, gives generally two 
values of X : /i ; but if the given length l^e that of either semi- 
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axis, the two Talues of X : /^ are equal, the condition for 
which is 

/. P(ir''-.I)(cr«-l)+...= 0, (3) 

this quadratic in r* gives the squares of the semi-axes of the 
section. 

If 2a, 2)3 be the axes of the section, 

-,3^ = Pbc 4 m*ca + w'aJ, 
a p 

and -5 + -j = P(JH-c) + 7/i"(c + a) + w"(a + i). 
ex . p 

When the section is elliptic its area 

TT 



= 7rai8 = 



»J[Pbc-\- m^ca + n^ai) * 
Again, the coefficient of X' in (2) is n*{ar^- 1) + Z'(cr*— 1), 

which, by (3), is easily reduced to ,^ ^ -j hence 

the equation (2) becomes 

.-. (ar■-l)^ = (i^-l)^ = (cr''-l)^, (5) 

and, if we write a and /S for r, these equations, with (1), will 
determine completely the directions of the two axes. 

The equations (4; and (5) might have been formed by 
making r* a maximum or minimum, but we leave this to the 
student, the process adopted being more instructive. 

235. To find the direction of the plane section whose axes are 
of a given magnitude* 

The equation giving the axes in terms of the direction of the 
plane section is 



m n 



ar*- 1 ' i>-'-l ' cr'- 1 
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whence, if 7, S be the reciprocals of the squares of the given axes, 

rbc + m*ca + n^ab = 7S, 

P ( J + c) -f 7w* (c + a) + w' (a + 5) = 7 + S, 

? + m* + n* =1; 

multiplying the second and third equations by — a, a', and add- 
ing, we obtain, for the determination of Z, w, and w, 

P (a — J) (a - c) = (a - 7) (a — S) ; 

similarly, w* (J — c) (J — a) = (J - 7) (J — S), 

and n** (c —a)[c-b)'=[c— 7) (c — S) ; 

the second equation shews also that if aj 5, c be in order of 
magnitude, b must be intermediate between 7 and S, 
Hence, for a circular section, 7 = 6 = 8 

^ J ^ In'* 

.'. m = 0, and ^ = = f . 

' a- 6 a — c 6 — c 

236. 7b determine the nature of a central plane section of a 
central conicotd. 

The nature of the section may be determined from the dis- 
cussion of the roots of the equation (S) obtained in Art. 234, viz. 

(Pbc-^m^ca-^-n^ab) /-[/* (i+c)+w» (c+a)+wi*(a+i)} rVl=0, (1) 

obsemngihat the discriminant 

{f ( J + c) + m^ (c + a) + n* (a + J j }* - 4 (P Jc + wi'ca + n*ab) 

can be reduced to the form 

(1) For a hyperbolic section, the values of r* obtained from 
(1) must be of opposite signs; therefore Pbc-{-m*ca + n^ab is 
negative, in which case the values of r* must be reaL 

(2) For an elliptic section, the values of r", which by (2) are 
real if a, 6, c be in order of magnitude, must be both positive ; 

.*. Pbc + m^ca 4 n^ab is positive. 

(3) For a rectangular hyperbolic section, the values of r* 
must be equal and of contrary signs ; 

••. P (J + c) + m* (c + a) + n" (o + J) = 0, 
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Bince no real or finite values of a, i, c will, at the same time, 
admit of Pbc + m^ca + n'aJ = as a consistent equation. 

(4) For a circular section, the two values of r* are equal 
and of the same sign ; therefore the expression (9) is zero, hence 

«i = 0, and r = z = , 

' a — o o — c a — c 

, ^ , »i* n* 1 

or 1 = 0. and , = = -, , 

' a — c — a c-^o 

of which, only one is possible. 

(5) When Vbc + m^ca -f r?ab = 0, one of the roots is infinite, 
and the section becomes two parallel generating lines, the 
distance between which is 2r, where r is given by 

{Z* (J + c) + rr? (c-h a) +n' (a+ J)} r'= I. 

From this analysis it appears that all sections of ellipsoids 
are ellipses, but that for the hyperboloids we may have ellipses, 
hyperbolas, or parallel straight lines. 

237. We have in this discussion considered only central 
sections, but the nature of any section and the magnitude of 
the axes may be found at once by considering the similarity of 
parallel sections, the sections corresponding to parallel straight 






lines being parabolic ; or, by writing -^ ^ instead of r', the 

argument may be carried out in the same manner as above. 

238. To find the angle between the real or imaginary asymp^ 
totes of a plane section. 

From the equation (aX* + J/i* + cv*) r' = 1, 

when r = QO , a\' + J/a* -f cv^ =■ 0, 

and Ik + mfi -I- wv = 0, 

if ct> be the angle between the asymptotes of the section^ supposed 
hyperbolic, it may be shewn by the mcfthod of Art. 25 that 

2 V{- [I'bc + m'ca + n'ab)] ' 
or it may be obtained directly from the quadratic in r* (Art. 234), 

since tan - = — r a and therefore cot « = ^ -■ .,,v» .- 
2 a' \ — 4a^* 

Y 
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This gives the condition that cotco will be real, infinite, 
or impossible as Fbc + in^ca + n^ab is negative, zero, or positive, 
thus determining the condition that the section may be hyper- 
bolic, parabolic, or elliptic. 

239. To find the area of any eUtptic section cf a central 
conicoid made by a plane not passing through the centre. 

Let the equation of the plane be 2^; + my + ^22; =j> ; the area 
of a central elliptic section has been shewn to be 

TT 

s/ipbc + m^ca + «"aJ) ' 
and any radius vector of the section considered is given by 

-+-T- + - 

a b c 
hence, «j being the value of p when the section vanishes, 



« 



^ r m* ri 
fir" = - + ^ + - , 
a b c ' 

and, since Pic + rn^ca 4- n^ah is positive, w is real only when abc 
is positive, or for the ellipsoid and hyperboloid of two sheets. 

But if we take ^r for the value of p when the section of 
the hyperboloid of two sheets, which is conjugate to that of 
one sheet, vanishes, since in this case a, 5, c have their signs 
changed 

- r m* »• 

abc 

Hence, if A be the area of the parallel central section of 
the ellipsoid and hyperboloid of one sheet, and of the hyper- 
boloid conjugate to the hyperboloid of two sheets; and A' be 
the area of the section by the given plane, since they are in the 
duplicate ratio of homologous lines, 

for the ellipsoid A'^aU^^V 

for the hyperboloid of two sheets A'=^A ( ^- 1 ] , 

for the hyperboloid of one sheet -4' = ^ ( 1 -j- ^\ . 
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If we take two conjugate hyperboloids ax*4 J;y* + c»* = ± 1, 
and the asymptotic cone to both, aa^ -f h%^ + C2;* =" 0, the area of 
the section of the latter may be found, from those of the former, 
by making a, 5, c infinitely large, preserving their ratios. Hence 
if ^„ A^^ A^ be the areas of the sections of the three surfaces 
made by any plane cutting them ^U in ellipses, and A that 
of the parallel central section of the hyperboloid of one sheet^ 
we shall have 

whence A^ + ^^= 2^,, or the section of the cone is an arithmetic 
mean between the sections of the two hyperboloids. 

Also, if F be the volume of the cone cut off by a plane 
touching the hyperboloid of two sheets, we shall have 



IT m », I fn w 



1 



Now ^--TtnTT—* — T~irT\ » and «r* = - + -7- 4 — J 
V I "w + mca + nab) ' a c ^ 

• F=4— ^~ 

which is constant for all positions of the cutting plane. 

240. To find the magnitude and directum of the axes of any 
plane section of an elliptic or hyperbolic paraboloid* 
The equation of the paraboloid being 

Jy' + c«' = 2a?, 
and that of the cutting plane 

the equations connectbg any central radius of the section with 
its direction (A, /k, v) is 

2 

' (J/**+ 01^ r*= -J [p - «r) a Jf suppose (Art* 233) 

and ZX + wt/ifr-f vn = 0; 
/. ? (V + cO r« = M[[mii + nvf + ? (^« + v')}, (1) 
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and if r be the length of either of the semi-axes, this equation 
will give equal yalaes of /i : r, 

{? (&r» - if ) - iii»3/) {P (cr* - ilf ) * n'i/} = if *mV, 

or ?(&r»-if)(ci^-if)-if/»»(cr'-if)~ifn*(Jr«-if) = 0, 

or Pftcr*-{P(& + c) + t»''c + n*J]i/r« + if = 0. (2) 

This equation gives the magnitude of the axes 2a, 2)3, and 
the area of the section when elliptic 

^ Trif 27r . 

The coefficient of /** in equation (I], is 

rihi*-M)- m*M= Mn* ^^^, , 
and the equation becomes 

h^-M , , „ cr'-M ,, ^ 

.: (Jr'-if)^ = (cr«-Jf)^ = -Jlf^,by(2), 

which, writing a, fi for r, completely determine the directions 
of the corresponding axes of the section. 

241. To determine the nature of, any plane section of a 
paraboloid. 

Take the equation 

Picr*-{P(J + c) + m»c + n'Jjifr*+if" = 0, 

and observe that the discriminant 

{P(j + c) + m'c + w«A}*-4rac(P + »n* + n'), (1) 

is reducible to 

(P (J - c) - m^c + n'5}' + 4wVJc. (2) 

The two forms (1) and (2) of the discriminant shew that It 
is positive whether he be positive or negative, so that the values 
of r* : if are always real. 

(1) For an elliptic section, he is positive and if positive^ 
therefore p^m has the same sign as h 
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(2) For a hyperbolic Bection, Jc is negative, since the values 
of r* must be of opposite signs. 

(3) For a rectangular hyperbola, he is negative, and 

P (J + c) + m\-^T?b = 0. 

(4) For a circular section, be is positive, and by (2) 

n , P n« I 
m = and r = 1 = - * 

or n = and - = = = 7 , 

c o—c ' 

only one of which gives a real position. 

(5) The condition Z=0, which makes one value of r* infinite 
and the other finite, corresponds to the case of a parabolic 
section, since in this case 17 and ^ in (3) Art. 232 iire infinite, 
and therefore the centre of the section is at an infinite distance. 

Cyclic Sections. 

243^* Although we have already determined the positions of 
the planes whose intersections with conicoids are circular, by 
treating such sections as particular cases of ellipses, it will be 
instructive to consider them from another point of view, since 
they have an interest peculiar to themselves in the solution of 
many problems both pure and physical. 

243., To find the cyclic sections of a conicoid central or non^ 
central. 

Let the equation of the conicoid be 

aa? + hj^-\-cz^-\- 2dx + e = 0, 

this may be written in the form 

h (aj'+y* + «■) + (a- 5) »'- (i - c) «' + 2db+ e= 0, 

hence, if the conicoid be cut by a plane whose equation is 

V(« — h)x±»J{J> — c) « ^p is/[a — c), 

the coordinates of the points of the intersection satisfy the equation 

h (a?" + y'4 «') -f p V(a-c) {V(a - &) a? T V(* - c) «} + 2&: + e = 0, 

which is the equation of a sphere. 



166 CYCLIC SECTIONS. 

These plane sections vfiU be real, if a, 5, c are in order 
of magnitude when all are positive, \£ a>b when c is negative, 
and If obj without regard to sign, when b and c are both 
negative. Also If a = 0, the sections are real when b and c are 
both positive, and c>b. 

Hence, cyclic sections of central surfaces are parallel to the 
mean axis in the ellipsoid, to the greater transverse axis in 
the hjperbolold of one sheet, to the greater conjugate axis in 
the hyperbolold of two sheets. 

If a be the inclination to the principal section (a, b)^ 

oosa _ sina _ 1 

^{a-b) "■ ± V(6 - c) " ±*J{a-c) * 

Cyclic sections of the elliptic paraboloid are parallel to the 
tangent at the vertex of the principal section of gpreatest latus 
rectum ; and for these sections putting a = 0, 

cosa _ flina __ 1 

It Is obvious that these are the only cyclic sections, since a 
plane not parallel to one of the axes, as that of y, being of 
the form '2b + my + nz s=p^ could not reduce the expresssion 
(a -b)x^ — {b — c) z^ to a linear form, so as to ensure that the 
points of intersection with the conlcoid should lie on a sphere. 

244. Oeneratian of a cantcoid by the fnotum of a variable 
drde. 

From the last article it appears that the central conlcolds 
and the elliptic paraboloid can be generated by the motion of 
a circle, the plane of which is parallel to either of two fixed 
planes, and the diameter of which changes so that it is always 
a chord of the section which is perpendicular to the line of 
intersection of the two fixed planes. 

The centre of the circle of course describes in each case the 
diameter conjugate to the chords which it bisects. 

245. Def. The point-circles in which the yariable circle ter- 
minates are called umbilics^ these are real only for the ellipsoidi 
the hyperbolold of two sheets and the elliptic paraboloid* 
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For the conicoid ax^-^h^-^ cz*—lj the four ambilics are 

a>b>c. 

For the elliptic paraboloid, Jy' + C2' = 2a:, oh the two 

nmbilicfl at a finite distance are eiven by -77- — tx = ± —rrR i 
2a?«j — , and y = 0. 

246. Jiny two cyclic sections of opposite systems lie on one 
sphere. 

The equations of the planes of two cyclic sections of opposite 
systems are 

{V(a-J)a?- V(i-c)«-i}{V(a-&)aj+v^(i-c)«-A;'} = 0; 

or, (a-i) a:*- {b^c) «*- (Jc+K) sf{a-l) a:-(i-4') V(J- c) «+ kh'^0. 

Hence they intersect the surface in a sphere whose equation is 

247. It is an instructive problem to deduce the positions 
of the cyclic sections directly from the equation (4) obtainccT 
in Art. 230. 

This equation may be written 

and since, for a cyclic section, the values of r, and therefore of 
p, are equal for all values of \, fi^ v consistent with the equa- 
tion IK + mfi -f Tiv = 0, it follows that 

(p - a) (iw/* + wk)* + P { (p - J) /[*' + (p - c) v"} = 

is true for an infinite number of values of /a : v, the coefficients 
of /i*^ fjLv^ and v^ are therefore each zero ; 

/. (p — a) mn = 0. 

If p = «, either Z = 0, or p = J = c, in which latter case the 
surface is spherical, and the equation is satisfied for any values 
of /, m, 91, i.e. for any direction of the plane. 

Also if 7n = 0, the coefficient of /a* =p - i ^ 0, and similarly, 
for « = 0, p = c. 
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Hence, if the surface be not spherical, we must have Z, m, 
or n = 0. 

Suppose »i = 0, then Mo = J, and the coefficient of v' 

= (p-a)n"+(p-c)P = 0; 

which give real values for I and n only under the same circum- 
stances as are already stated in Art. 243. 

The corresponding process for non-central surfaces can be 
followed out by the student. 

248. Oeometrical investigation of the direction of a cyclic 
section of an ellipsoid. 

In the ellipsoid let OA^ OB^ 0(7 be the semi-axes in order 
of magnitude, and if possible let a central circular section not 
pass through B^ but cut AB and BG in P^ Q respectively, 
OP^ OQj being the centre of the section ; but OP is inter- 
mediate between OA and OB in magnitude, and OQ between 
OB and 0(7, which is absurd; hence, the central circular 
section must contain the mean axis. 

The inclination of the plane to OAB is the same as the 
angle BOAj OB being that radius vector of the section AC 
which = OB. 

It is easy to give a similar proof for the hyperboloids. 

249. Thus a method of obtaining the direction of the circular 
sections of an ellipsoid is to find the inclination to OA of a 
radius vector of the ellipse (a, c), whose length is J, the mean 
semi-axis of the ellipsoid ; if a be this inclination, 

b"^ cos' a 6" sin* a , „ . , 

- = 1 = cos a 4 sm a j 



a c 



sin* a cos* a 



I 1 1 1 1 _ 

I 

O" 



I/' a" c" b* c* -* 
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XII. 



(1) All spheres which intersect a given conicoid in plane sections and 
pass through a fixed point on it pass through one of two fixed circles. 

« 

- (2) Find the equation of an ellipsoid referred to the planes of its 
central circular sections and a Central plane at right angles to them. 
When these are rectangular axes, prove that the squares of the axes are 
in harmonical progression, and that the equation takes the form 



c« a* 



= 2. 



(3) .Prove that through any point on an ellipsoid two planes of circular 
section can be drawn ; but^that when the circles are equal, the points must 
lie on one of the principal planes passing through the mean axis. 

(4) If two circular sections of different systems he such that the sphere 

on which both lie is of constant radius mh, the locus of the centre of the 

a-* «• 

sphere is the h}'perhola -; — -r^ - -^ — -^ = 1 - m*, y = ; a, h, c, being in 

descending order of magnitude. 

a* - b^l^ a* - c*l* 

(5) The sphere {x* 4- y* + «* + o* - 6* - c") = 2x *- meets 

«■ t^* z* 
the ellipsoid -5 f ~ + -, = 1 only at umbilics. 

(6) The locus of centres of all plane sections of a given conicoid drawn 
through a given point is a similar and similarly situated conicoid, of which 
the given point and the centre of the given surface are extremities of a 
diameter. 

(7) In a paraboloid of revolution, the eccentricity of any section b the 
cosine of the inclination of the plane to the axis of the surface, and the foci 
of the section are the points of contact with spheres inscribed in the 
surface. 

(8) A sphere is described, having for a great circle a plane section of a 
given conicoid ; prove that the plane of the circle in which it again meets 
the conicoid intersects the plane of the former circle in a straight line 
which lies in one of two fixed planes. 

(9) A plane drawn through the origin perpendicular to any generating 

line of the cone x* {a* - d*) + y» (b* - d*) ^ ^ (<^ - d*) = 0, will intersect the 

«• V* ^ 
ellipsoid ^-l-~ + -t=lina section of constant area. 
'^ a* V <f 

X* V* -z* 

(10) In the hypeiboloid -; + ^—j^ — = 1 (a > c), the spheres, of which 
parallel circular sections are great circles, will have a common radical plane. 
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(11) On a central circular section of the ellipsoid ax* + 6^' + «• = 1 a 
right circular cylinder is constructed, shew that if 6 be an arithmetic mean 
between a and c, the cylinder will again intersect the ellipsoid in an ellipse, 
the plane of which will be given by {-ia - c) « + (3c - a) « * 0, and that the 

area of the ellipse will be ^^ {2 (a« + c«) - SJ"}*. 

(12) Prove that the difference of the squares of the axes of a central 
section is proportional to the product of the sines of the angles which 
it makes with th^ planes of circular section. 

(13) Shew that if elliptic paraboloids have one of their cyclic sections 
coincident with a central cyclic section of asi^ + 6y' + c»' = 1, a,b,e being 
in order of magnitude, the locus of their vertices will have the equations 

+ r-. r -, and y = 0. 



VU* - a) (c - 6)} b - a b(c-a) z 
Also, that the equation of the plane of the other cyclic section common to 

the conicoid and one of the paraboloids will be ± \/(f^ ) » + « f — = 0, 

where / is the latus rectum of any section parallel to the plane of xy. 

X* V* «• 

(14) If sections of an ellipsoid -r -*- r« ''' ~ == ^ ^ made by planes 

O o' C* 

passing through the centre, and through another given point «yV), the 
sections of greatest and least area will be at right angles to each other, and 

the areas will be , , ri, r^ being the semi^axes of the section 

XX* 1/f/' *2l' 

made by the plane — + ^ + — = 0. Shew that the product of the areas 

will be constant if the point lie on the curve of intersection of the ellipsoid 
and a concentric sphere. 

(15) The locus of the axes of sections of the surface as^ f &y* i cs* = 1, 

which contain the line - = ^= - , is the cone 

I m n 

{b - c) yz (mz - ny) ^{c~ a) zx {nx - &) + (a - 6) xy {ly - mx) « 0. 

(16) Shew that the foci of all parabolic sections of the surface 



'« «• 



— + - = ar, lie on the surface 
a o 



(-?-m^j)-?(S*8- 



(17) Prove that the foci of all the centric sections of the conicoid 
ax^ i by* -^ cz*^ 1, lie on the surface 

{x^ + y« + z'Ml - ««• - h^ - c«') la {c - 5)«yV + 6 (a - c)' ^x* + c (6 - fl)'«y} 

= [ax* + by* + cz») {(c - by y*z* + {a - ef ^j^ -f (6 - a)* x*/}. 



CHAPTER XIII. 



TANGENTS. CONICAL AND CYLINDRICAL ENVELOPES. 
N0RMAI5. CONJUGATE DIAMETERS. 

250. On many accounts it is desirable that the student 
should be early acquainted with the chief properties connected 
with tangent lines and tangent planes to conicoids, before he 
is led to consider more general surfaces. We shall therefore 
give in this chapter some of the principal propositions relating 
to tangency in the case of the conicoids as represented by their 
equations in the simplest form. We shall also explain the 
properties of conjugate diameters and diametral planes. 

Tangent Lines and Planes. 

251. To find the condition that a straight line shall touch a 
given conicoid^ at a given point. 

Let the equation of the conicoid be 

ax* + hf + cz'=lj 

the equations of a straight line drawn in a direction (\, fij v) 
through the given point P, (/, g^ A), are 

the values of r at the points P, Qy where it meets the conicoid^. 
are given by the equation 

a{f-{-\rY'{-b{g'{^firy + c{h + vry = l; 

or, since af* + bg' + cj* = 1, 

2r (a/\ + Jgr/t* H- cAv) + r* (aX' + i/i" + cv*) = 0. 

If the direction be such that Q coincides with P, the straight 
line will become a tangent, and in this case the two values of 
r will be zero ; therefore 

af\+hgfA + chv=^Oy (2) 

is the condition of contact at the point (/, g^ h). 
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252. To find the equation cfa tangent plane at a given point 
of a cotticoid. 

The locos of all tbe tangent lines which can be drawn 
throogh the point (^ g^ A}, is found by eliminating X, /a, v 
between the equations [1) and ^2) of the last article, giving 

or c^x -I- Igy + chz = 1. (3) 

The locos is therefore a plane, and this plane is called the 
tangent plane to the surface. 

Ifp be the perpendicolar from the centre opon the tangent 
plane 

\^ay-¥bY-^c'h* (Art. 70). 

Cor. 1. The generating lines of a hyperboloid of one sheet 
throogh the point {/j g^ h) being two of the tangent lines, the 
tangent plane contains these lines, which together form what 
we have called the line-hyperbola in Art. 231. 

Cob. 2. Since any generating line is Intersected at eveiy 
point by some line of the opposite system, no two of which lie 
in the same plane, it follows that the tangent plane to the 
hyperboloid at any point in a generating line changes its 
position as the point moves along the line. 

253. To find the equation of a tangent plane to a conicoid 
drawn in a given direction. 

Let (Z, m, n) be the given direction of the normal to the 
tangent plane, so that its equation is lx-^niy + nz=p] com- 
paring with the equation 

o/a: + hgg + chz = 1, 
' — ^ — ** — 

and, since a/** + J^* + cA"==l, 

, r_^m\n' 
-^ a c ' 

and the equations of tbe two tangent planes in the given 
direction are determined. 
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254. The equation of a tangent plane to the cone 
cu? + by^ + cz^ = 0, is aXx + Ifiy + cvz = 0, if the line of contact 
be in direction (X, /it, v) ; and Ix -\' my -\- nz = if the tangent 
plane be in direction (Z, 7/2, n)^ subject to the condition 
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255. To find the equations of an asymptote to a central 
conicoid. 

Let the equation of the conicoid be aj;*4-iy + c«* = l, and 
let (^, 97, ^) be any point in the asymptote whose equations are 

- — = "^ = = r, then the two values of r are infinite 

X /A V ' 

in the equation 

«(f + Xr)*-fJ(i; + /ir)" + c(?+vr)*-l = 0; 

.'. aX'+J/A* + 61^ = 0, and af X + J^/t* + cfv = 0, 

and, if ap + J17' + cf * - 1 be not finite, the straight line lies 
entirely in the conicoid. 

Hence, every straight line drawn in a tangent plane to the 
cone €uc* -^ by* + cz* = Oj parallel to the line of contact, is an 
asymptote, including the generating lines in which it may 
intersect the conicoid. 

256. To find the nature of the intersection of a central coni^ 
cold toith the tangent plane at a given point. 

Let the equation of the conicoid be aa? + by* + c»* = 1 , that 
of the tangent plane at (/, g^ h) is afx + bgy + chz = 1, we have 
also q/'" + J^ + cA" = l. 

At the points of intersection 

.-. ab {gx -fy)* + c (2 - A)" = 0. 

For the ellipsoid and hyperboloid of two sheets the only 

X 11 z 
solution is - = ^ = 7=1, smce a£, and c are of the same sign ; 

for the hyperboloid of one sheet the section is two lines, since 
ab^ and c are of contrary signs. 
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257. To find the magnitude and direction of the axes of the 
section of a central conicoid made by a given plane through the 
centre. 

Let the equations of the conicoid and plane be 

ax^ + by* + cz*=l^ and lx'{-my + nz = 0. 

The equation of a sphere of radius r is aj*+y"4-«'* = r*; there- 
fore the cone 

is the locus of all diameters of the conicoid which are of equal 
length 2r; the cone, therefore, intersects the given plane in 
two lines which are the direction of equal diameters of the 
central section, and if r be chosen so that these directions 
coincide, the given plane will be a tangent plane to the cone, 
and the line of contact will be an axis of the section ; therefore, 

by Art. 254, --= — ;- + =-= — - H — = — - = 0, which is the quad- 

ratio giving the lengths of the semi-axes. And, by the same 
article, if (\, /ca, v) be the direction of the axis 2r, 

XCaZ-l) ^ fAJJr" -^) ^ y(cr'-l) 
I m n * 

258. To find the locus of the points of contact of all tangent 
planes which pass through a given point external to a given 
conicoid. 

' Let (/, jgr, h) be the given point, aa?* 4 by* + c«" == 1, the 
equation of the conicoid. 

The equation of a tangent plane at any point (f , f;, ^ on 
the conicoid is a^x + hqy + c2;^ = 1 , and if it pass through the 
given point q/J + bgri + cAf = 1. 

The tangent planes at every point of the conicoid whose 
coordinates satisfy this equation pass through the given point, 
the locus required is therefore the section of the conicoid by 
the plane whose equation is afx-\-bgy'{-chz=^\. 

259. Def. The plane containing the points of contact of 
all tangents from any point to a conicoid is the Polar Plane 
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of the point, and the point is the Fole of the plane, with respect 
to the conicoid. 

This will be a definition whether the point be external or 
internal, if we consider that imaginary tangent planes have a 
real plane containing the imaginary curve of contact. 

Another definition will be given which docs not involve 
the consideration of tangency. 

One of the most important propositions connecting the pole 
and polar plane is the following. 

260. If U be the polar plane of any 'point P with respect to 
a conicoid^ the polar plane of any point Q in the plane U will 
pass through P, 

For, if ax* + iy" 4- c«* = I be the equation of the conicoid, and 
C/i 9i ^) ^^ ^^® point P, the equation of its polar plane C/" will bo 

afx + hgy + chz = 1 , 

and, if (/', g^ K) be any point Q in Z7, 

aff-^-lgg'^-chh'^l', 
but the equation of the polar plane of Q is 

afx-\-bgy'{cKz = l^ 

which by thQ last equation contains (/, (/, A), hence the polar 
plane of Q passes through P. 

Conical and Cylindrical Envelbpes. 

261. To find the conical envelope of a conicoid the vertex of 
the cone being a given point. 

If (/, g^ h) be the given vertex, and (?, wi, n) the direction 
of any generating line of the cone, the equation 

a (/+ 7r)* + & (^-i 7wr)* + c (A + wr)*= 1 

must give equal values of r ; therefore 

[af ^bg' ^- ch^ - \)[ar -^bm^ ■{• cn^) = {afl-\-bgm + chn)\ 

If (a*, y, z) be any point in the generating line, 

X'f ^y-g ^Z'-h 



I m 



n 



> 
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hence the equation m l^ m^n being homogeneous 

= {«/(^ -/) + f>9 Ly-g) + cA (^ - h)Y 

is the equation of the conical envelope. This is readily re- 
ducible to the form 

(a/"+ J/ + cA"- I) {ax^-\-bf + c«'- 1) = [afa^hgy + cAj5 - 1)*. 

For, writing w, v, u^ for ax* + Jy* + c«" - 1, afx + iyy + cAjs — 1, 
and af* + hg* + cA* — 1 respectively, m^ (m — 2t? + u^ = (v — wj* ; 
therefore u^Jb = t?*. 

262. This latter form may be obtained directly by Art. 258, 
since it is a surface of the second degree which pa&ses through 
if^g^h) and touches the conicoid where the plane afx-\'hgy-\-chz— 1 
cuts it. 

For Au = V* is the equation of a surface which touches the 
conicoid.u = where v = 0, and, being satisfied by (/, j7, A), we 
obtain, by substituting, A = u^^ since v becomes u^. 

263. To find tJie equation of a cylinder^ which erivelopea a 
given central conicoidj and has its generating lines tn a given 
direction. 

Let (\, fi^ v) be the direction of the generating lines of the 
cylinder, and ax* 4- hy* + C2* = 1 the equation of the conicoid. 

The equations of a generating line through any point (f , 17, f ) 
of the cylinder are 

x-l y-v «-? ^ 

and where this line touches the conicoid the values of r, which 
are equal, arc given by 

a(f + \r)' + J(i7 + ^r)» + c(?+vr)* = l; 

.-. (aX' + V + cv*) (cf + J// + c?* - 1) = (aXf + b/jurj + cy^f ; 

and, since (^, 17, ^) is any point on the cylinder, this is the 
equation of the enveloping cylinder. 

This equation may also be deduced from that of the conical 
envelope by making {/, g^ A) pass off to infinity in the du'ection 
(X, /Lt, v), so that/: g : h==\: fi : v. 
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Nou'Central Surfaces. 

264. The corresponding propositions in the case of the non- 
central surfaces whose equations are of the form Jy* + cz* = tix 
will be easilj obtained by the student. 

The condition for the tangency of — r^ = - — - = is 

^ "^ I m n 

bffm + chn — l^O. 
The equation of the tangent plane at (/, g^ h) is 

i^yH" chz^x-j-f. 
The equation of the tangent plane in direction (Z, m, n) is 






The equation of the enveloping cone, vertex (^ g^ h) is 

or (J/ + cA* - 2/) (J^ + «?" - 2a;) = (% 4 cA« -• a? --/)". 
The equation of the enveloping cylinder, direction (X, fi^ v), is 
(i/A* + cv^ {by* + ca' - 2aj) = {bfiy + cv« - X)". 

265. 7b ^7tc2 the equations of the. normal to a conicoid at 
any point, 

Def. a normal at a point is the straight line drawn per- 
pendicular to the tangent plane at that point. 

If (/, gj A) be the point, the equation of the tangent plane is 
<^J^ + bgy + chz = 1 ; therefore the equations of the normal will be 

af bg ch *^» 

if r be the distance between (a?, y, z) and (/, g^ A), and p be 
the perpendicular on the tangent plane from the centre. 

266. To shew that six normals can be dravm from a given 
point to a central conicoid. 

Let the equation of the conicoid be aa? -{-by^^-cz^^l. 

AA 
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The equations of a normal at a point {x^ y, z) are 

ax by cz '^^ 

if this pass through a given point (/, g^ h) 

/=aj(pa + l), ^=y(pJ + l), A = «(pc+1);^ 



•• {pa+iy ' {pb+iy ' {pc+ ly 

which gives generally six values of p determining the feet of 
six normals from the given point. 

267. To shew that the locus of a pointy from which three 

normals can be drawn to a central conicoid^ which have their 

feet in a given plane section of the conicoidy is a straight line^ 

and to find th^ condition to which the given plane section must 

he subject.* 

a? ^ s? 

Let the equation of the conicoid be ^ 4 4i + i = I9 and that 

a ' o c 

of the given^intersecting plane 

Z-H-wf+n-=l, (1) 

a o c ^ ^ ' 

and let (^, 17, (f) be a point from which if six normals be drawn 
the feet of three of them will lie on the given plane section, the 
other three must then lie on some other plane section given by 

. f?+w'f +n'-=rf. (2) 

a c ^ ' 

Hence the six feet lie on the surface 

\ a c J\ a o c J 

35^ V «' * iA\ 

a be ^ ' 

And it is easily shewn by Art. 266 (1) that the six feet also 
lie on each of the three surfaces 

I7=(i*-c*)y2 - JV +c*5y =0, 
Tr=(a"-J")ay-a*fy + JV = 0, 

♦ Quarterly Journal, roh Tlll^ p. 69. 
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and therefore on the surface 

XU+f^V+yW^Q. (4) 

Now we can make (3) and (4) identical by writing for the 



35 V « * ^ 



equation (2) 

la ' mb ' nc 
and equating the remainder of the coefficients, so that 

^(e._«^ = (^ + I)l, (5) 

Xc?r-v«-f = («-i)i, (6) 

Hence it follows that, when the plane (1) is given, the locus 
of the point (^, 17, D is a straight line, since equations (6) are 
equivalent to two equations in {, 17, ^ and a relation between 
?, m, n, which must be satisfied in order that normals at some 
three points of the plane section maj meet in a point. 

This equation of condition may be written 

{m'tn'){r-l) (««+ P) (m'j-1) (f +m«) (n'- 1) _ 
- c c —a a —0 

or, as in Wolstenholme^s Problems^ 1150, 
(mV-?)(i'-cy+(n»?--m')(c'-a)*+(Pm"-n")(a'-&y = 0. 

Since ~ , -T- 9 - 1 a.re the Boothian coordinates of the (?iven 
a^ ^ c^ , ° 

plane, this gives the tangential equation of a surface fixed with 

reference to the conicoid, to which all the planes which satisfy 

the required condition must be tangents. 



= r, 
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If the student desire to be acqaainted with other elegant 
properties of the six normals, he should consult the paper by 
F. Purser referred to for this article. 

Conjugate Diameters. 

268. Pef. a diametral plane of a conicoid is the locus of the 
middle points of a system of parallel chords. 

269. To find the diametral plane corresponding to a given 
series of parallel chords in a given central conicoid. 

Let the equation of the surface be 

\, /i, V the direction-cosines of each of a series of parallel chords, 
and (1, 17, 4) the middle point of any one of them. 
The equation of this chord will be 

and we shall have, for the points in which it meets the surface, 
the equation 

But, since (^, 17, i) is the middle point of the chord, the 
values of r obtained from this equation will be equal and of 
opposite signs, and therefore the equation 

will give the locus of the middle points of all such chords, which 
is the diametral plane required. 

The form of this equation shews that it passes through the 
centre, as it manifestly ought to do. 

We shall have, conversely, that any central plane whose 
equation is tr + my + wjs = 0, will bisect a series of chords parallel 

to the straight line -^ s= -^ = — which is called the diameter 

° I m n ^ 

conjugate to the plane. It appears from Art. 229 that the locus 
of the centres of a series of sections of the surface parallel to a 
given central plane is the diameter conjugate to that plane. 
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If a conicoid be referred to a diametral plane, as that of 
xy^ and the corresponding conjugate diameter as the axis of z^ 
since every straight line parallel to Oz will be bisected by the 
plane of xy^ the equation of the surface can only contain even 
powers of z. Hence, if we can find three planes such that 
the intersection of any two is conjugate to the third, the equa- 
tion of the surface referred to these planes will be of the form 
{Kc* + iy'* + c2*= 1. We proceed to investigate the conditions 
of the existence of such planes. 

270. To find the conditions that each of three central planes 
of a central conicoid may he diametral to the intersection of the 
other two. 

Let the direction-cosines of normals to the planes be (^jW^w,), 
(?,»i,wj, and (/sW.w,). 

The equations of the diameter conjugate to the first will be 

CLX ^hy __ cz 

C "" ^ " ^ ' 

and if this be in the intersection of the other two planes, and 
therefore lie in each of them, we shall have 

^2-^+^«^ + ^-^=^) and ?„ -^ + ^3^ + ^3-^ = 0. 
*a '6 'c ' "a ^ 'c 

Hence, if the three conditions 

a b c a b c a b c 

be satisfied, the planes will be such as required. 

These planes are (tailed conjugate planes^ and their inter- 
sections conjugate diameters. 

Since we have only three relations between the six quantities 
which determine the planes, there will be an infinite number of 
such systems, and we can determine such a system satisfying 
any three other relations which we may choose, provided the 
resulting equations are not inconsistent with those already ob- 
tained. For example, we can, in general, determine a system 
of conjugate planes each of which shall pass through one of 
three given points. 
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271. To find the relations "between the coordinates of ihe ex- 
tremities of a system of conjugate diameters of a central conicoid. 

The equation of the surface being aa;* + &y* + c2* = l, and 
the coordinates of the extremities of the semi-diameters r,, r,, r, 
being (a?,, y„ «,), (»,, y„ «,), (a?,, y,, z^^ we shall have, since the 
points lie on the surface, 

<^x+iy^ + cz^^ax* + hy^-\'cz;^ax; + ly^ + cz* = l^ (1) 
and, since the diameters through the points are conjugatOi 

= oaj^aj, + Jy,y, + c«j«, = 0. (2) 
The systems (1) and (2) shew that 

a^i V«> yi VA, «i Vc ; a, Va, y» Vi, «, Vc ; «» V«, y, V*, «» Vc ; 

are the direction-cosines of three straight lines at right angles 
to each other, and we know therefore (Art. 143) that thej are 
equivalent to the systems 

aa?j" + oa;,* + oa;," = Jyj* + Jy," + Jy," = c^j" + c«,' 4 <»3* = 1, 

yA+yA+y8«8=^j«i+^^a+^8«8=^,yi+a'8y8+«58ya=^- (3) 

Hence, in the ellipsoid — + ^ + "5 = Ij ^® fS^sUl have 

«.• + <+<=«•, y,'+y:+y: = b\ z,' + z,' + z; = <*, (4) 

or the sum of the squares of the projections of three conjugate 
diameters on one of the axes is equal to the square of that axis* 
If (Z, 7n, n) be the direction of any line, by (3) and (4) 

{Ix^ + my^ + nz^ + (Zaj, + my^ + nz^f + (&, 4 wiy, + nz^)* 

= Pa* + w"i' + wV =y, 
r/ - (te, + my^ + nzj* +...= a' + J' + c" -^* ; 

but (tej 4 Twy^ + nz^y and r^* — {Ix^ + wy, + w«,)^ are respectively 
squares of the projections of r, upon a line and a plane whose 
directions are given by (Z, 7n, n)y hence it follows that 

The sum of the squares of the projections of three conjugate 
diameters on any line or any plane is constant. 

272. To find the relations which exist between the lengths of 
a system of conjugate diameters of a central conicoid and the 
angles between them. 
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Let the equation of the surface referred to its principal axes 
be aa;" + iy* + c«* = l, and, referred to a system of conjugate 
diameters inclined at angles a, /S, 7, let it be do^ + Vy^ 4 c'a" = 1. 
The invariants derived from A (a?' + y* + «') — ax' - iy* — c«*, and 
the transformed expression, see Art. 153, give the equations 

111111 „, 

sin* a , sin'iS sin' 7 111 . 

6c ca a6 he ca ab^ ' 

, 1 — cos'a — cos'fl — cos'7 + 2 cosa cosfl COS7 1 ,^. 

.and ^ TTT-* ^^ ^ = -y- . (3) 

abc abo ^ ' 

When the surface is an ellipsoid, all these lengths are real, 
and we see from (1) that the sum of the squares of three con- 
jugate radii is constant ; from (2) that the sum of the squares 
of the faces of a parallelepiped having three conjagate radii as 
conterminous edges is constant ; and from (3) that the volume 
of such a parallelepiped is constant. 

In the hyperboloid of one sheet, since ahc is negative, and 
1— cos'a — cos'/S — cos*7 + 2 cosa cos/8 C0S7 is always positive, 
a'Vc' must be negative, but a\ &', and d cannot all be negative, 
hence one and only one is negative ; that is, in a hyperboloid of 
one sheet, two of a system of conjugate diameters meet the 
surface in real points, and the third does not. 

In the hyperboloid of two sheets, oJc, and therefore olb'c' 
is positive, hence two, or none, of the three a , &', c are negative. 

If none be negative, writing — ,, — tj, — 5 for a, i, c respec- 

ct c 

tively, we must have both a^ — b^ — c* and V(?--cf (][>* + (?) 

positive, which are easily shewn to be inconsistent. Hence two 

must be negative ; or, in the hyperboloid of two sheets, one and 

only one of a system of conjugate diameters meets the surface 

in real points. 

273. The relations (1) and (3) may be obtained geometri- 
cally. We will give the proof in the case of the ellipsoid, and 
leave the other two cases as exercises for the student. 

Let Ox^ Oj/j Oz be the directions of the axes of the surface, 



184 



CONJUGATE DIAMETERS. 



Ox\ Oy\ Oz those of a system of coDJagate diameters ; -4, B^ C, 
A^ B\ C\ the extremities of the semi-diameters along those 
axes; a, 5, c, a, &', c their lengths. Also, let the sections 
AB^ A'B* intersect in -4,, let OB^ be the semi-diameter con- 
jugate to OA^ In the section AB'^ and let CB^ meet AB in £, ; 
OA, = a,, 05, = \, OB, = i,. 




Then, the plane A'B being conjugate to 0C\ OA^^ OB^y 
OC will be a system of conjugate radii, or OA^ will be con- 
jugate to the plane CB,^ and since OA^ lies in a principal plane, 
COB, will be perpendicular to that plane, and will therefore 
contain OC; and OC^ OB^ being the principal semi-axes of the 
section -BjC", 0-4,, OB^y 00 will be a system of conjugate 
diameters, and OA^y OB^ will be conjugate in the section AB, 

Hence we have the equations 

a,«+6.« = a'» + 5", V + c- = V + <^^ a« + J« = a; + V, 
and from these we obtain the relation 

a'« + J'«+c'* = a" + J* + c". 

Also, since the parallelogram of which 0-4', OB are con- 
terminous sides, is equal to that of which OA^^ OB, are con- 
terminous sides, and similarly for the section B^C'^ AB^ we 
have 

vol (a', y, c) = vol (a,, J„ c) = vol (a,, J,, c) = vol (a, i, c) ; 

denoting any parallelepiped by three conterminous edges. Thia 
is equivalent to relation (3) of the last article. 
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274. To find the diametral plane bisecting a given system of 

parallel chords^ in ike case of non-central conicoids. 

v' «* 
Let the equation of the surface be t- -i — = 2a5, and let 

(\, fjL^ y) be the direction of the chords, the equation of the 

diametral plane will be 

V z 

c ' 

shewing that all the diametral planes are parallel to the common 
axis of the principal parabolic sections ; a fact which might have 
been anticipated from the consideration that these surfaces have 
their centre on that axis at an infinite distance. 

We cannot in these surfaces, as in the central conicoid, have 
a system of three conjugate planes at a finite distance, but we 
can find an Infinite number, such that, for two of them, each 
bisects the chords parallel to the other and to a third plane. By 
taking the origin where the intersection of these two meets the 
paraboloid, and referring to these three planes, the equation 
of the surface will assume the form 

77 + -7 = aa?. 

Let the equations of the two diametral planes be 

m^ + «/ = !, (2) 

and let the direction of the third plane be {Ij^jn^)* The direc- 
tion-cosines of the chords bisected by (1) are in the ratios 

I : Jwij 2 en,, 

and if these be parallel to (2) and the third plaae, we shall have 

bm^m^ + ew^n, = 0, l^ + bmjn^ + cnjn^ = 0. 

Similarly, in order that (2) may be oonjagttte to the inter- 
section of the other two, we shall hare 

One of these is coincident with one of the former, and, there 
being thus only three relations necessary between the four 
quantities determining the planes, an infinite number of such 
systems can be determined. 

3JB 
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Polar Plane, 

275. We shall conclude this chapter by proTing a theorem 
which gives rise to the definition of the polar plane of a point, 
alluded to in Art. 259. 

Def. The polar plane of any fixed point, with respect to 
a given conicoid, is a plane, which, with the conicoid, divides 
harmonically all straight lines passing through the fixed point. 

276. Through a fixed point a straight line is drawn meeting 
a central conicoid^ and on this line a point is taJcen^ such that 
its distance from the fixed point is a harmonic mean between the 
segments of the line made by the conicoid; to find the locus of 
the point. 

Let the equation of the conicoid be aa;' + Jy* + C2* = l, and 
let the equations of the straight line through the fixed point 

I m n ' 

The values of r at the points of intersection are given by 
the equation 

^ (/+ ^^Y + f>{9 + ^^T + c{h + nrj = 1 . 
If r^, r^ be the roots of this equation, , 

1 1 _ 2 {afl + bgm + ckn) 

K now r be taken for the distance from {/j g^ h) of the point, 

2 11 
whose locus is required, - = — f- — ; therefore 

r r^ r^ 

af* + bg*-^ch^- 1 +■ {a/l + bgm + chn)r=^0^ 

and, since lr = x — /, &c., the equation of the locus will be 

qfx -f bgy + chz = 1. 

277. The corresponding locus for an arithmetic mean is a 
conicoid similar to the given one, of which a diameter is the 
line joining the given point and the centre. 

For a geometric mean, the locus is a similar conicoid^ which 
meets the given conicoid in the polar plane of the given point. 
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xm. 

(1) Find the equation of the tangent plane upon the principle that no 
other plane can pass between it and the surface in the neighbourhood of 
the point through which it is drawn. 

(2) Prove that the three surfaces 

x^ y* 22 , 

V «3 



;r« j^ 2. 

V V <^/ 


«« y« ^ 2a 

«3* V ^1 


' «3 


will have a common tangent plane, if 




«l*l 0«*» «3" 


= 0. 




V, v.-v 






Ci«, c,*, Ca* 





(3) Tangent planes are drawn to an ellipsoid, and are such that their 
intersections with the plane zx are parallel to the line 

ex '^{b* -€^)±az V(a* - b*) = 0, 

shew that the points of contact all lie on a circular section. 

(4) The locus of the centres of sections of ax* -f by' + cs' a 1 by planes 
which touch «x' + fy* + 72" «= 1, is 

a" h* c* 
« P 7 

(5) ProTe that the tangent planes of the cone 

= 0, 



f* V z* 



o» {b* - c«) 6" (a» - c") c» (a« + 6«) 

iT* t/* 2* 

cut the surface 1 + n — g = 1 in rectangular hyperbolas. 

(6) Find the locus of the feet of the perpendiculars let fall from a point 
(a, pf 7) on the tangent planes to the cone ax' -i- 6y' + <»' « ; and prove 
that if the locus be a plane curve it will be a circle, and that, if ( > a and 

e neirative, the point must lie on one of the lines y = 0, ,— ^ = — , . 

o - a e - b 



(7) The tangent planes to an ellipsoid at points lying on a plane section 
will intersect any fixed plane in straight lines which touch a conic section. 

(8) Two similar and similarly situated ellipsoids have their axes in the 
ratio of I : n, n > 1 ; from any point on the exterior as vertex a cone. is 
drawn enveloping the interior, shew that the plane of the curve of intersec- 
tion with the exterior ellipsoid touches another similar ellipsoid whose axes 
are to those x>f the interior as n' - 2 : ti. 

(9) If the area of the central curve in which a cylinder touches an 
ellipsoid be equal to that of the section containing the greatest and least 
axes, prove that the axis of the cylinder will lie on one of two planes. 
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(10) If an ellipsoid be placed on a horizontal plane with an axis 2e Ter- 
tical, shew that the altitude of a star which will cast on the plane a circular 

L^iadow is tan~^--i , where d is the distance of the fod of the horizontal 

a 

principal section. 

(11) The normal at any point P of an ellipsoid meets the principal 
planes in (7^ 0%^ Q^\ prore that PGi,PQ2.POz Taries as the cube of 
the area ni the central section made by a plane conjugate to the diameter 
through P. 

(12) If r be measured inwards along the normals to an ellipsoid so that 
pr mm* a constant, p being the perpendicular from the centre on the 
tangent plane, prove that the locus of the point thus obtained will be . 

(a* - m«)« "*■ (*• - wT (c* - «»•/ " 

What does the locus become when m is equal to one of the principal axes 
of the ellipsoid P 

^ y* a* 

(15) The normals to the ellipsoid - + ^-f~Blat points on the planet 

.^f^. .aflaU intersect the straight line 
a b e 

ax (i» - c«) « ^ (c» - a«) » « (a« - V). 

(14) The enveloping cones which have as vertices two points on the 
same diameter of a conicoid intersect in two parallel planes between whose 
distances from the centre that of the tangent plane at the end of the 
diameter is a mean proportional. 

(16) If (a?!, yi, «i), («j, yp Zj,), (ar^ y^ «j) be the extremities of three 

«* t/' £* 

conjugate diameters of the ellipsoid -i+rt'^;3°^> ^® equation of the 
plane passing through these points will be 

^ {xi + x, + «8) + ^ (y, 4 y, + y.) + ^ («i 4 f, + «.) » 1. 

If one of the ends {x^^ y,, z{) be fixed, shew that the perpendicular from 
the centre on this plane will describe the cone 

aV + 6V" + c"«^ « 3 {xxi + yyi + zz^*. 

(16) The locus of the centre of gravity of the triangle formed by joining 

«* V* s' 1 

the extremities of three conjugate diameters is-^-f-^t''* :;^u> ^^^ ^^ ^^^s 

of the intersection of tangent planes drawn through their extremities is 
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(17) Prove that the Bum of the products of the perpendieulaiB from the 
two extremities of each of the three conjugate diameters of a conieoid upon 
any tangent plane is equal to twice the square of the perpendicular from 
the centre. 

(18) ProTC that the sum of the squares of the distances of any pcrint of 
a giTen sphere from the six ends of any three conjugate diameters of a 
giyen concentric ellipsoid is iuTariable. 

(19) If three straight lines be conjugate diameters, and the planes per* 
pendicular to them conjugate planes, find their direction-cosines. 

(20) The locus of points, from which rectilinear asymptotes can be 
drawn to the conieoid (u^ ^ by* -k- cz* " 1, at right angles to each other, is 
the cone a* (6 + c) «■ -i- i* (c + «) y* + c* (a + ft) «" = 0. 

(21) The locus of the intersection of two tangent planes to the cone 

^ 4 -^ -I- — s 0, which are at riirht angles, is the cone 

(b f c) «• + (c + a) j^* + (a + ft) «• - 0. 

(22) If two planes be drawn at right angles to each other touching the 
central conieoid ax* -i- fty* •!■ cs* » 1 , and haying their line of intersection in 
a given direction (/, m, n), shew that the locus of their line of intersection 
will be the right circular cylinder 

«• + y* + «• = (/Ir + my + nzf + + — ^ — + . 

(23) If the non-central conieoid — 4 rr ^ 2x, be taken in the last pro- 
blem, the locus will be 2/ (£r i my 4 fus) - 2dP « a (n" 4 ^) 4 ft (I* 4 m*). 

(24) The locus of the intersection of three tangent planes to the conieoid 
M^ 4 fty' 4 csP a 1, which are mutually at right angles, is 

«• 4 y« 4 «• = - 4 T- 4 - , 
' a 

]/' s* a -I- ft 

and to the conieoid — 4-; = 2x, isaf = jj- . 

(25) The locus of the intersection of three tangent lines to the ellipsoid 

^ v* s' 

-; 4 n '*' li ° ^> mutually at right angles, is 

ir Or cr 

(ft» 4 c«) «• + (c* 4 a«) y* + (a« 4 ft*) «• « ft V 4 e'a^ 4 a*b\ 



(26) Shew that the cone, whose vertex is (/, y, h), which envelopes thv 

^ «• s* 
ellipsoid -« i n + "t" ^> ^^^ ^ ^^^ ^7 ^^^ plane of ry in a rectangular 



190 PBOBLEMS. 

hyperbola, if the vertex lie on the spheroid ^r^. + ^ = I. Also, if P b« 

a* + 6* c* 

the centre of this section when V is the vertex, shew that the locus of P 

will be the inverse of the projection on the plane of xy of whatever curve 

V is made to describe upon the spheroid. 

(27) A cone whose vertex is any point of the hyperbola x^^^ 

e* y* j^ t/* «* ' 

^ - ^, = 1> envelopes the ellipsoid — + ^ + -^^ 1, whose least semi-axis is c j 

and h and h satisfy the relation 6» - c" = ^' ^'** 7 ^'^ + ^ ^''' " ^^ 5 shew that 

the directrices of all the sections of the ellipsoid made by the planes of 
contact lie in one or other of two fixed planes. 

(28) The points on a conicoid, the normals at which intersect the* 
normal at a given point, all lie on a cone of the second degree.having its 
vertex at the given point. 

_t -.t 2* 

(29) The six normals drawn to the ellipsoid — + ?- + -^ » 1 from the 

a* 6* c* 
pomt (/, Qi h) all lie on the cone • 

(i« - c«) J- + (c» - a«) -^ + («• - 6*) -^ = 0. 

«-/ y-g ' z-h 

(30) The six normals drawn to the conicoid or* + 5y* + cz^ a 1, from any 
point of the lines a (6 - c) a; = ± 6 (c - a) y = ± c (a - 6) », will lie on acone 
of revolution. 

(31) A section of the conicoid 03^ + fty^ 4 c«» = 1 is made by a plane 
parallel to the axis of z, and the trace of the plane on xy is normal to the 

iv ax* by* ' c* 

® P*® (a - cY "*" [h - cY "" (c* -ah\* * P^°^® ^^^ ^^ normals to the conicoid 

at points in this plane will all intersect the same straight line. 

(32) The normals to the paraboloid ^ + - » 2:r, at points on the plane 

be 

px¥qy \rz^ 1, will all meet one straight line if 

l>^6-c) + 2i,(j'6-r«c) = 2^?!f-t^. 

b - e 

(33) Prove that a tangent plane to the cone -r + ?^ - - = will meet 

, - - c 6 c 

the paraboloid ^ + - = 2a: in points, the normals at which will all intersect 

in the same straight line, and the surface generated by the straight line will 
have for its equation 

2 (6 - c) {* (6/ - c««) + 5c (y« - s«)}« = (6y« - ca") (V + cz*)\ 
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(34) Shew that any three equal conjugate diameters of an ellipsoid 
lie on the cone 



^ (2a« - i« - c«) + ^^ (26* - c« - a«) + ^[ (2c« - a« - ft*) = 0, 



o 



and that the planes containing two of three equal conjugate diameters 
touch the cone 



«• (2a" - 6» - c«) 6« (26« - c» - a«) ' c« (2c« - a" - 6«) 
a, 6, and c being the semi-axes of the ellipsoid. 

(35) If a, p, <Y be the angles between three equal conjugate radii of an 
ellipsoid, shew that cos* a 4 co8*y3 -i- cos' 7, and cos a cos/3 cos 7, will be 
constant. 

(36) The three acute angles made by any system of equal conjugate 
diameters of an ellipsoid will be together equal to two right angles, if 
2 (2q* - ft« - c«) (26* - c« - a') (2c« - a" - 6«) = 27a«6V; 2a, 26, 2c, being the 
exes. 

x' t/' 2' 

(37) In the hyperboloid -; + ?;- -; = 1| shew that, if a* and 6' be each 

a' 6 c" 

> e*, the equation of the surface may be put into the form y* 4 e* - ^ » <^» 
and if «, /3, 7 be the angles between (yz), (ix), (ry) in this case, 

cos a (cos^ CO87 - cos «) = ^ 2 (a^ f 6» - £?»/ • 



CHAPTER XIV. 



COlinPOCAL CONICOIDS. FOCAL CONICS. BIFOCAL CHOEDS. 

CORRBSPONDING POINTS. 

278. In the preceding chapters we have considered the 
intersections of planes and straight lines with conicoids, in this 
chapter we shall discuss the mutual relations of conicoids 
grouped in a particular manner and called confocal conicoids, 
and prove certain theorems relating to their intersections, 
which will be useful hereafter when we treat of the curvature 
of surfaces and geodesic lines. 

A knowledge of the whole theory of confocal surfaces is 
essential for the solution of many important problems in 
Physics ; in fact, it was in the study of the attraction of ellip- 
soids that Maclaiirin was first led to consider the properties 
of this class of surfaces. 

The theory may be said to have been completed by Chasles,* 
although many valuable propositions are due to M^GuUagh.f 

279. Dee. Two conicoids are confocal, when the foci, real 
or imaginary, of their principal sections coincide ; or, when 
the directions of their principal axes coincide, and their squares 
differ by a constant quanttity. 

Another definition will be afterwards given, but for our present 
purpose this definition has the advantage of greater simplicity. 

t 8 S 9 S S 

If-y + ~ + -i=l^ and — n + r« + -7i = 1 b© the equations 
a o c ^ a c ^ 

of two confocal surfaces, 

a —a =0 '^o =e ^c ^ 

* Briot and Bouquet, Giometrii Analytique, 
^perfu Higtorique^ L'Acad. Bruz. 1887. 

t With reference to the relative claims of Chasles and M'Cullagh to priority in 
certain inyestigations, see Lionville's Journal^ vol. zi., p. 120, and Prootedingt of 
the Irish Academy^ ^. u., p. 501. 
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or a'-b'=^a''--b'^ and a^^c'^a'^^c''. 

These relations have given rise to two methods of stating the 
equation of a group of eonfocal conicoids, called, for the sake 
of brevity, confocals. 

In one method a is called the primary semi-axis, and the 
equation of the group is written 

L *1 4. -g 1 

a a — p a — 7 

/3* and 7' being constant quantities, the individuals of the 
group being determined hy assigniiig particular values to the 
primary axis. 

In the other method the equation 

represents all eonicoids eonfocal with 

a? y* z* _ 

bj aaslgning arbitrary constant ralnes to k. 

280. To shew that three eonicoids can be drawn through a 

given pointy canjbcal with a given central conicoidj and that 

these three will be an ellipsoid and the two hyperboloids.^ 

x^ V* z* 
Let -i+^ + -g = l be the given conicoid, in which 

a*> P'>y*^ where ^8* or 7' may be positive or negative, and 
let (/, gy h) be the given point. 
All confocals are given by 

t s 4 

1 ^L 4. s=: 1 ' 

when any such passes through the point (/, ^, h\ k is determined 
by the equation 

a*-k^ 0'-k^y^-k ' 



• Aper. Bitt. (30), p. 392 ; Proc. Ir. Acad., vol. II., 496. 

CC 
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or (i-a-)(A:-i8«)(Z:-7«)+/«(A:-/3»)(A:-7") 

If now we write for k in the left side of the equation, 
successively a', /8", 7*, —00, the signs of the result will be 
+» "*> +) ~; hence there are three real roots separated by 
these quantities. 

Also, the quantities a* — A;, ^ — k^ 7* — A; will have the 
following signs, corresponding to the three values of k^ 

y>i, + + +, 

ff'>k>y\ + + -, 

a" >A:>/3', + - -, 
which proves the proposition. 

COE. Two confocal ellipsoids or two confocal hyperboloids 
of the same kind cannot intersect. 

281. If two parallel tangent planes be drawn to two eonfocals^ 
the difference of the squares of the perpendiculars from the common 
centre on these planes will he constant.* 

For, if Z, wi, n be the direction cosines of the planes and 
p^ p' be the two perpendiculars, 

^' = Va^ + wiW + «V, (Art. 253) 

.-. /^/« = ?•(«*- a'*) + ^"(5^-0 +^'(^"-0 = ^" '-«'*• 
Cor. If an ellipsoid and hyperholoid be confocal^ all tangent 
planes to the ellipsoid drawn parallel to tangent planes to the 
conical asymptote of the hyperboloid will be at the same distance 
from the centre. 

For^' = 0; .-. p^^a^-a"^. 

282. The poles of a given plane^ taken with reference to each 
of a series of confocalsj lie on a straight line perpendicular to 
this plane.^ 

Let -5 + a*^ ^ + -5 i = 1 be the equation of any one of 

a a —pT a —ff ^ 



* Aper. nisi. (87), p. 398 j Proc, Ir. Acad., Tol. II^ 491. 
t Aper. nisi. (60), p. 397. 
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the surfaces, /8 and 7 being constant, \x-\- fiy + yz = l that 
of the given plane ; and let (f , 17, f ) be its pole with respect to 
the surface ; therefore the equation of the plane must be the 
same as 

or i - X ^ - a — ^ - V • 
'^'^a--^' a'-^-^' a''-7«"''^' 

these are the equations of the locus, which is evidently perpen- 
dicular to the given plane, and, since the point of contact of the 
particular confocal which touches the given plane is the pole 
with reference to that confocal, the locus is the normal at the 
point of contact to the confocal to which the given plan^ is 
a tangents 

Let {fj (7, h) be the point of contact of the particular confocal 
which touches the given plane, 2a its primary axis, 2a that 
of any other confocal, and N the part of the normal intercepted 
between the plane and the polar plane of (/, ^, A), whose equa- 

tion is "^ + % aa + ~9 » = Ij which may be written 

a a — p a — 7 

and 0?—/=—'^ Np^ &c., -^ being measured inwards, and p be- 
ing the perpendicular from the centre on the given plane ; 

« 

Elliptic Coordinated. 

283, The position of a point on an ellipsoid is determined^ 
token the octant on which it lies is knovm^ by the primary axes 
of the confocal hyperhohids which pass through it. 



. Q? y^ ^ 
For if ---5 + T5 -f -5 = 1 be the equation of an ellipsoid and 

a* - i* = ^', a* — c* = 7*, 7 > ;S, the primary axes of the confocal 
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hyperboloids, which pass through the point (f , 17, ^ on the 
eliipsoidy will be giren by the equations 

a" a '-pt a - 7 ' 

whence ^. + [a'-^) (a'-yS-) "*" (o*^) (a^^T^) "^^^ 

ora^ + ^a' + ^^=0, (1) 

o 

if, then, a', a" be the primary semi-axes of the two hyperboloids, 
the roots of the equation (1) are a'*, a"*; 

« • t» (* — — 5 4 
a 

and similar expressions for 97' and ^. 

Dep. The primary axes of the confocal hyperboloids, which 
pass through any point of an ellipsoid, are called the elliptic 
coordinates of that point. 

It follows that the equations, in elliptic coordinates, of the two 
curves of intersection with the ellipsoid are a or a" = constant. 

284. When three confocala pass through a pointy each of 
the normals to the confocals at this point is perpendicular to 
the other two,^ 

Thb will be proved, if we shew that at every point in the 
curve of intersection of two confocals the normals are at right 
angles. 

Let the equations of two confocals be 

a b c ' 

* Jper, Eia.j (30), p. 392. 
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If (f , 17, ^ be any point in the line of intersection^ we find by 
subtracting 

a*(a*-A:«;^6*(6''-A*)^c''(c*-A:») "' 

therefore if Z, 7n, n and Tj m', n' be the direction cosines of the 

normals 

ir + mm' 4 wn' = 0, (Art. 253) 

which proves the proposition. 

285. ITiree conJbcaU pass through a point P, and a central 
section of one of them is made by ouplane parallel to the tangent 
plane to it at P; to shew that the axes of this section are parallel 
to the normals at P to the other confocals, Also^ if^'^o,^ 2a', 2a'' 
he the lengths of the primary axes, of the confocals^ the squares 
of the serrii-Hixes of the section toill be a* — a" and a* - a"*.* 

T x^ 1/* z* a? y* a* 

Let -« + fi + -5i = 1) -^ — 7 + iT—i + -«— 7 = 1 represent 
a b c ^ a —k b —k c —k *^ 

the three confocals through P{f g^ A), by giving k the two 

values A', k" derived from the quadratic 

f* g . h ^ ^ . » 

a^ia^^k) ■*■ V {J/-k) ■*■ c'(c'-*) "■^' ^^ 

If (/, wi, n), (r, »i', n'), and (?', m", n") be the directions of the 
normals at P to the three confocals 

f_^ 9_ *. an J / _ 9 ^ i<^\ 

an ■" ft'm " &n (a*-*') f ~ (6"-A') w' " (c"-i') n' ^ ^^ 

and we shall obtain from (1) and (2) the equations 



a"P ftW cV 



,»-.« 



and 



a«_;fe' r y-A' ,n'. c*-A' n' 



a" ' Z J* ' w c* n 

By Art. 234 or 257, H is the square of one of the semi-axes 
of the section by the plane, 7aj + 7wy + w« = 0, parallel to the 
tangent plane at P, and (f , m', n) is its direction ; also, since 
iif — li^a'*^ cf — a* is the square of the semi-axis which is 

• Proc. Ir. Acad^ vol. II., p. 499. 
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parallel to the normal to the confocal corresponding to Tcy and 
similarly for Tc\ 

If a, a" belong to the hyperboloid of one and two sheets 
respectively, a > a", so that a* — a'* is the square of the smaller 
semi-axis. 

Cor. When two confocals intersect^ the normal to one of them • 
at any point of the curve of intersection is parallel to an axis of 
a section made on the other by a plane parallel to the tangent 
plane at the point. 

And diameters of each confocal^ supposed central,^ drawn 
parallel to the normals to the other at every point of 'the curve 
of intersection are of constant lengthy being real for one and 
imaginary for the other,* 

m 

286. To find the lengths of the perpendiculars from the centre 
upon the tangent planes at a given point to three confocals which 
pass through that point in terms of the primary axes, 

^^^^® ;?='^ + a5 + 7» 
pa o c 

the equation -tt* — ix\ +.«»=0 reduces to the form 

a \.a "~ Au 1 

P 

.'. p^k'^k"^ = o'JV and p^ = / m _ ^»w « _ ""^\ > P^ ~ ^^' 

If, with the normals of the three confocals as axes, three 
new confocals be constructed, of which the semi-axes are re- 
spectively a, a, a" ; J, J', b" ; and c, c', c" ; the squares of the 
coordinates of their points of intersection will be 

they will therefore pass through the centre of the first three 
confocals, and the squares of the perpendiculars upon the tan- 

gent planes through that point will be / m_l«w «_ «v = ?*> &<^ J 



♦ Proc, Jr, Acad., vol. ii., p. 499. 
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therefore the principal planes of the first three confocals will 
be tangent planes to the second three.* 

287. If p he the 'perpendicular on the tangent plane to an 
ellipsoid at any point of its curve of intersection with a confocal 
hyperholoid and d he the central radius parallel to the tangent 
to the curve^ pd vrill he constant. 

Hence, if 2a be the primary axis of the hyperboloid, since the 
tangent to the curve of intersection is a normal to the other 
confocal hyperholoid, 6?" = a* - a"* (Art. 285) ; 

abc 



,\ pd=j-^ j^j which is constant. 



288. To find the directions of the principal axes of a cone 

which envelopes a given central conicoid, , 

a? V* «' 
Let -5 + fi + -5 = 1 be the given conicoid and (/, g^ h) the 
a o c 

•f* n* h* 

vertex of the cone, then writing u^ for "^ + '^ + —"" ^> *^® 

equation of the enveloping cone, referred to the vertex as 

origin. Is 

/o^ y' z\ _ ffx gy hz\* 

The centre (f, 17, f) of a section made by a plane &+rwy+w«= j, 

V being written for"— + tt + "t j is give°> ^ i» (3) Ait. 229, by 

a c 

la* mh* nc* 



lf-{ mg 4 nh If-V mg-\-nh* 
Let — s + ^ + ;;t = 1 be the equation of a conicoid through 



Aper, Hist,^ (36), p. 393. 
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(/, g^ A), the tangent plane to it at that point being Ix-k-my^^z^p 
referred to the original axes ; 

.-, pzs^lf-^-mg-^-nh Bni Jp = laf ...] 
.\ u.f=^(a'-a«),&c. 
If a' — a* = )8*- J* = y — c* = A, or the conicoids be confocal, 

l = :?. = f. 

I ' m n' 

Hence, the centres of all sections parallel to the tangent 
plane to any confocal through the vertex lie in the normal to 
that confocal, which is therefore a principal axis of the cone, or 

The principal axes of a cone enveloping a given conicaid are 
normals to the three confocals drawn through the vertex. 

289. To find the equation of the enveloping cone referred to 
the normals to the confocals through the vertex as axes. 

Since these are principal axes the equation of the cone is 
of the form 

and, if p^^ p^^ p^ be the perpendiculars from the centre of the 
conicoid on the tangent planes to the three confocals, the equa- 
tion of the line joining the centre and vertex of the cone, 

referred to the same axes, will be — = ^ = — , and since this 

P. ft A 
line passes through the centre of the curve of contact, the plane 

of contact will be parallel to the plane conjugate to this line, 

whose equation is 

Ap^x + Bpjn 4 Cpji = (Art. 269), 

but the equation of the plane of contact will be 

x y z ^ 

if X, fi^ V be the intercepts on the three normals ; 

.-. Ap^ = Bpji. = Cjp^v, 
hence, if ^^, a^^ a^ be the primary semi-axes of the three con- 
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focals, Since ^j\ = a,* — a* &c. (Art. 282), the equation required 

will be 

»* v' «* ^ j» 

a, — a a^ - a a, — a* 

290. To find the equation of the enveloped conicoid referred 
to the three normals through the vertex. 

Since the oqtiation of the plane of contact is 

a:^^a^^ a^-a^^ Q^^d'^^^ 
the equation of the conicoid is of the form 

a^ — ar a* -or a^ — ar ) ' 

i^ therefore, we transform the origin to tlie centre (-|?i, -/?^ "Ps)? 
by writing a?— p^ for a?, &c., the coefficients of x^ y^ z Hbeing 
equated to zero, we shall have 

no. ^»" 4. P^ 4- P^ I 1^0 



ttj" — a' a* — a* 03" — a* 



hence the equation required will be 

/ p* , p: , p." , tU ^' , y' , ^' \ 

Va,' - a" "^ ff," - a" ■'^ o,« - a" "^ V U.* - a" a." - a" ^ < - aV 

= f-ili^ + _M_ + P»^ _ iV t 
\a, — a cr^ — tt o^ — a J 

291. If from any point of a central conicoid a line be drawn 
touching two given confocahy the portion of this line intercepted 
between the point and the plane through the centre^ parallel to 
the tangent plane at the pointy will be constant J 

If, with P the given point as vertex, two cones be described 
enveloping the two confocals, the line under consideration will 
be one of their conomon sides. 



♦ Scott, Quarterly Journal^ vol. VI., p. 258. f ^^i^^- 

X -Pi'oc. Ir. Acad., vol. II., p. 498, 

DD 
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Let cLfifi^ be the primary seuii-axes of the given conicoid 
and the two confocals drawn through the point P, a that of 
either of the conicoids to which the line through P is a tangent. 

The equation of the cone enveloping the conicoid (a) referred 
to the normals to the confocals through P is 

a' v* 2" 

a, — a a^ — a a^ — a 

and X =s^, is the equation of the central plane parallel to the 
tangent plane at P to (aj, therefore the square of the portion 
of the common tangent intercepted between P and the central 
plane isp,* +y* + z* whei*e 

' « .4. . ^ + = 



a* — a' a," — a" a^ — a 



in which the two Values of a are a, a the primary semi-axes 
of the two given confocals. 

If a* — a* = kj the equation may be written 

P> I if I _* =0 

k k-a* + a* k- a* + a* ■ 

and ,«,:^1.« P.'(«.'-0('».'-0 ?.**.V_ _ 

hence, the square of the intercepted portion is constant. 

292. CoK. Tioo conicoids can be drawn confocal with a given 
conicoid and touching a given straight line. 

293. If a chord of a given central conicoid touch two other 
surfaces confocal with itj the length of the chord will be proportional 
to the square of the diameter of the first surf ace parallel to it* 

Let a central section be taken containing the chord PP; 
draw CQ a radius of this section parallel to JP'Fj and produce 



* PrtK. Jr. Acad., vol. II., p. 408. 
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it to meet the tangent at P in 7; let CN bisect PF^ and PM, 
parallel to NC^ meet CQ in Jf, then CM.CT=CQ* ; hence, since 
CT is constant by the last article, PF = 2 CJf oc CQ*. 

294. When two confocaU are viewed by an eye in any 
positionj their apparent boundaries cut one another at right 
angles wherever they appear to intersect,* 

The boundaries will appear to intersect in any line drawn 
from the eye so as to touch both surfaces. 

Let the points of contact of such a line be P, (/, g^ h) and 
P*, [fj g'j A'), and let the equations of the two confocab be 

~~i * i 55 "■ % t ^ ^ anil ftt "t" "~73f r\9 I /w tt ""••'« 

a a—p a -7 a a — p a —7 ^ 

since PP' is a tangent line, the points P' and P are respectiTcly 
in the tangent planes at P and P' ; 

and-^ + -^^- +-^^-l- 
ana ^ot + ^.-^^ + ^.«.y- i , 

therefore, subtracting and dividing by a* - a**, 

;^ gg' hh' 

i V "^ (a- - /3^') (a"* - fi^) "^ (a* - 7*) (a ^ - 7') " ' 

which shews that the tangent planes at P and P' are at right 
angles, and proves the proposition. 

There may be four, two, or no apparent points of intersec- 
tion, and, when they exist, they will be in the direction of the 
common generating lines of the two enveloping cones of which 
the eye is the common vertex. 

295. The following method of dealing with tangents to 
confocal surfaces is due to Gilbert ;t it enabled him to solve 
with great facility many of the problems in this subject. 



♦ Aper, Hist.f (38), p. 392. Proc. fr. Acad.y vol. ir., p. 604. 
t NoHv, AntmleSf vol. vi., p. 529. 
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He sbewB that, if we have points P, Q on two confocals 
whose equations are 

and, if (5, X) denote the angle between the normals at F and §, 
measured outwards, (8, X) tlie angle between PQ (= 5) and the 
normal at P, and /?v/>e "^^ ^'^® perpendiculars from the centre 
on the tangent planes at P and Q respectively, then will 

co8(^,X) = ^5— ^ {2)9 cos(S, \)-p\ cos(S, ^)}. 

Let a?, y, i? and x\ y\ £/, be th« coordinates of P and ^, 

co8(5, X)= -g- . ^ + U . J^, + _g._ . J'_ ^, (ArL253) 

...-C08(S,X) = ^+^.f^ + ^._-.-l. 

Similarly - cos (S, ^ = '^ + ^^^ + ^5^ - 1 ; 
S i 

and co»{(9,X)=^ . ^^^—^gariji^- (Pe cos(S,X)-^cos(S,fi)}. 
Cor. If PQ be a tangent at Q to the surface {0) 
cos(S, ^) = ; .-. cosY0, X) =^r^v» ^^^(^» ^)- 

296. // two confocah touch the same straight line^ the tangent 
planes at the points of contact will he at right angles. 

For, if cos(S, X) = and eos(S, ^) = 0, then cos (5, X) = 0. 

297. T/" X, /z, f he the primary semi-axes of the confocah pass^ 
ing through P, that of a confocal enveloped hy a cone ofiohich 
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P 18 the vertex^ l^m^n the direction cosines of any generating line 
of the cone wiUi reference to the normals to the three confocals^ 

For C08 (S, ^ = 0, 
or co»(Sy X) co8(^, X) + co8(S, /*) co8(^, /a) + co8(S, v) co8(5, ') =0 ; 

.-. by Cor. Art. 295, '^^^^^ + ^^ + ^^ = 0, 

which proves the proposition, and shews that the equation of 
the cone referred to the three normals is 

Q? y* z* 



298. If any point P be taken in a fixed plane Z7, and on the 
normals to the three confocals parsing through P lengths equal to 
the privfuiry semi-axes be set off^ the sum of the squares of the 
projections of these lengths on a normal to the plane U will be 
constant for all positions of P in that plane, viz, the square of 
the primary semi-^txis of the confocal touching 17* 

Let 6 be the primary semi-axis of the confocal touching U, 
X, /i, V those of the three confocals, then 

cos(S, X) cos(^, X)4 ...= 0;. 

... (^-X«) co8»(^, X) + (^-A^') cos«(^, ^) + (fi*-v") cos*(^, v)=0, 

or X* co8*(^, X) + /i' cos'(tf, /a) + v« cos*(^, v) = B". 

Focal Conies. 

299. Among the surfaces of the system of confocals obtained 
by giving all values to h in the equation 



there are two which have a particular interest. If a' > J* > c" be 
all positive, suppose h to increase gradually from zero, the 
surfaces will change from ellipsoids to hyperboloids of one 

♦ C<m, JRtiid.j Tol. XX ir., p. 67. 
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sheet, as k passes through c*, and from hyperbololds of one to 
those of two sheets as it passes through V. 

When k = c*, «* = 0, and the confocal may be considered as 
two planes coincident with that of xy^ it being the limit of a 
very flat ellipsoid or hyperboloid of one sheet, as A; is a little 
less or greater than o*, the boundary of both being the ellipse 






In the same manner the hyperbola 

x^ g' 

is the boundary of the two flat hyperboloids of one and twa 
sheets for which X; is a little less and greater than V. 

These conies are called the focal ellipse and hyperbola of any 
of the confocals^ they pass through the foci of the two prin- 
cipal sections containing respectively the least and the mean 
axes of the ellipsoids of the system. The focal hyperbola also 
passes through the umbilici of the ellipsoids, for which 

x^ z^ 1_ 

{a^'k) {a^-V) ~ (c'-i) (6'-c') "" a^^c*' 

But there are other properties which make the term focal 
conies peculiarly appropriate, and which we shall discuss in 
the next chapter. 

300. To find the eonfoeal hyperboloids which pa89 through 
a point in the principal plane section of an ellipsoid which 
contains the primary and least axes. 

Let the equation of the ellipsoid be 

^ y^ «" * 

a a — p a — 7 

and let (/, 0, h) be the point in the plane of zx. If a be the 
primary semi-axis of a confocal hyperboloid 

r V 

a V "^ (a" - fi') (a" - y8') "^ (a* - 7') (a " - 7*) "" ' 



«^.« 



/v 

therefore cither a =8. or a**^^~-. 

' a 
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The latter solution gives tlie liyperboloid 



a tt \ a / 



= 1, 



which is a hyperboloid of one or two sheets according as 

< — , 1.6. as the point is one side or the other of the 
7 

focal hyperbola. 

The other solution gives the focal liyperbola, which must be 
considered as a flat hyperboloid of two sheets or one, according 
to the position of the poi>nt. 

301. We may observe here that as these focal conies belong 
to the group of confocals, many of the propositions given above 
can be applied to them. For example, a cone on a focal conic 
as base corresponds to an enveloping cone^ since tlie focal conic 
is in this case the curve of contact of a flat ellipsoid enveloped 
by the coae; and the normals to the confocals through the 
vertex are axes of tlie cone. 

302. To find the locus of the vertices of all right cones which 
envelope a given conicmd. 

Since the positions of the principal axes of such cones, which 
are perpendicular to their axes of revolution, are indeterminate, 
we must consider three confocals through the vertex of eome 
enveloping cone for which the directions of the normals to two of 
them will be indeterminate. It is evident that if we draw 
normals to a conicoid of which one of the axes Is infinitely 
small, these normals will be parallel to that axis, unless the • 
points at which they are drawn ai*e indefinitely near the <edge, 
and in passing round this edge from one side to the other the 
normals will assume every direction in a plane perpendicular 
to the tangent to the bounding focal conic, and this tangent 
being the normal to the third confocal will be the axis of a right 
cone. Hence, the vertices of right cones must lie in one of 
the focal conies. 

303. Cor. The locus of the vertices of right cones on an 
elliptic base is an hyperbola in a plane 2>^p€nd^'cular to it^ 
plane and vice versa. 
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For any ellipse -5 + 75 = 1 may be looked upoQ as" the focal 

ellipse of a conicoid of which the focal hyperbola is -5 « = Ij 

ot y 

if a*— a' = J* = 7*, and the vertex most therefore lie in the 

focal hyperbola; hence the equation of the locus of the vertices 

Bifocal Chords* 

304. D£F. A bijocal chord of a conicoid is a chord which 
intersects two focal conies of the conicoid. 

These conies being the limits of confocab of the conicoid, 
the properties proved in Arts. 291 and 293 are true for 
these two particular confocals, whence, if a bifocal chord be 
drawn through a point P on the conicoid, the portion inter- 
cepted between it and the diametral plane parallel to the 
tangent plane at P is the primary semi-axis of the conicoid, 
obtained by writing for a' and a* in the formula a* — c* and 
a*-b^'j and the whole length of the chord is proportional 
to the square of the diameter parallel to it. 

But in order to obtain a simple geometrical construction for 
the position of the four bifocal chords passing through a point, 
we have been obliged to deal with the problem in a direct 
manner, and we shall therefore give an independent solution 
of the problem concerning the intercepted lengths of the choirs 
as a preliminary step. 

305. If P he one extremity of a hifocal chord of a conicoid^ 
the portion of the chord intercepted between P and a plane through 
the centre^ parallel to the tangent plane at P, will be equal to the 
primary semi-axes of the conicoid. 

Let Z, 7/1, n be the direction cosines of a bifocal chord drawn 

. . ic" w* z* 
through a point P (/, ^, h) of a conicoid -5 + fj + -« = 1, whose 

a o c 

real focal conies are 



y A ^ z 



a — c — c a ^ " c 
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then ^^^^ + ^^{^^ = «» (Art. 172, Cor. 1), (1) 
multiply (1) by -^ j , and (2) by ji — -, , and add ; then 



or 









Z" »i" w' 1 

±. L , • 

a o e a 



hence, if PO the iu>rmal at P^ and P(? the bifocal «hord, meet 
the central plane perpendicular to PG in F^ E respectively, 

a* cofi' EPF^PF% and PF^PE co^EPF^, .\ PE^a. 

306. -5^ a tangent plane he droMn perpendicular to the htfoeal 
chord^ the distance from the jcentre to the point where the c^rd 
meets this plane wiU be equal to the primary semiroxis. 

This can be shewn by multiplying (I) by a"-.c*, and (2) by 
a* — 6', and adding ; whence 

f^+f^V^[lf+mg-^nhY^a^^rcf-m^V^n*t\ 

307. To shew that the four bifocal chords through any point 
Pqfan ellipsoid lie in two planes passing through the normal 
at Pand intersecting the primary axis of the ellipsoid iu tkefeet 
of the normals at tie umbilics. 

The bifocal chords of an ellipaoid through any point P{f g^ h) 
are the generating lines common to the conical surfaces, whose 
common Tertex is at P, and whose guiding curves are the 
focal ellipse and hyperbola 

£ E 
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Now the equations of the two cones referred to parallel axes 
through P, are 

and a common axis is the normal at P, whose equations are 

a'jj __^ Vy _^ <?z 

The equation of two planes containing the bifocal lines and 
the normal is — = — , where k, v^ are the values of w, v ob- 

^ ,« 7 07 7 



f n 1l 

tained by writing ^ , ^ , -, for ic, y, <« ; and it is easily proved 
that u^\ t?^::-:|5. 

Multiplying (1) by ^j, and (2) by -x^ , and subtracting, we 
obtain 

y (a* - i") ^ o' (6' - c-) "^ i" (t^ - a") 

and |a» (i" - c*) j+ V (c* - o') ^ + c' (a* - 6') ij" 

= (a-c)(a-i)^^-^-— j. 

Hence, the four bifocal lines lie in two planes whose equa- 
tions referred to the axes of the ellipsoid are 

= ±V(a'-J')V{a'-c-')||c«g-l)-6'(^-l)}, 

which pass through the points j±- tsJ[cf-V) V(a'-c*), 0, o[ , 
that is, through the feet of the normals at the umbilics. 
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Corresponding Points. 

308. Dbp. If (a?, y, z\ {x\ y\ «') be two points P and P' 
situated respectivelj on the ellipsoids 

aj" y" ^* _ 1 ^ ^* J. y^ ^* — 1 

•27 aZ/ 2/ t/ 

P and P' are said to be corresponding points if - = — , ^ == ^ , 

- = -7 . Ivory first made use of points so connected in order to 
c c 

establish a relation between the attractions of an ellipsoid on an 
external and on an internal point, proving the following pro- 
position : 

309. If P^ Qhe two points on an ellipsoid^ and P', Q the 
corresponding points on a confocal ellipsoid^ FQ' ^P'Q, 

Let (a?, y, «), (f, ?/, ?) be the points P, Q on the ellipsoid 

-i + r« + "« ^ ^J *°* "^^ (^ > y'' ^')' (f > ^'> f) ^° corresponding 
a 

a;* V* «* 
points P\ Q' on the confocal -77+ I73 4 -75 = 1. 
*^ a c • 

X x' f f ' 

Since - = — and - = 2_ ^e have 
a a a a ^ 

and similarly for the other coordinates ; 

or PQ'^PQ. 



x^ 



310. Since aj' - a?'* = (a* — a"') — , if be the centre of the 



a 



ellipsoid, then OP* - OP"" = a'* - a'*. 

311. If any concentric ellipsoid he drawn through the vertex of 
a cone enveloping a given ellipsoid^ the tangent plane at the point 
corresponding to the vertex will meet the second ellipsoid in an 
ellipse^ every point of which will correspond to a point in the. 
plane of contact; andj if the ellipsoids be confocal^ the lengths oj 
the tangents from the vertex will he equal to the corresponding 
radii of that ellipse. 
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1^ \fi 9i K ^ ^ Tcrtez of die eooe cnTelo^ng the 
dUp«id^4^+p = l,:i:,aDdlet J + ^+J = l,(2),be 
ao ellipeoid on which the Tcitcx Ees. 

f!r aw hz 

The planeof oootact of dieooneis^ +^ +-^ = 1 in which 

1^ (f 9 ?9 ?) be any point, th^ if [1^^ ii\ {^ be die oorre^nd- 
ing pomt on [2), aad CTi^', A') conespond to the TerteX| we 
havc/f=/f; 

therefore (^, Vf O ^ ^'^ ^^ plane which tonches (1) at {fiff'jh'). 
Also, if the ellipeoids be confocal, the latter part of the 
proposition is obvionfl bj Ivoiy's theorem. 

312. If three points an <m ellipsoid he the extremities of three 
conjugate diameters^ the three oorrespondimg points on any other 
ellipsoid will be also cU the extremities qfconpigate diameters. 

For the correspooding points on a concentric sphere are the 
same for both ellipsoids, and these are obyioosly at the ex- 
tremities of three perpendicalar radiL 

313. Gonfocal ellipsoids are cut hy a fixed confbcal hyper-^ 
holoid ; to shew that if any point be taken on the curve of 
intersection of one of the ellipsoids^ the corresponding point on any 
other will lie on its curve of intersection. 

If (^» ^f «) be a point on the intersection of — ^ + 7= + -= = 1 

*" a o c 



.« -.« 



V 



X 1J 5s 

with the hyperboloid -5 + ^ + — = 1 confocal with it, 

if {x\ y', z) be the point corresponding to (a;, y, z) on the con- 
focal ellipsoid ^ + ^ + ^ = 1, writing ^ for ^ , &c., 



a a 
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therefore multipljing by a"* — a", we obtain 

«'* v" 2'* x"* m" e" , 

t 

therefore the point (a?', y , 2?') alsa lies on the hyperboloid. 

314. Cor. If the hyperboloid which cuts the coafocal 
ellipsoids be either of the flat hyperboloids, whose common 
edge is the focal hyperbola^ all points oq this edge will be 
corresponding points } so that the following theorem is proved : 

The point on any ellipsoid which corresponds to an umbilic on 
a confocal ellipsoid will he itself an umbilic. 

315. One of the series of ellipsoids in Art. 313 is the ffat 
surface bounded by the focal ellipse, and the corresponding 
curve of intersection is the principal section of the hyperboloid^ 
which is an ellipse or hyperbola as the hyperboloid id of one 
or two sheets, being confocal with the principal sections of the 
ellipsoids. 

If hyperboloids of one and two sheets be confocal with the 
series of ellipsoids, a, a their primary semi-axes will be elliptie 
coordinates of the points on any of the elUpsoids in which the 
curves of intersection with the hyperboloids intersect; and if 
r, r be the distances of tbe eorresponding point on the flat 
ellipsoid from the nearer and farther foci of the principal section 
of the ellipsoid, r+r = 2a and / — r = 2a, whence the plane 
curve corresponding to any curve on the ellipsoid, given in 
elliptic coordinates, can be found, or vice versd. As an example, 
take the following : 

316. A curve is drawn on an ellipsoid such that^ if a central 
section he taken parallel to the tangent plane at any pointy the 
distance of the foci of the section will he constant^ to find the 
corresponding curve on the plane of the focal ellipse. 

If a, a be the elliptic coordinates of a point on the curve, 
the squares on the semi-axes of the section corresponding to this 
point will be a* — a* and a" — a", hence a* — a" is constant and 
the curve required will be rr = constant ; if the given curve pass 
through the extremity of the least axis, the corresponding curve 
will be a lemniscate. 
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XIV. 



(1) Prove that the locus of the points of intersection of tangent planes 
to three confocals, which are perpendicular to each other, is a sphere. 

^ V' 2* 

(2) lf-i+n+::k'^^ ^ ^® equation of an ellipsoid, and (/, ^, A) be 

any point, a', 6', c', a', 6", c", «*", 6'", c'" the semi-axes of the confocals 
through that point, then 

a'aVV"* "^ b*h'*b"*b'"^ ^ c:«cW"» " a«6«c« ' 

(3) If normals be drawn from a fixed point to each of a series of con- 
focals, shew that they will form a cone of the second degree. 

(4) The points on a series of confocals, at which the normals are 
parallel, lie on an equilateral hyperbola of which one asymptote is parallel 
to the normals. 

(5) If a, a\ o^, oT'f be the tranrsrese axes of an ellipsoid, and the three 
confocals which can be drawn through a given point, and if o^ + tC^ + a"^= 3a', 
then three tangent planes can be drawn from the given point to the given 
ellipsoid mutually at right angles. 

(6) If through the vertex of a cone enveloping a given ellipsoid a con- 
focal conicoid be drawn, the plane of contact will intersect the normtfl and 
the tangent plane to the conicoid at the vertex in a point and a line which 
ure pole and polar with respect to the curve of contact; hence, shew 
that the normal is the axis of the cone. 

(7) Through a straight line in one of the principal planes tangent 
planes are drawn to a series of confocal ellipsoids ; prove that the points of 
contact lie on a plane, and that the normals at these points pass through a 
fixed point. 

If a plane be drawn cutting the three principal planes, and through 
each of the lines of sectton tangent planes be drawn to the series of 
conicoids, prove that the three planes which are the loci of the points of 
contact will intersect in a straight line, which is perpendicular to the 
cutting plane and passes through the three fixed points in which the 
three series of normals intersect. 

(8) The surface generated by the central circular sections of a system 
of confocal ellipsoids cuts the ellipsoids orthogonally. 

(9) Through any fixed straight line tangent planes are drawn to each 
of a system of confocals, shew that the locus of the normals at the points of 
contact is a hyperbolic paraboloid. 

(10) The rectangle contained by the side of a cone of revolution 
enveloping an ellipsoid, intercepted between the vertex and point of con* 
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tact, and the perpendicular from the centre upon the tangent plane at that 
point, is constant. 

(11) PQ is a tangent at Q to a conicoid; X, /i, » are the primary semi- 
axes of the eonfocals through P; /, m, n the direction* cosines of PQ 
referred to the normals to the eonfocals at P; f, m\ n' those of the perpen- 
dicular p from the centre on the tangent plane at Q; prove that, if 
FQ = a, X*/r + ^*mm' + v*nn' 4 |>i = 0. 

(12) Shew that three non-central conicoids can be drawn through a 
given point, confocal with a given non-central, and that these will be a 
hyperbolic and two elliptic paraboloids. Shew also that the three normals 
to the eonfocals at the point ar£ mutually at right angles. 

(13) Three confocal paraboloids intersect in i9; a cone having its vertex 
at 8 envelopes a fourth confocal paraboloid ; find the equation of this cone 
referred to the normals to the eonfocals at B as axes. 

(14) Prove that the polar of the foot of a normal to aB ellipsoid with 
respect to the foeal ellipse is the polar of the foot of the ordinate with 
respect to the principal section of the ellipsoid ; also that the line joining 
the two feet is a normal to itn ellipse similar to the principal section. 

(15) When the two confocal hyperboloids through a point degenerate 
into flat surfaces bounded by the focal hyperbola, explain the perpendicu- 
larity of the three normals at the point. 

(16) Find the three eonfocals of an ellipsoid tbrough a point in one of 
the focal conies. 

j^ t/' ^ 
If (/, 0, h) be a point on the focal hyperbola of the ellipsoid — + 1- + -,« 1, 

Or o C 

shew that the ellipsoid which passes through it is 

x« (a« - c») y« ^B« (^-^ 

(6* - 4?)p ■*■ (6« - c^fp + (a« - 6«)» A* ^ (o« - «»•) A' " (0* - 6«) (6* - ^) ' 

(17) a', i/y ft and a*, 6", d' are the semi-axes of the confocal hyperbo- 

loids which pass through a point P in the ellipsoid -^ + n "I* 3 ~ ^ ' ^^^'^ P' 

\» o cr 

are the perpendiculars from the centre upon the tangent planes at P ; shew 
that the eqMation of the plane of the focal ellipse referred to the three normals 

at P is -^ + -^v + ^* + 1 = 0, and that the bifocal lines lie in the two 



planes 






(18) Shew that the equation of tbe circular cone containing the four 
bifocal lines through any point of an ellipsoid is [— -l]^=>y' + s', re- 
ferred to the three normals to the eonfocals through the point, p being the 
peq>eBdicttlar on the tangent plane to the ellipsoid. 
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(19) If X be the length of a bifocal chord of the paraboloid ^ -i- - = x, 

which makes angles /3 and 7 with the axes of jr and z respectiTely, 

1 co8"/3 <;os*7 
X 6 c ' 

(20) Find the locus of the point corresponding to a given point of an 
ellipsoid, on a system of confocal ellipsoids. 

(21) Corresponding points on an ellipsoid of semi-axes a, 6, e, and a 
sphere of radius r, being defined by the relations 

i' 7' b' f' c"r\ 

{x, y, s) being on the ellipsoid and {x\ %f^ s^ on the sphere, prove the 
following theorems : 

(i) The points on a system of confocal ellipsoids corresponding to a 
fixed point on the sphere are on the intersection of two confocal hyper* 
boloids. 

(ii) The curve on the sphere corresponding to the curve of intersection 
of the ellipsoid and a confocal hyperboloid lies on the asymptotic cone of 
the hyperboloid. 

(iii) If four curves on an ellipsoid «f the kind described in ii, form 
a small rectangle of sides d!f , cfs', there will be a corresponding rectangle on 
the sphere whose sides dv^ d^ are connected with (is, ds' by the relations 
rdi = \^dvy rd^ = X|^<r', Xj", \f being the difierences between the squares of 
the semi-axes of the ellipsoid and the two hyperboloids wjbuch intersect it 
in two adjacent sides of the small rectangle. 



CHAPTER XV. 



MODULAR AND UMSiLICAL GENERATION OP CONICOIDS. 
PROPERTIEiS OF CONES AND SPHERO-CONIOS. 

317. The modular and umbilical methods of generating 
conicoldsy invented by MacCullagh and Salmon respectively, 
may be stated as follows : 

For the modular method, "The locus of a point whose 
distance from a fixed point is in a constant ratio to its distance 
from a fixed straight line, measured parallel to a fixed plane^ 
is a surface of the second degree." 

The fixed point is called a modular focus^ the fixed line a 
directrix^ the constant ratio the modulus^ and the plane the 
directing plane. 

318. Since this locus contains ten disposable constants, viz. 
three dependent on the position of the fixed point, four on that 
of the fixed straight line, and two on the direction of the fixed 
plane, and one more, namely the constant ratio, the locus may, 
in generalj be made to coincide with any surface which can be 
represented by an equation of the second degree in an infinite 
number of ways, since there will be only nine equations con- 
necting the ten disposable constants. 

If all but the three coordinates of the focus be eliminated, 
there will result two final equations determining a curve locus 
of such points ; such curves are called focal conies^ being the 
same as the limits of the confocals discussed in the last chapter. 

Again, if all but the four constants which determine the 
position of the directrix be eliminated, there will be three final 
equations which, with the equations of the straight line, will 
determine a ruled surface, called a dirigent cylinder^ the trace 
of which on the plane of the focal conic is called a dirigent conic. 

FP 



218 



MODULAR AND UMBILICAL 



319. For the umbilical method, ^' The locus of a point, the 
square of whose distance from a fixed point bears a constant 
ratio to the rectangle under its perpendicular distances from 
two directing planes, is a surface of the second degree/' 

This locus contains ten disposable constants ; three dependent 
on the position of the fixed point, fkree on the position of each 
of the directing planes, and one more, namely the constant ratio. 

The fi^ed point, therefore, will not generally be unique, but 
may be on any point of a curve locus. 

The fixed point is called an umbilical focus^ the intersection 
of the planes a directrix^ the constant ratio the umbilical modulus^ 
and the locus of the focus the umbilical focal conicj the trace of 
the dirigent cylinder on the principal plane being the umbilical 
dirigent conic. 

320. To find the locus of a point whose distance from afocua 
is in a constant ratio to its distance from a directrix^ measured 
parallel to a given directing plane. 

Let 8 the focus be taken for origin, 8z^ 8y parallel to the 
directrix DN and the directing plane respectively, and let a, j8 
be the coordinates of D in xy^ e the modulus, and co the angle 
of inclination of the directing plane to the plane of xy. 




Let PN be drawn from the point (x, y, z) to the directrix 
parallel to tBe directing plane, NM parallel to /%, and PM 
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perpendicular to NM] then PMN will be parallel to the directing 
plane. Hence we shall have ifA^=y— )3, and PM^{x^a) seco) ; 
and, P being a point In the locus, 8P=^e.PN] 

.'. a?" + / + «' = 6*{(aj-a)'sec"©+(y-/8)»); 

this IS the equation of the locus required, which is a surface 
of the second order. 

Since z = x tan <a + h is the equation of any plane parallel 
to the directing plane, we have, at the points of intersection with 
the surface, 

a? sec'ao +y* = a:' +y' + (2 — A)*, 

which, combined with the equation of the locus, shews that the 
curve of intersection lies on a sphere, except when c=l, In 
which case It lies on another plane ; hence, all sections parallel 
to the directing plane are circles, or when e = 1 straight lines. 

321. That the section by a plane through S parallel to the 
directing plane Is a circle is obvious geometrically, for, if this 
plane cut the directrix in H^ the section is the locus of a point 
whose distances from S and H are in a constant ratio, and 
is therefore a circle, unless ^=» 1, In which case it is a straight 
line, and the surface Is a hyperbolic paraboloid. 

322, To find the locus of a pointy the square of whose dis^ 
tance from a focus is in a constant ratio to the rectangle under 
its distances from two fixed directing planes. 

Let the focus S be taken for the origin, the planes bisecting 
the angles between the directing planes being parallel to the 
planes of ory, yz. 

Let also m be the Inclination of the directing planes to the 
plane of xy^ a, 7 the coordinates In the plane of zx of any point 
in the directrix, and e the constant ratio. 

From any point P, let P<?, PR be drawn perpendicular to 
the directing planes ; 

.-. SP' = ePQ.PB] 
the equations of the directing planes will be 

{x — a) sin ft) ± (« — 7) coso) = ; 
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therefore, i£ x^y^ z be the coordinates of P, 

ai' + y*-|-«* = e{(a? — a)* »in*ft> — («- 7)' cos*©) 

will be the equation of the locos, which is of the second degree. 

If the surface be cat by a plane, paraUel to either directing 
plane, whose equation is (a; — a) sin«»±(z — 7] cosoi^^^, the 
curve of intersection will obyiously lie on a sphere, and will 
therefore be a circle. 

323. We have seen in both modes of generation,' and it is 
also evident from the consideration of the number of constantS| 
that the equation of a conicoid can be put into the form 
S=^UVj where Z7=0 and F=0 are the equations of two real 
or imaginary planes, and /S = is the equation of a point sphere, 
or the imaginary cone having its vertex at a point which we 
have called a focus, and passing through the circle at infinity 
which is common to all spheres (Art. 227). 

The conicoid and cone intersect in two plane curves crossing 
one another in two points P, Q which lie in the line of inter- 
section of the planes Z7, F, called the directrix ; a plane contain- 
ing the tangent lines to the two curves at P will be a tangent 
plane to both conicoid and cone at P, and will therefore contain 
a tangent to the circle at infinity, which lies on the cone. 

The generating Hue SP of the cone, whose vertex is the 
focus 8^ will be the intersection of two consecutive tangent 
planes to both conicoid and cone, each of which tangent planes 
contains a tangent line to the circle at infinity, and since the 
same argument holds for Q, 8Q will be another such generating 
line. 

If, therefore, a series of planes be drawn which touch both 
the conicoid and circle at infinity, these planes will envelope 
a torse, and a focus will be a point on the developable surface 
or torse in which two of its generating lines, which are not 
consecutive, intersect. 

The locus of the foci will therefore lie on a double curve on 
the torse, and this curve will be the same for all conicoids 
enveloped by the same torse, touching also the circle at infinity. 

Chaslcs suggested the following definition of confocals. 
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Def. Conicoids are coDfocal when they are capable of being 
enveloped by the same developable surface described so as to 
touch the imaginary circle at infinity. 

324. To find the focal and dirigent conies in the case ef 
central conicoids. 

Let (f , Tjj ^ be a focus, and (|', 17', 0) the foot of the cor- 
responding directrix supposed parallel to the axis of z. 

ic" V* «' 
The equation of the conicoid -n + ^ + -« = 1> whether 

generated by the modular or umbilical method, must coincide 
with the equation 

(ir-fr+{y-i7)"+(«-?)'=x(x-r)"+/*(y-7T, ' 

\j fb being of the same or opposite signs. Comparing these 
equations, we have f = \|', r) = M'Vj ?=0, and 



c ^ c 



a — c —c 

The focal conic is therefore confocal with the conicoid, and lies 
in the principal plane perpendicular to the directrix. Again, since 

C= -^«- f , and ^ = — jr- Vj 
the equation of the dirigent cylinder is 

325. The focal and dirigent conies are reciprocals of each 
other with respect to the principal section in the plane of which 
they lie^ and the line joining the foot of any directrix with the 
corresponding focus is a normal to the focal conic. 

The equation of a focal conic being -^ — -^ + /a "« =r 1, the 
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equatioD of the tangent at the point (f, tj) is ^ , + jy- — i = 1, 

or -^ + ^ = 1 ; whence it is the polar of (f ', 17'), the foot of the 

corresponding directrix, with respect to the section in xy. 

Also, since a' (f - f ) = c*f , and J« (V - 17) = cV, 
the equation of the tangent may be written 

«>(?'-« +y(V-»?)=c'; 

it is therefore perpendicular to the line joining (f , 17) and (f ', 17'), 
whence the second part of the proposition. 

326. If a section of a conicoid he made hy a plane perpen-- 
dicular to that of a focal conic^ so that it contains a directrixj 
tq shew that the distance of any point of the section from the 
directrix will have a constant ratio to the distance from the cor^ 
responding focus. 

For if (f , 17, 0) be the focus corresponding to the directrix 
(f, v)y tlje equation of the conicoid may be put into the form 

(X - f )' -Ky - 1/)* + «• = X (z - IT + ,* (y - 1,')', 

and, if the equation of the plane be — j^ = - — - = r, then for 

any point P of the section [x — f )* + (y — 17)' + «' = (XP + fim^) r* ; 
therefore SFcc PQy it FQ be perpendicular on the directrix. 

327. Cor. If the plane containing a directrix be perpendi- 
cular to the focal conic, the corresponding focus 8 will be a 
point in the plane (Art. 325), and will therefore be a focus 
of the section ; hence. Every point of a focal conic of a conicoid 
is a focus of the section inade by a plane perpendicular to the 
focal conic at that point, 

328. To find where a conicoid is intersected hy its focal conies. 
If the directrix be parallel to Oz for the conicoid 

— 4 ^ + — = 1 

a (> c 






the equations of the focal conic will be -^ — 5 + ^ — ^ = 1^)^ = 0, 

a "^ c o ^^ c 
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and it will intersect the conicoid if „/ « — «^ + ttt^ — s\ = ^ 

a{a—c) {o —c) 

give X* : y* positive. 

Hence, if the focal conic and the corresponding principal sec- 
tion be both ellipses or both hyperbolas they do not intersect ; 
bat, if they be not of the same kind, they will intersect in the 
umbilics of the conicoid; whence the name umbilical focal 
conic. 

Now, referring to the equations of Arts. 320 and 322, we see 
that in the modular method of generation the focus cannot lie 
on the conicoid, but may do so in the umbilieal method, thus 
the umbilical focal conies correspond to the umbilical method 
of generation, and the other focal conies to the modular method. 

329. To find ike focal and dirigent conies for non-central 
surfaces. 

For the paraboloids, comparing the equation 

with ^+- = 2a:, we have X = l, J(l-/iA) = c = f -f, 
c 

V = fiVi ?=0, and {'4 if^^V + m"*', - 

.-. /* = 1-J-, andc(f + r)='»*(j^,-l); 

.-. 9* = 2(J-c)(f-ic). 

The focal conic is therefore a parabola, which has its vertex 

at the focus of the parabolic section parallel to the directrix, 

and is confocal with the section in its plane, since the abscissa 

of its focus is Jc + ^ (J — c) = ^J. 

2J' / c\ 
Also, the equation of the dirigent conic is ri* = , — ( f "^ 5 ) > 

which is th£ reciprocal of the focal parabola with respect to 
the section y* = 2hx. 

It will be found that the focal conic of an elliptic or hyper- 
bolic cylinder is the two straight lines containing the foci of the 
principal sections ; and that that of a parabolic cylinder is two 
straight lines, one of which is at an infinite distance and the 
other contains the foci of the principal sections. 
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330. In order to apply the modular method of generation 
to the investigation of properties of conicoids, the modulus and 
directing plane must be real, as well as the focal and diligent 
conies, and, referring to Arts. 320 and 324, we obtain the 
following conditions: 

. SD* y* «* 

I. For the ellipsoid -a + ?5-+ -5 = 1| a>J>c, 

(l-6'sec'6>)a*=(l«e«)6'' = c*, 
the only focal conic which is applicable being 

'^ 1 ^ -1 



For an oblate spheroid a—b and ci>=0. The prolate spheroid, 

for which & = c, cannot be generated bj the modular method. 

/*•■ «i* «j* 
II. For the hyperboloid of one sheet -5 + ^ — 5 = 1) 6>a, 

the directing plane is parallel to Oy, and both the focal conies 
5^ + p^ = 1 and ^^^, - ^ = 1 are applicable, the 

correspondiug moduli 6, e' being given by (e* — l)6' = c' and 
{i-e'^)V = a\ where 



cos* CD sin'o) _ 



so that the hyperboloid of one sheet can be generated by means 
of foci lying in a focal ellipse or a focal hyperbola, the greater 
modulus corresponding to the ellipse. 



cc" 



35 tJ Z 

III. For the hyperboloid of two sheets -; — — — i = 1« i > c, 

''^ a c ^ ^ 

the directing plane is parallel to Oy, and the focal conic Is 



X 



» 



_-2^ = 



-1 i - -jy — ^ = 1, the modulus being given by (I — €*) J' = c\ 

tt "t" C O ~" c 

The hyperboloid of revolution of two sheets, where & = c 
cannot be constructed by the modular method. 

IV. For the elliptic paraboloid ^ + — = 2ic, i > c, - 

o c 

esrcosai, i(l— 6')=s=c = & sin*fti, 

the focal conic is y* = 2 (J — c) [x-^^o). 
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V. For the hyperbolic paraboloid ^ = 2a?, 

6«1, 6(1 — Bec'fl>)s=~c, or Jtan*t>=sc; 
the focal parabolas are 

.y»=(J + c)(2a? + c) and «* = -(J + c) (2a^- J), 
each of which satisfies the modular method. 

331. To trace the changes of the surfaces and real focal 
conies corresponding to changes of the modulus from to oo • 

If we tranter the origin used in the equation of Art. 320 to 
the centre, and have regard to the sign of the constant term, 
we shall obtain the following results : 
6 < cos 60, Surface an ellipsoid, including an oblate spheroid. 

Focal conic an ellipse, 
e = cosck^. Surface an elliptic paraboloid. 

Focal conic a parabola. 
e>cosa> and <1, Surface at first an hjperboloid of two sheets, 

passing through a cone, to an hyperboloid of 
one sheet, conjugate axis perpendicular to the 
directrix. 
Focal conic at first an hyperbola, transverse axis 
perpendicular to the directive axis, passing 
through the asymptotic limit, viz. two straight 
lines, to an hyperbola, transverse axis parallel 
to the directive axis. 
«s= 1, Surface an hyperbolic paraboloid. 

Focal conies two parabolas. 
€>1, Surface an hyperboloid of one sheet, conjugate 

axis parallel to the directrix, including an 
hyperboloid of revolution. 
Focal conic an ellipse, transverse axis parallel to 
the directive axis. 
The hyperboloid of revolution of two sheets is lost between 

6=1 and « = co8o>. 

332. The directrix in the umbilical method of generation 
being parallel to the Intersections of the two series of circular 
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sectians, the plane of the focal conic is known, and by Art. 322 
the umbilical modulus can be found in the same manner as in 
the modular method, and it will be seen that all surfaces can 
be generated, except the hyperboloid of one sheet, the hyper- 
bolic paraboloid, and the oblate spheroid. 

Properties of Conicoida deduced hy the modular and umhiRcal 

methods. 

333. Every plane section of a contcoidy which is normal to a 
focal conic at any pointy has that point for a focus. 

For, if 8 be the point through which the plane section passes, 
the corresponding directrix also will be in the plane ; let PQ 
be perpendicular to this directrix from a point P on the section. 

If the focal conic be modular, let PB parallel to a directing 
plane meet the directrix in B^ then the ratios 8P : PB and 
PB : PQ will be constant for every point in the section ; and, 
therefore, SP : PQ will be a constant ratio. 

If the focal conic be umbilical, let PM^ PN be perpendiculars 
on the planes through the directrix parallel to cyclic sections ; 
then SP*ccPM.PNj and for all points of the section PM: PQ 
and PN: PQ will be constant ratios, therefore SPcc PQ. 

334. If a section of a conicoid be made by a plane perpen-- 
dicular to the plane of a focal conic^ it will contain two directrices ; 
to shew that the sum or difference of the distances of any point of 
the section from the two corresponding foci will be constant. 

Let QDj QU be the two directrices; and /S, S' the corre- 
sponding foci, which in this case will not be necessarily in the 
plane of the section ; draw through any point P of the section 
QPQ perpendicular to the directrices. 

If the focal conic be modular, draw BFB' parallel to a 
directing plane meeting the directrices in B and R. 

Since the modulus is the same for both foci, 

/SP:Pfl::/S'P:Pfl'; 
.-. 8P\ 8'P:: PB : PB' :: PQ : PQ\ 

and SP t 8T : PQ t PQ :: SP : PQ. 
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Now PQ + PQ or PQ ^ PQ is constant, according as P is 
or is not between the directrices, and 8P : PQ is constant, 

since PR : PQ is so ; therefore 8P "^ S'P is constant. 

If the focal curve be umbilical, draw P*/, PN perpendicular 
to the planes through QD parallel to the cyclic sections, and 
let PM\ PN' be corresponding perpendiculars for QD* ; then 
PM: PQ :: PM' : PQ' and PN: PQ :: PN' : PQ', 

also SP'^e.PM.PN, S'P^^e.PM'.QN'] 

.'. 8P:S'P::PQ:PQ, 

and the argument proceeds as before. 

eS35. If a chord of a contcoid meet a directrix j the line joining 
the point in the directrix toith the corresponding focus will bisect 
the angle between the focal distances of the extremities of the chord 
or its supplement. 

Let the chord PP' meet a directrix in Q, and let S be the 
corresponding focus, then SPi PQ :: 8P' : P'Q] 

.-. 8P:8P'::PQ:P'Q, 

which proves the proposition. 

336. Cor. If PQ be a tangent to a conicoid at P, meeting 
a directrix in Q, and 8 be the corresponding focus, the angle 
P8Q will be a right angle. 

337. A straight line touching a conicoid makes equal angles 
with the lines dravm from the point of ccmtact to the foci which 
correspond to the directrices which the line intersects. 

For, if P be the point of contact, Q, Q the points in which 
the tangent meets the directrices, 8, 8' the foci, since the modu- 
lus is the same for both foci, we shall have 8P : PQ :: S'P : PQ. 

Also the angles P8Q, P8'Q' are right angles, therefore the 
triangles are similar, and the angles QP8, QP8' are equal. 

338. If a cone, having its vertex in any directrix, envelope a 
conicoid, the plane of contact will pass through the corresponding 
focus, and be perpendicular to the line joining the focus with the 
vertex. 
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K F be the vertex and 8 the focus, and VP be any side 
of the cone touching the surface in P, PSV will be a right 
angle. Hence the locus of P, which will be the curve of con- 
tact, will be in a plane through 8 perpendicular to V8. 

339. If the vertex of a cone he any point in a focal curve of 
a conicoidj and the base be any plane section of the conicddj the 
lin^ joining the vertex with the point in which the corresponding 
directrix meets the plane of section toill be an axis oftJie cone. 

Let 8 be the vertex, and let the plane section cut the direc- 
trix in E^ and JSP, EP* be tangents to the section at P, P\ then 
SP, 8P' will be perpendicular to 8E^ the intersection of two 
tangent planes to the cone through /8P, SP' \ therefore 8E 
will be an axis. 

Cor. 1. The second plane of section of the cone and coni- 
coid will intersect the corresponding directrix in the same point 
as the first plane. 

Cor. 2. If the first plane of section pass through the direc- 
trix, the second will do so also, and in this case, since there 
will be an infinite number of axes of the cone, it will be one of 
revolution. 

340. If the vertex of an enveloping cone of a conicoid be 
a point on a focal conic of the conicoid^ the cone will be one 
of revolution^ and its internal axis will be the tangent to the 
focal curve at the vertex. 

Let V be the vertex of the cone, VP^ VP* the tangents to 
the trace of the conicoid on the plane of the focal curve, then 
PP' will be a tangent to the dirigent conic at the foot of the 
corresponding directrix (Art. 325) ; and since the plane of con- 
tact is perpendicular to the plane of the focal curve, it will 
contain the corresponding directrix, the cone therefore will be 
one of revolution (Art. 339, Cor. 2). 

Also, since the tangent at V to the focal conic Is perpen- 
dicular to the directrix, and to the line joining V and the foot 
of the directrix (Art. 325), it will be perpendicular to the plane 
of circular section, and will be the internal axis of the cone. 
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Cones and Sphera- Comes. 

The properties of cones of the second degree, and of their 
intersections with a sphere whose centre is at the vertex, called 
sphero^conics^ have been discussed in an elaborate manner in 
two memoirs by Chasles.* Tn these investigations he has made 
use of certain reciprocal properties of the cyclic sections and 
focal lines, by which any theorem relating to cyclic sections 
involves a corresponding theorem eonceming focal lines. 

We can only make a selection of some of the innumerable 
propositions given by Chasles, in the proof of which we shall 
generally employ the properties of focal lines, in place of the 
reciprocal properties of the cyclic sections^ employed with so 
much skill in those memoirs, for which we refer the stodeat 
to a valuable translation by Graves. 

341. Focal conies of conical surfaces. 

Since a cone may be considered as the limit of either of 
the hyperboloids when the axes are made indefinitely small, 
if a, bj c be finite quantities proportional to the principal semi- 
axes of an hyperboloid, supposed indefinitely diminished, we 

a? V* «* 

obtain the equations of the cone — + ^ — 5 = 0, a> J, end th» 

corresponding focal conies, viz. 



4. «^ ^ 



a' + c* ' i' + c 
^ ^ J. . —o 



/p» «* 

and -5 — f= — 7= — 5 = 0. 

The Stime consideration shews that the line joining any focu9 
with the foot of the corresponding directrix is perpendicular to the 
focal line containing the focus. 

The student should obtain these results by a direct com- 
parison of the equation of the cone with such an equation a» 

(a>-fr+y'+(^-(o"=x(«-rr+»'(«-rr, 

■ r . 

♦ Nomv, Mem. dt VAcad. Roy. de BrftxelleSf vol. VI. 
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which will give the focal and dlrigent lines 
If he compare with the equation 

(^ - f )l+ (y -»?)• + «' = X' [x - ir + /* f^ - V)', 

he win obtain the equation 






= 0; 



hence, when the directrix is in the axis, the vertex is a modular 
focus, X and V are the squares of the moduli in the two cases, 

and are equal to 1 — = and 1+ -i: . 
^ a a 

The cone has therefore the property that all the three focal 
conies are realj having a common point in the vertex, two of 
them being ellipses evanescent in the transition between real 
and imaginary existence, and the third the limit of an hyper- 
bola consisting of two right lines intersecting in the vertex. 

The vertex is therefore not only modular, but doubly mo- 
dular, since it is a point in two modular focal curves, and it is 
also an umbilical focus, as we see from the fact that the cone 
IS the limit of two hyperboloids, for both of which the real 
focal hyperbola is modular, and for one the real focal ellipse is 
modular, while for the other it is umbilical. 

Of the two moduli in the modular generation of the cone, 
the less modulus belongs to the focal lines, and is called by 
MacCulIagh the linear modulus^ while the other, to which only 
a single focus corresponds, is called the singular modulus. 

342. Cyclic sections of a cone. 



The equation of a cone -5 + ?i = — may be written 

(■ u 

l + iJ^^-fTa-lly"; therefore, any plane sec- 
tion which is parallel to one of the planes (l + -2)«* = (7« — Ijy*, 
lies on a sphere and is circular. 
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The planes through the vertex, to which circular sections 
are parallel, are called cyclic planes. 

343. A spherCy which passes through the vertex of a cone and 
any circular section^ touches the cyclic plane of the opposite system. 

A sphere can be described through any two circular sec- 
tions parallel respectively to the two cyclic planes; let the 
plane of one of the circles approach indefinitely near to the 
vertex, In which case the circle degenerates into a point-circle 
lying on a cyclic plane, which is therefore" a tangent plane to 
the sphere. 

Conjugate Diameters of a Cone. 

344. Take any line VA through the vertex of a cone, let 
VBC be its polar plane, and VA C any plane through VA inter- 
secting VBC in F(7, then VB the polar line of VA C will lie in 
VBC] also VC will be the polar line of the plane through VA^ 
VB. Thus, if any plane cut VA, VB, VC in A, 5, and (7, the 
triangle ABC will be self-conjugate with respect to the section 
by the plane. If then a section be made by a plane parallel to 
VBC, the polar of the point in which this plane will cut VA will 
be at infinity, and the point will be the centre of the section. 
VA is therefore the locus of the centres of all sections by planes 
parallel to VBC\ and VB, VC have the same relation to VAC, 
VAB respectively. VA, VB, VC, therefore, form a system of 
conjugate diameters of the cone. 

Cob. If a plane cut a system of conjugate diametral planes 
of a cone, the triangle formed by the lines of intersection is self- 
conjugate with respect to the section of the cone by the plane. 

Reciprocal Cones. 

345. If a cone he constructed whose sides are perpendicular 
to the tangent planes of any given cone, the tangent planes to it will 
he perpendicular to the sides of the given cone. 

Let any two tangent planed be drawn to a cone A, then two 
corresponding sides of the other cone B, perpendicular to those 
tangent planes, will be perpendicular to their line of intersection ; 
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the line of interaectioii of the tangent planes to ^ is, therefore, 
perpendicular to the plane containing the corresponding sides 
of.B. 

Proceeding to the limit, the line of intersection becomes ulti- 
matelj a side of the cone A^ and the plane containing the sides 
of j9 a tangent plane to B] whence the truth of the proposition. 

From this reciprocal property the cones are called reciprocal 

cones. 

X* 1/ z* 
If—, + n — i=0 be the equation of a cone, aV+jy- cV=0 

will be that of the reciprocal cone. 

346. Any plane through the common vertex, having re- 
lations to one of the cones, has perpendicular to it a line 
"W^hich has reciprocal relations to the other cone, and the plane 
and line are said to correspond. 

If two lines correspond respectively to two planes, they will 
each be perpendicular to the line of intersection of the planes, 
and the plane containing the two lines will correspond to the 
line of intersection of the two planes; also the angle between 
the planes will be equal to the angle between the con*esponding 
lines. 

347. The student will have no difficulty in establishing the 
following theorems: 

To a line thromgk the vertex of a cone and its polar plane 
with reference to the cone, correspond a plane and its polar line 
with reference to the reciprocal cone. 

To three conjugate axes of a cone correspond three conjugate 
diametral planes of the reciprocal cone. 

348. The cyclic planes of a cone correspond to tlie focal lines 
of the reciprocal cone. 

The equation of the cyclic planes of the cone aV + jy = cV 
is (a* — 6') a?* = (A* -f c") »*, and that of the focal lines of the 



.« -.« 



05 •# •" /*• flj 

reciprocal cone -* + ts = -5 is -; — ti = n — 5 ; these focal lines 
'^ a c a '-'0 o'-^c^ 

are Aierefore perpendicular to the cyclic planes of the reciprocal 

cone. 
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The relation between the focal lines of one cone and the 
cyclic planes of the reciprocal cone is deduced geometrically 
thus: 

To a cyclic plane corresponds a line V8 perpendicular to it ; 
any two conjugate axes in the cyclic plane are at right angles ; 
therefore any two conjugate diametral planes of the reciprocal 
cone through V8 sre at right angles* 

Let a plane be drawn perpendicular to V8 through any 
point 8j this plane will meet the two diametral planes in two 
perpendicular lines, and, by Art. 344, Cor., the pole of one of 
these lines with respect to the section of the cone will lie on 
the other line; therefore this pole is on the directrix, and 8 
is the focus of the conic section ; V8 is therefore a focal line, 
having the focal property proved for any conicoid in Art. 333. 

The locus of these directrices is called a cUrigent plane by 
McCSuUagh and a director plane by Chasles, and this plauc, 
with the perpendicular planes through the focal line, form a 
system of conjugate planes ; it corresponds, therefore, with tlio 
third axis, conjugate to two perpendicular lines in a cyclic 
section, which contains the centres of circular sections parallel 
to that cyclic section. 

349. The method of dealing with propositions connected 
with focal lines, by the modular and umbilical methods, may 
be seen by the following, in which we shall state the reciprocal 
theorems. 



Properties of Coneys of the 8emnd Degree. 

350. The sines of the angles^ which any side of a ooae makes 
foith a focal line and the corresponding dirigent plane^ are in a 
constant ratio. 

Let a plane pass through any directrix DQ and the corre- 
sponding focus 8j and let P be any point in the section of the 
cone made by this plane ; V the vertex of thci cone. 

Draw PjB, FQ perpendicular to the dirigent plane and 
directrix. 

nn 
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Then 8P : PQ and PR : PQ^ and therefore 8P : PR are 
constant ratios; and D8 being perpendicular to V8^ V8 is 
perpendicular to the plane of section, and P8V is a right angle. 

Henee, the ratio of the sines proposed is -jj^ : -py , and Is 

therefore constant. 

Reciprocal theorem. The ratio of the sines of the angles made 
by tangent planes with a cyclic plane and with the polar line of 
this cyclic plane is constant. 

351. The product of the sines of the angles which any side 
cfa cone makes with the directing or cyclic planes is constant 

If V be the vertex of a cone, P any point on the cone, PLj 
PL' perpendicular on the directing planes through F, then bj 
the umbilical generation of the cone (Art. 322) PV* is propor- 

pr pT' 

tioaal to PL. PL'] or -py . -^y is constant, which is the pro-» 

perty enunciated. 

Reciprocal Theorem. The product of the sines of the angles 
which each tangent plane to a cone makes with the two focal 
Hues is constant. 

352. A tangent plane to a cone makes equal angles with the 
planes through the side of contact and each of the focal lines. 

For, let the tangent QPQ^ perpendicular to the side VP meet 
the dirigent planes in the points Q, Q', and take 5, 8' the fod 
corresponding to the directrices through Q, Q' ; then 8Q is per- 
pendicular to V8j and also to P8^ and therefore to the plane 
VP8; also VP is perpendicular to 8Q and PQy and therefore 
to 8P; hence 8PQ is the inclination of the planes VP8^ VPQ, 
and being equal to 8'PQ (Art. 337), the proposition is proved. 

Reciprocal Theorem. A tangent plane to a cone intersects the 
ttoo cyclic planes in two straight lines^ which make equal angles 
with the side of the cone along which it is touched by the tangent 
plane. 

353. The last theorems are particular cases of the two 
following : 
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The planes passing through the ttoo focal lines of a cone^ and 
through the intersection of two tangent planes to the cone^ make 
equal angles wifh these tangent planes. 

And the reciprocal theorem : 

A plane containing two sides of a cone intersects the cyclic , 
planes in tioo straight lines^ which respectively make equal angles 
with the two sides. 

We give Chasles' proof of the reciprocal theorem as a good 
example of the geometrical treatment of problems connected 
with cyclic planes. 

Take two circular sections of opposite systems of the cone, 
the plane of the two sides cuts the planes of the two circles in 
two chords, which, with the portions of the sides of the cone 
intercepted, form a quadrilateral inscribed in the circle in which 
the sphere containing the circular sections is cut by the plane 
of the two sides ; two opposite angles of this quadrilateral are 
supplementary, hence the chords make equal angles with the 
aides of the cone, and, since they are parallel to the sections by 
the cyclic planes, the theorem is proved. 

354. Simple propositions for the circle can be transformed 
into others relating to the cone with the same facility as in 
plane geometry properties of conies are obtained. 

This is effected by considering the lines and points in the 
circle as the intersections of planes and straight lines, passing 
through the vertex of a cone, with the plane which cuts the 
cone in this circle. 

It will be sufficient to give two examples of this trans- 
formation. 

355. Two tangents to a circle make equal angles with the 
chord which joins the two points of contact, hence 

TuH) tangent planes to a cone and the plane of the two sides 
of contact intersect a cyclic plane in three straight lines^ the third 
of which bisects the angle between the other two. 

The reciprocal theorem is, 

If planes be drawn through a focal line of a cone^ and two 
sides of the concj and through the line of intersection of two 
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planes touching the cone along these rides j the Aird j^ane wilt 
bisect the angle between theftrsi two. 

' 356. Two tangents to a cincle make equal angles with tbe 
line joining their point of intersection with the centre of the 
circle, hence 

Two tangent planes to a cone^ and the plane passing through 
their line of intersection^ and through the eot^ugate of a etfclic 
plancy meet that cyclic plane in three linesj one of which Insects 
the angle between the other two. 

The reciprocal theorem is, 

The planes passing through a focal line of a cone and twa 
sides of the cone make equal angles with the plane passing through 
the same focal line and the straight line in which the plane 
containing the two sides intersects the dirigent plane, 

Sphero-conics, 

357. If a cone of the second degree be cut by a sphere 
whose centre is at the vertex of the cone, the complete curve 
of intersection will be two closed curves, which will be plane 
curves if the cone be one of revolution. 

Chasles observes that we obtain three distinct curves if we 
consider the portions of the complete curve of intersection con- 
tained on the three hemispheres cut off by the three principal 
planes of the cone. 

First, consider the hemisphere whose base is perpendicular 
to the interior or principal axis of the cone, the figure is then 
a closed curve, and may be called a spherical ellipse^ the foci of 
which are the points where the focal lines cut the hemisphere, 
having, it will be seen, properties in all respects corresponding 
to the foci of a plane ellipse. 

Secondly, consider the hemisphere whose base is the other 
principal plane perpendicular to that containing the focal lines^ 
the figure is then composed of two halves of spherical ellipses, 
which may together be called a spherical hyperbola whose foci 
lie within the concave portions, and it will be seen that sections 
pf the sphere by the cyclic planes have properties similar to 
those of asymptotes. 

Thirdly, consider the hemisphere whose base is the plane 
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containing the focal lines, the figure is then formed by two 
halves of spherical ellipses and has four foci and a centre where 
the minor axis of the cone meets the hemisphere. 

We shall consider a sphero-conic to be one of the first two 
of these curves, viz. the spherical ellipse or hyperbola. 

The curves in which a sphere cuts two reciprocal cones, of 
which its centre is the common vertex are called reciprocal 
sphero-conics. 

The principal reciprocal property connecting the two may 
be stated thus : 

Every point of a sphero-conic is the pole of a great circle 
lohich touches the reciprocal sphero-conic. 

358. The intersection of a central conicoid with a concentric 
sphere is a sphero-conic. 

' For, if oaj' + &y* + c«* = 1 and a:' -f y ' -f J»' = y" be their equa- 
tions, the curve of intersection lies on the cone 

this cone is evidently concyclic with the conicoid. 

359. We give below two or three of the numerous properties 
of sphero-conics, which are the counterparts of properties of 
plane conies, each of which has its duplicate obtained by forming 
the reciprocal proposition. The proofs of these can be gathered 
from the previous articles ; but as exercises in spherical trigo- 
nometry the student may take almost any ordinary property 
in plane conies relating to foci and directrices, and to asymptotes 
of hyperbolas, which correspond to the cyclic arcs, and* find 
analogues to them in sphero-conics ; he may also find equations 
corresponding to the polar equation of a conic or of a tangent 
to a conic, or of the auxiliary circle, or of the locus of the 
intersection of perpendicular tangents. 

A tangent to a sphero-conio makes An arc of a great circle which 

equal angles with the radii vectores touches a sphero-conic and is cut off 

drawn from the foci to the point by the cych'o arcs is bisected at the 

of contact (Art 352). point of contact. 

The sum or difference of two radii The sum or difference of the angles 

drawn from the foci to any point of which a tangent to a sphero-conic 

a sphero-conic is constant. makes with the cyclic arcs is constant* 
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The first theorem is proved hj limits as in plane conies. 

The product of the sines of arcs The product of the sines of arcs 

drawn perpendicular to the cyclic drawn from the foci at right angles 

arcs from any point of a sphero-conic to a tangent to a sphero-conic is 

is constant (Art. 351). constant. 

We give the following as an example of the mode of 
applying spherical trigonometry. 

360. The locus of the intersection of perpendicular tangents to a 
sphero-conic is another sphero-conic for which the product of the 
cosines of the distances from the foci of the first sphero-conic is 
constant. 

Let tangents at P, P' intersect at right angles in Q^ 2a the 
major axis, 27 the distance of the foci 5, /S', 8P=-r^ SP'^r'y 
SQ^p,8'Q = p',L8QP=^z.S'QP'^y!r,ihen 

00827 = cos /3 co8/>' + sinp sinp' sin 2^, 
and if 2?j p he perpendiculars on PQ from 8j S' 

sinp = sin yjt sin p, sinp = cos ^ sin/3', 

and &inp Binp'j being constant, is eqnal to sin (a — 7] sin (a + 7]; 

.*. cosp cos/j' = cos27 — 2 sin (a — 7) sin (a + 7) = co82a, 
from which the equation of the cone determining the sphero- 
conic may be easily deduced, viz. 

This equation may also be obtained as follows : 
The equation of two tangent planes to a cone aaj*+iy'+c«'=0, 
drawn through a point (|, rjj f) is 

(af + V + cD {ax* + iy* + ce^) - («f a? + % + c^zf = 0, 
or [Ix + my + m) {Px + my + nz) = 0, 
ir mm nn' 

•'• a{bv'-^c^) " b[c^ + af) "" ^(a^+W) ' 
and, when the tangent planes are at right angles, 
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XV. 

(1) ProTe that the equation of two circular sections of an ellipsoid in 
elliptic coordinates ig a** + a"* - •— a!a" = (a' - c") ^ , where r is the radius 







of each circle, d the distance of its centre from that of the ellipsoid, and d^ 
the central distance of the umbilic. 

(2) Prove that the points on the plane of the focal ellipse of an ellipsoid 
which correspond to those of a circular section lie also in a circle, whose 
area is to that of the section as a' - c* : ('. 

(3) The plane of any cyclic section of an ellipsoid will intersect the 
dirigent cylinder in an ellipse similar to the principal section in which the 
focal conic lies ; if the plane touch at an umbilic, the umbilic will be a 
focus of the section of the cylinder. 

(4) The focal ellipse of an ellipsoid corresponds on the flat confocal 
ellipsoid to the principal section in its plane, and the focus of the principal 
section corresponds to the umbilic. 

(5) If P(? be a normal to an ellipsoid, G the foot of the normal on the 
plane of the focal ellipse, P' the point of the flat confocal, bounded by the 
focal ellipse, which corresponds to P, Q' the point on the ellipsoid corres- 
ponding to (? on the flat confocal, P'(?' will be perpendicular to the plane 
of the focal ellipse and be equal to PG'. 

(6) Any point in the plane of the focal ellipse of an ellipsoid will be the 
focus of two plane sections perpendicular to that plane, which will be real 
only when the point lies within the trace on that plane and without the 
focal curve. 

(7) The square of the distance between a focus and the corresponding 
directrix of the section of an ellipsoid, made by the plane of contact with 

any enveloping cone of revolution, is --= — ^„ ,., — - . 

^ (a' - 6*) \fr - <r) 

(8) If a sphere intersect an ellipsoid in two plane curves, the sphere and 
ellipsoid will have two common enveloping cones, whose vertices lie on 
opposite branches of the umbilical focal curve. 

(9) The foci of a series of parallel sections of an ellipsoid perpendicular 
to the plane of a focal curve will lie on an ellipse which touches the trace 
on that plane and the focal curve. 

(10) Every sphere inscribed in a cone of revolution circumscribing an 
ellipsoid will cut the ellipsoid in plane curves. 

(11) If a section of an ellipsoid be taken passing through a focus S, 
and the corresponding directrix, and if 8' be the point on the trace of the 
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surface 'such that the eccentric angles of S, 8* in the focal curve and the 
trace respectiTely are equal ; D, Lf the extremities of the diameters conju- 
gate to these points, the eccentricity of the section will be — . -jrj^ , 

O being the centre, a, ^, the semi -axes of the focal curve, and a, 6, of 
the trace of the surface. 

(12) The locus of a point where a tangent plane to a conicoid is inter- 
sected by a bifocal line, to which it is perpendicular, is a sphere, unless 
the conicoid be a paraboloid, in which case it is a plane touching the 
paraboloid at the vertex. 

(13) If a series of confocal paraboloids be touched by parallel planes, 
the points of contact will all lie in a bifocal line. 

(14) If 0, ft be the eccentricities of the principal sections (a, 6) and 
(a, c) of an ellipsoid, shew that the distance of two points 8^ 8' on the 
foOal conies in these planes, whose distances fi'om the si^ction (6, c) are 

xfy sf*. will he - x^ ^ ~i xf, and that the shortest distance of the correspond'' 

9 

ing directrices will vary as 8S\ 

(15) If two conicoids haVe a common focus 8, and a common directrilc, 
and if a tangent to one of the surfaces at P meet the other surface in 
Q, Q', and the directrix in J2, 8P will bisect the angle Q8Q. 

(16) If from a point upon a focal line of a cone, perpendiculars be let 
fall upon the tangent planes to this cone, their feet will be tipon a circle, 
the pktne of which will be perpendicular to the other focal line. 

(17) In every hyperboloid of one sheet two circular cylinders can be 
inscribed. 

(18) In any h}'perboloid there are two diameters, such that Any two 
conjugate planes passing through either of them are at right angles, and 
these diameters are the focal lines of the asymptotic cone of the hyperboloid. 

(Id) Two tangent planes to a cone intersect the two cyclic planes in 
four straight lines which are sides of the same cone of revolution^ whose 
axis is perpendicular to the plane of the two sides of contact. 

(20) A spherical triangle has a given area and two sides on two fixed 
circles, prove that its base . touches a sphero-conic, anA is bisected by the 
point of contact. 

(21) Shew that the equation of the cone containing the locus of the 
foot of the perpendicular flrom a focus of a sphero<conic upon a tangent is 
(a' + «•)«' + (6' f c') y* = a" («• + y* + «•) ; and that its cyclic sections are 
the same as those of the cone containing the locus of the intersection of 
perpendicular tangents. 
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(22) Two fixed tangents to a sphero-conic are intersected by any third 
tangent; shew that the arcs joining the focus and the two points of intersect 
tion include a constant angle. Shew also that this angle will be a right 
angle if the fixed tangents intersect on the directrix arc of the sphero-conic. 

State the reciprocal theorem. 

(23) If the arc joining two points of a sphero-conic pass through a focus, 
the sum of the cotangents of the arcs between the focus and the two points 
will be constant. 

State the reciprocal theorem. 



II 



CHAPTER XVI. 



DISCUSSION OF THE GENERAL EQUATION OF THE 

SECOND DEGREK 

361. Our object in this chapter is to investigate the position 
of the origin, and the directions of the axes (which we shall 
suppose to be a rectangular system) hj transformation to which 
any proposed equation of the second degree will assume its 
simplest form ; and also to find the relations among the coeffi- 
cients of the general equation which discriminate the various 
kinds of surfaces capable of being represented by the equation. 

362. The general equation of the second degree will be 
written 

f[xj y^ z) = ax^ + hy^ + cz^ + 2a yz + ib'zx + 2c xy 

4- 2a" X + 2h"y + 2c' z + rf = 0, 

or w~M, + Wj + rf=0; 

this equation will sometimes be made homogeneous by the 
introduction of w for the unit-length, which will enable us to 
employ the known properties of homogeneous Ainctions ; in this 
case we shall have 

u =. as? + hy^ + cz^ + dw^ + 2a' yz + 2h'zx + 2c' xy + 2a"xw 

+ 2h"yw + 2c" zw. 

363. It will be convenient to denote the discriminant of m« 
by H[u^ or A, and that of u in the homogeneous form by 



a, c', 


h' 


c', a, 


a' 


h\ a', 


e 



M (m) ; also the minors of A = c', b, a' , viz. ie — o**, h'c— aa'. . . , 
by A, A', B, B', C, C. 
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It Is easily shewn that jB'C-^^'=a'A, and 5(7-^'"= aA ; 
it follows therefore that when A = 0, the minors are connected 
by the equations 

and BC= A"", GA = i?"*, AB = C**, 
80 that Ay Bj C are all of the satoe sign. 

364. The discriminant of u can be expressed in the form of 
a square^ token that ofu^ vanishes. 

a, c', 6', a 



H{u)~ 



c, J, ay J" 
Oy a^ Cy c 
a" J J", c"j d 



-a" {a" A +b"0' + c"B') 
= -b"{a"C' + b"B +c"A') 
-o" {a"B' + b"A' + c"C), 

A' 



t, , C'_B A' , B' 

out ^ - c' - i? *°*^ A ~ C~ B" 

a" A + b" C + c"B' a" C'+ b"B + c"A' ci'B + b"A' + d'G 



A 



C 
-H{u) 



B' 



a"A + b"C'-^c"B" 

.-. ^(«) = - 2 {a" A + b" G' + c'B']* 

— {a" VM) 4 b" ^f{B) + c" V( 0) }', 

where the signs of V(-^)) V(-^)) ^^^ V(^) must be all the same 
as, or all different from, those of A, C\ and B'. 

365. To find the centre or the locus of centres of a surface 
of the second degree. 

Let (f , «;, (0 ^ ^ centre of the locus of u = 0, and let the 
origin be transformed to this point ; the transformed equation is 
f{x + f , y + »?, 2 + ?) = 0, and, since the new origin is tiie point 
of bisection of all chords drawn through it, each of the coefficients 
of Xy y, z must vanish ; 

.'. a^+c'v^b'^+a" = 0, 

c'f+5ij+^'?+i" = 0, (1) 

i'f + a'f + cC + c" = 0, 
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Considering f , ^, ^ as current coordinates, these three equa- 
tions represent three planes in each of which the centre lies. 

The three planes generally intersect Iti one point (I), but they 
may have one line common to them all (11), or they may all 
three coincide (III). 

I. In the first case, there will be one centre which may be 
at a finite (i) or an infinite distance (ii). 

1. If the centime be at a finite distance, its coordinates will 
be given by 



or, c, V 



J, a 



xf + 



a J Cj o 
5", J, a 
c'\ a\ c 



> ^j 



= 0, 



b'j a\ c 

and two similar equations. 

ii. The centre will be at an infinite distance if any of its 
coordinates be infinite ; thus if ^ be infinite, 

A = abc- aa'* - W - cc'" 4 2a'6 V - 0, 

and a"A + b"G' -\-c'B' must be finite; and we may notice that 
ff cannot at the same time be finite, unless C" : -4 =0, (Art. 364J. 

II. In the second case there will be a line of centres, which 
may be at a finite (i), or an infinite distance (ii). 

i. The coordinates of the centre must be indeterminate, 
for which we have the conditions that A = and that the 
three expressions a"A + b"C' -\-c"B\ a"0' 'Yb"B + c"A\ and 
a"J?'-fJ"^' 4c" Evanish, or 

a ^ CL^ Cj 

It It f 
c , &, a, c 



= 0. 



^" 7." >." 

a o c 



If A'^ B\ C be finite, ^^ + -^7 + ^ = 0. 

ii. The line of centres will be at an infinite distance, 

(1) If the three planes be parallel, and not more than two 
of them coincident ; the conditions for this are 

a c V ^ c b a' 

~ ^ 7" ^ "7 ana -Ti ^ » ^^ ~~ i 
c a o a c 
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and that dd\ VV'j cc shall not be all equal, hence in thi» case 
-4', B and C all vanish. 

(2) If one plane be at an infinite distance, and the other . 
two be parallel or coincident ; in this case, if the first plane be 
that at an infinite distance, a, c, V must all vanish and a be 

finite, also - = — and these must not be equal to — , if the two 
^ a c ' c 

planes be parallel, but will be equal to t/ ii^ they be coincident. 

(3) If one be indeterminate and the others parallel but not 
coincident ; suppose the first to be that which is indeterminate, 
a, c , V^ and a must all vanish, and a'c ', c6" must be unequal 

(4) If two be at an infinite distance, or if one be at an 
infinite distance and a second be indeterminate: in this case 
all the quantities a, 5, c, a', i', d vanish except one of the first 
three ; if o be finite, ci' and V will be either one or both finite. 

Hence, for every case of (ii), -4', B\ and C all vanish. 

III. In the third case there will be a plane of centres, which 
may be at an infinite distance. 

In order that the three planes may coincide, we must have 

^ - ^' -. ^' - ^ A ^' - ^ -£'-*!' . 

J — T ~" ' — 2." ***** It — t — ■" »/ » 

c a o ' a c c 

therefore all the minors vanish, and da" = b'b" = cc". 

If the plane be at an infinite distance, all the coefficients of 
M, must vanish, while one at least of a", b'\ c is finite. 

366. We have shewn that when A or B.[u^ is finite, the 
terms included in u^ may be removed by transformation, without 
altering the directions of the axes, but that for every departure 
from the general case, in which there is a single centre at a 
finite distance, one of the conditions is that A shall vanish, and 
this condition is independent of all coefficients of u except those 
of terms of the second degree ; it is also the condition that the 
part t/, containing the terms of the second degree shall be the 
product of two factors, real or imaginary, see Art. 88. So that, 
in every case except where there is a single centre at a finite 
distance, by choosing coordinate planes, two of which bisect the 
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angles between the planes u^ = 0, the general equation can be 
reduced to the form ySy + yz* + 2a"x + 2fi"y + 2y"z + 8 = 0. 

This is further reducible to )%'+7«*+2a"aj+S=0, by moving 
the origin in the plane o{yz] and if a" be not zero, this finally 
reduces to /3y" + yz^ +2a"a; = 0, or to )8/ +72* + S = if a" = (h 
If the two factors of u^ be equal, the equation is reducible to 
7a* + 2a"a; = 0or 7a* + S = 0. 

367. The loci of equations of the second degree may there- 
fore be classified according to the nature of their centres. 

I. Single Centre. 

i. At a finite distance. 

Ellipsoid. 

Hyperboloids of one and two sheets. 

Cone, real. 

Cone, imaginary (or point-ellipsoid), 
ii. At an infinite distance. 

Paraboloids, elliptic and hyperbolic. 

II. Line of Centres. 

i. At a finite distance. 

Cylinders, elliptic and hyperbolic. 

Line cylinder (limit of ellip. cylinder). 

Two planes, intersecting (limit of hyperb. cylinder), 
ii. At an infinite distance. 

Cylinder, parabolic. 

III. Plane of Centres. 
i. At a finite distance. 

Two planes, parallel (limit of parab. cylinder), 
ii. At an infinite distance. 

Two planes, one at an infinite distance. 
Two planes, both at an infinite distance. 

368. We have now to shew that it is always possible to 
choose such directions of the axes, that the transformed equa- 
tion shall contain no terms involving yz^ zx^ and xy^ the axes 
being in both cases supposed to be rectangular. 
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369. Since our objects in this chapter are, either to deter- 
mine what kinds of surfaces can be the loci of the general 
equation; or, given a particular equation, to identify the sur- 
face which is its locus, we may avoid complications by con- 
sidering that if only one of the rectangles, say a:y, appear 
in the equation, we can by rotation of the axes of x and y 
make this term disappear, so that the equation will be reduced 
to the form 

oa;' + ^y* + yz" + 2a"x 4- 2/9' y + 2y"z + 8 = 0, 

and the nature and position of the locus will be at once de« 
termined. 

In dealing with the general case we shall not therefore 
always examine the particular modification of the formulae which 
would be required if two of the three quantities a', b' and c 
were to vanish. 

370. To shew that u^ can always he reduced to the form 
ax* + ^y' + yz^ by transformation of coordinates^ a, /8 and y 
being real quantities. 

The quadric A(a3" + y' + «') — w, will become the product of 
two linear factors, real or imaginary, if h satisfy the equation 

(A-a){A-i)(A-c) 

_ a'- (A - a) - b'' (A - J) - c" (A - c) - 2a'b'c' = (Art. 88)- 

Since the equation is a cubic, one of the values of h must be 
real, and for this value A(a;* + y* + «*) — tt, = is the equation 
of two planes which, whether real or imaginary, have a real 
^ne of intersection. 

Let this line be the axis of js; in a new system of coordi- 
nates, so that h (a?* + y* + «*) — w, becomes Ax* + 2Bxy + (7y* on 
transformation, and the term xy may be made to disappear 
by simple rotation of the axes of x and y.* 

Hence, referred to these new axes, u^ would be reduced to 
««' 4 I3y* + 7«', in which a, )8, 7 are real, although any one or 
two may vanish, the corresponding cubic being 

(A-a)(A-/3)(A-7) = 0. 

♦ Thifl method was adopted by Archibald Smith in his Notes on the " Undulatorj 
Theory of Light," — Camb, Math, Jour,^ vol. I., p. 5. 
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371. The cubic given in the last article is called the dis-^ 
criminating cubicj the coefficients of which, as we have seen in 
Art. 152, are invariants. 

Since the last term i« — A, it follows that whenever all the 
roots of the discriminating cubic are different from zero, the 
locus of the general equation is a central surface. 

372. To separate the roots of the discriminating cubic. 
The discriminating cubic is 

<f> (A) = (A - a) (A -J) (A-c) - a" (A -a) -...= 0, 

and — <l> (A) is the value of A when a- A, J— A, c — A are written 
for a, J, c respectively ; hence, since a' dk^ B' C — AA\ we obtain 
bj this substitution 

a> (A) = [a'h + A) {(A - 6) (A - c) - a'"} - [h'h + B') (c'A + C) j 

and, if we write \, u, v for r i — tt ^ r i 

' ' a b ^ c ^ 



^(A) = (;i-\)KA-i)(A-c)-«"'}-^'(A-^^)(A-v); (1) 

therefore <f> (\) has the same sign as - db'c (X - /a) (X - v) ; hence 

if X, /Lt, V be in order of magnitude if> (X), if> {fi\ <f> (v) are H h, 

or — I — ; therefore X, /a, v, or 

be , ca 2 at) 
a — —J- * o — -Y,- , and c — — — , 
a ' o c 

separate the roots. 

If one of the quantities, as a', vanish, 

^(A)'=(A-a)(A-5)(A-c)-i"(A-.J)-c'*(A-c); 

therefore ^ {<» ), ^ (&), ^ (c), ^ (- Qo ) are -i h — supposing 

i > c, and the roots will be separated by b and c. 

Cauchy^s method of separating the roots is given in 
Todhunter's Theory of Equations^ in the chapter on Cubics. 

373. To find the conditions that the discriminating cubic may 
have equal roots. 

In the case of two equal roots, suppose yS = 7, then u, can be 
derived by transformation from 

cuj' + /3(y»4-ir') or (a - /S) a;' f /9 (a:' + / + ^^'j ; 
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.••.«;= (a - /8) (^a: + «y +««)' + /3 («•+ y + «•) ; 
y. a=^{a-fi]P +)9, a' = (a-fl)mn, 
* = (o-/3)m' + /8, fi'=(a-/3)nf, 
^ = (a - fi)n' +^, .c' = {a-fi) Irn, 

-, DC J ca ab 

••. i3 = a r = ^- -TT =c r^ 

a 6 jC 

Tl>e8e are obviously the conditions ;that the cenlcoid maj he 
one of .revolution. 

If all three roots be equal, u^ must hare been a (x" + y* + ^*) 
before transformation ; therefore a=^b = c and a' = 6' = c = 0. 

3.74. Another form of the oonditlons for two equal roots majr 
be obtained^ for (>9 - a) (/8 -.c) =.J'* and (/8 - a) (^ - 6) ;=,c'*.j 



^ o —c , c —a a '^ o 

r.fi = a+-j^ =J+ =c+ ^ 

6— c c — a a — o 



9 



and we may .observe that, if a' = Q, b' or c';=Q, and if a^ ^c' be 
the two which vanish, /3 = 6.. 

375. To find the equations of 'Ae coordinate axes which make 
the terms in u^ involving yz^ zx^ xy disappear. 

When^w^ has been reduced by transformation to oaj^+ySy'+y^s", 
one of the new axes is the intersection of the two planes whote 
equation is, referred to the original axes, 

Mj — A (a;* + y + «') = 0, where A = a, iS or 74 

therefore, by Art. 89, the equations of the axes are found 'by 
writing a, /S, 7 successively for h iu 

X [Vd -[a^h] a'] = y [ca! ^ [I - A) h'] = z \a!b' « (c - ft) c\. 

These equations do not give the position of the axes directly 
if two of the three quantities a , b\ c vanish, but. If a', V be the 
two which vanish, it is obvious, from the original equation, th«t 
the axis of z will be in the direction of <uie of the axes. 
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376. The direction-cosines of the axes can be symmetrically 
expressed in terms of the roots of the cubic <f) {h) = 0. 

For {a'a + A') {(« - J) (a - c)^a"} = [b'a+B) (c'a + 0') (Art. 372) ; 

therefore {a'a + A'f [{a - J) (a — c) — a"} is a symmetrical function 
of the coefficients, hence, if Z, 971, n bo the direction-cosines of 
the new axis of Xj 



(a -i) (a -c) - oT" (a- c) (a- a) - V* (a-a) (a- A) -c'" 

^_1 1 

We give also below the method of determining the directions of 
the axes by means of the definition of a principal plane. 

377. To find the equation of the locus of middle points of a 
system of parallel chords of a conicoid determined by the general 
equation. 

Let the equation of the conicoid be /(x, y, z) = 0, and let 
(X, /A, v) be the direction of the chords to be bisected, (f , 17, f ) 
the middle point of any chord. 

Then the equation /(f + Xr, ^ + /xr, J'+vr) = must have 
its roots equal and of opposite signs. 

This gives the condition 

^df df df ^ 

or (af + c'i7 + J'?)X + (c'f + Ji; + a'(r)Ai4(J'f + ai7 + c(0i' = O, 
which is the equation of the diametral j)lane. 

378. To determine the principal planes of any conicoid, 

A principal plane being perpendicular to the chords which 

it bisects, we shall have the direction-cosines given by the three 

equations 

a\ + c'li + h'v = s\ 

c'\ + J/A + av = s/Jtj (1) 

b'\ + a'fi + cv = svy 
where « is a constant given by the cubic 
(«-a)(5^i)(^-c)-a"(5-a)-i''(5-J)-c'V5-c)-.2a'iV=0, 



GENERAL EQUATION OP THE SECOND DEGREE. 251 

the discriminating cubic which has been already discussed. 
Since to each of the three vahies of 3 there corresponds one 
system of values of \ : ^ : v, there are, in general, three and 
only three principal planes. 

If, as in the case of a surface of revolution, there are an 
Infinite number.^f values of X : /a : v, we obtain from equations (1) 

a- 8 c' V , c' b — 8 a' 

— 1~ =7 = "7 1 and 77 = — r- = ; 

JV , ca dV . A i. ofo 

.'. 8^a r ^o— -.r^c ,- , as m Art. 373. 

a c 

379. To shew that the three principal planes of any conicoid 
are mutually at right angles. 

Let «„ «,, «3 be the three roots of the discriminating cubic, 
and let the corresponding values of X, /x, v be denoted by the 
same suffixes ; we shall then have 

a\+ dfi^-\r b\ = s^\^ 

c\+ J/*j + a\ = «j/*„ (1) 

Multiplying by X,, /a^, v^ and adding, we obtain 

{a\ 4 c>, + b\) \ + (c X, + b/i^ + a\) fi, 4 {b\ 4 (tfi^ 4 cv^j v, 

•\ «,\ . X, 4 s^fi^ . fi^ 4 V« • ^ = *i ( W + f^iM't + ^^)> 
whence [s^ - 8^) {W 4 /a,/*, 4 VjVj t= 0. 

Hence, if two roots of the cubic be unequal the corresponding 
principal pknes will be at right angles. 

We may make use of equations (1) to shew that the equation 
of the surface referred to the principal planes as coordinate planes 
will be of the form ax'4 )8y' 4 7*' 4 S = 0, in which a, /8, 7 are 
the roots of the discriminating cubic, for, on transformation, 
the coefficient of «* will be 

a\^ 4 6^1* 4 cv* 4 2a>,Vj 4 2 JV,X, 4 2c\fi, 
and similarly, /S = ^„ 7 = s^. 
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380. To distinguish the surfaces represented by an e^qtuUion 
for which the roots of the discriminating cubic are finite. 

In this case there is a centre at a finite distance, to which 
if the origin be transferred, the direction of a new system of 
axes can be chosen (Art.^ ST^O), sirch that 

u = ax* + jy -f CSS* + dw* 

+ 2a7/z + 2b'zx 4- 2cay -f 2a"irw? + 2b"yw + 2c"zw = 0, 

will become hj transformation aa;*-f )8y' + 7«'+ 8u>* = 0, w being 
written for the unit. 

The transformation will be effected by substituting 
?ir -H my + w« + ^w for j?, and similar expressions for y and «, 
w being unchanged;, the discriminants, being invariantSy. are 
therefore eq^ual,* since the modulus of transferioatiea 



/. H{u) = 



a. 



7, Wl, fly 

l\ m\ w', 
V\ m'\ n", 
0, a, ,0y 1 

b\ a" 



= 1 



c', 6, a', b" 



a, c. 



a", 6", c", (Z 

/. ax* -\r 0y* + yz* == -- 



a, 0, 0, 
0, /3, 0, 
0, 0, 7, 
0, 0, 0, S 



= a/875 J 



affy ' 



Hence, we have the following t^able for the case in which 
K/Sy or A is finite, and a > ^ > 7, by which it may be seea ho-w 
the loci are distinguished : 



a 

+ 

+ 

+ 
+ 

+ 
+ 


/5 

+ 
+ 

+ 

+ 
+ 


y 

+ 

+ 
+ 


H{u) 

+ 




+ 




Ellipsoid' 


Hyperbolbid, one sheetf 


Hyperboloid, two aheetb 


Ckine, real 


Cone, imaginary, or point 


Imaginary locus 



* Salmon's Higher Afgebra^ Arts. 118 and 28. 
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In ordel* that a^ /9, and y m«y be all positive, a + b + c and 
A roust be positive. If the locus be a point, or rather an in- 
definitely small ellipsoid, the sectioi^ of ti, ^ by each coordinate 
plane must be a point^Uipse ^ therefore each of the quantities 
he — a^jCa — b'\ and a6 — c'* must be positive. 

The conditions for surfaces of revolution are obtained In 
Art. 373. 

SSI, To diatirtguish the sujface^ represented hy an equation^ 
for which one of the roots of the cubic vanishes^ and tJie centre is 
single and at an infinite distance. 

The conditions that the centre may be at an infinite distance 

are that A = 0, and that one or more of the three quantities 

btlow shall be finite, 

a"A^-V'C'^c"B\ 

a'^B'^VA'^-dX. 

The swrfaces will be the elliptic or byperbolic paraboloid, 
according as the roots of A* — (a + 6 + c) A + -4 + -B + (7 = 0, have 
the same or opposite signs, t.«. as -4 + 5-f C is + or - ; but, by 
Art. 363, A^ B, C have the same sign, hence 

A^ By and C+ gives an elliptic paraboloid, 
A J Bj and C~ „ hyperbolic paraboloid. 

382. To distinguish the surfaces rq^esented by the general 
equation when there is a line of centres at a finite distance. 

The conditions that there may be a line of centres are A = 
and J? (m)=- [a" ^{A) + b" ^/[B) + c" V{C)}» = 0; or, if A\ B\ C 

n 111 n 

be finite -j-, -^r -kt + Tv = ^' The equations of the line of centres 

are -4'f — aV = J5'i7,— &'6"=^C"f—c'c"=»p suppose; therefore, if 
we transfer the origin to any point in the line of centres de- 
fined by some value of p, the equation of the surface will become 

a'a!"" &'J"« cV" ^ ^ 
since the coefficient of p vanishes. 
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If a', h\ c be all finite, A\ B\ C will be so also, but if a\ 
for instance, vanish, the other two being finite. A' will be finite, 
and, by Art. 363, if B' = 0, then ^ = 0, and C = 0, and 5 and o 
vanish ; hence, recurring to the origina} equations for determining 

the centre, we easily obtain the equation u^ ^ — h —j^ +e?= 0, 

c c 

and the condition i'J" = cV. 

If two roots of the discriminating cubic be finite, since u^ is 
reducible to the form /8y* + ^st*^ the surfaces represented by the 
equation will be in the general case in which 

.«'>*"5i vv* w* 

aa 00 cc 7. /? ., 

-jr -h "^ ^" (7'~ + « 18 finite, 

A^ Sj and (74, an elliptic cylinder. 
Ay Bj and (7-, a hyperbolic cylinder; 

m (ZCt 

when jr +...= 0, 

Ay By and C+, a line cylinder, 

Ay By and O—, two intersecting planes. 

If only one root be finite, w, is reducible to 72?', but in this 
case, since A + B-{-C=Oy Ay By (7, being all of the same sign, 
must vanish separately, from which it follows that A'y B\ G* 
also vanish, and there cannot be a line of centres at a finite 
distance. 

383. To distinguish the surfaces when there is a line of 
centres at an infinite distance. 

In this case ^' = £' = 0' = ; therefore ^ = 5= (7= ; two 
of the roots of the discriminating cubic must therefore vanish ; 
also aa'y b'b"y c'c" must not be all equal. 

Since aa = b'c'y &c., u^ can be put into the form 

and the only surface represented is a parabolic cylinder. 

384. To distinguish the surfaces for which there is a plane 
of centres. 
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In thiff case, as in the last, the minors all vanish, and we 
have in addition aa" =^Ub" =^c'c" ] the equation may therefore 
be written 

a'Vo- g + f + ^,y+ 2a'a" g + f, + ^.) + .?= 0. 

The surface represented consists of two parallel planes unless 

aVcd^a^a"^^ or d= — = -^ = — , in which case they are 

' a c ^ ^ 

coincident. 

One of the planes will be at an infinite distance if a, &, c, 
a', h\ c' all vanish while one at least of the other quantities 
remains finite. 



385. The results in the general case may be tabulated as 
follows, if V be written for — ;p- + -dt + -pr + d^ and v for 



A' 



(aV - i'i7 + ( J'6" - cV')", where /denotes 'finite' and a, /3, 7 
are the roots of the discriminating cubic, a>ff>y. 



A 


a 1 


+ 


y 

+ 


+ 





c 


V 


u' 




+ 


+ 1 






EUipsoid 


+ 


+ 
+ 


+ 

+ 
+ 


+ 


Hyperboloid, one phe^t 


Hyperboloid, two sheets 


+ 


+ 
+ 


Cone, real 


+ 










4- 






+ 
+ 

+ 


f 


Cone, imaginary, or point-ellipsoid 


+ 
+ 
+ 
+ 


+ 


/ 


Paraboloid, elliptic 


— 


/ 


Paraboloid, hyperbolic 


+ 

+ 

+ 
+ 









Cylinder, elliptic 


+ 


Cylinder, line 








+ 
+ 








f 



!/ 


Cylinder, hyperbolic 


Planes, intersecting 


Cylinder, parabolic 










1 Planes, parallel 



For coincident planes d^- = ,- = 

^ a . c 
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For two planes, one at an infinite distance, a, bj'C^ a\ V^ e^% 
one at least of -a", V\ c" finite. 

For two planes at an infinite distance, d alone finite. 

386. Processes for finding the locus of any given equation. 

When a particular equation of the second degree is presented 
to us, in order to discover what species of surface it represents, 
we would recommend the student first to form the discriminating 
cubic, and it will then be seen whether the last term A vanishes 
or not. 

I. If A be different from zero, we must find the centra, 
transfer the origin to.it, and bj changing the directions of the 
axes reduce the equation t\> the form gub* + /Sy* + 7a* + 8 = 0, 
where a, )3, 7 are the roots of the discriminating cubic, which can 
always be found approximatelj, at all events their signs can 
be determined by Des Cartes' rule j and S has been shewn to be 

— -^^ , or in particular cases may be found more easily without 

the use of the determinants. 

II. If A = 0, and -4 + 5+ C he not zero^ ki wliich case ithe 
two roots )8, 7 will be finite, it will be best to determine ihe 
directions of the axes which correspond to the three roots 0, )3, 7, 
and to suppose the origin so chosen that the equation becomes 
either 

/9/ + 7^" -f" 2a"a; = Q, (-1) 

or %* + 7«" + S = 0. .(2) 

If we do not require the position of the vertexj -the value .of 
ol' in (1) can be found by equating the discriminants, by which 

we obtain prfo^'^^^L{^a:'A^-h"G''\-cB')% and if we find 

that a" vanishes, we take case (2). 

But if in case (1) the coordinates f, 17, f of the vertex be 
required, we think that the best method is to transfer to this 
point, and observe that the result must be 

u^ + 2a" i;lx + »«y + nz) = 0, 
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if (/, 971, n) be the direction of the new axis of a;; so that 
we obtain the equations for determining ^, 17, ^ and a", 

af + c'^ + J'f + a" ^ la", 

cf +Jiy + a f + J" = wia'!, 

i'l +-a'i7 + cS -^0"= wa'; • 

From the first three equations 

a" A + i" C + c'B' = (Z^ + m C ' + nfi') «"., 

which gives a" without ambiguity, and the fourth equation with 
two of the former determines ^, 17, and ^. 

If a" = 0, we shall have in case (2) three equations, equivalent 
to two independent equations, which will determine the axis of 
the surface, and we can o'btain S from a fourth equation com- 
bined with two of the former ; thus eliminating f and ij from 
the last three, 

8 (aV - bb') = b" {b'b" - a'a") + c" {ba" - cT) + d (aV - JJ% 

since the coefficient of ?=a"^ + i"0;4 c"5' = 0, when a"-0. 

Thus the position of the locus is determined xsompletely in 
both cases. 

in. If A»'0 and A-^B-{' (7=0, the equation is reducible 

to one of the forms yz'-\-2a"x = (1), yz''-^ S = (2). 

b'c' 
In this case, since a = — , &c., the original equation is easilj 

put into the form 

A 

a b'c' (I + I + I j + 2 (a"x + b"y + c"z) +'rf= 0-; 

if (Z, w, w), (Z', m'j n'] be the directions of the new axes of Xj r, 
and (f, 1;, f) 1)0 any point ob the line of vertices in (1), the 
equation referred to that point as origin and to axes pai*allel 
to the -original axes will be 

7 {I'x + my + n'zY 4 2a" (Ix + my + nz) = 0, 
whence ZV = m'b' = ;, V = ^ /^' = ^ /f-^1 • 

LL 
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We obtain also the equations 

7? (Z'f + mri + 7i' J') + a" — Iol\ 

jm' [l'^ + m'fj + w'f ) + b" = moL% 
jn' [I'i + m'ri + «'?) + c" = na", 
a"f + J"i7 + c"f + (?f + 7W17 4 wf ) a" + (/= ; 
/. 7 (Pf + m'ri + n'?) 4 a T + J'W + c"n' = 0, (3) 

and a'"* = a"^ + b'"' + c'"* - [a"V + J'W 4 d'n'f 

= ( J' V - c"w7 + [c"V - a V)» + [a"m' - ^^)^ (4) 

(4) gives the latus rectum of the principal parabolic section^ 
(3) and (5) are the equations of the line of vertices. 

The value of a" shews the necessity of the condition that 
aV, b'b'\ c'd' must not be all equal. 

If da" = bV = c'c'\ see Art. 384. 

387. We shall conclude this chapter by applying some of 
its processes to two numerical examples, and we shall also shew 
how the discriminating cubic may be sometimes employed with 
advantage when we cannot find the roots, by investigating 
directly the construction for the axes of a cone enveloping a 
conicoid, and the locus of its vertex when it is a right cone. 

388. To find the surface tohose equation is 

32a;* 4 y* + «* -f 6^2 - 1 Qzx - Uxtf - 6 -p - 1 2y - 1 2;5 4 1 8 = 0. 

The discriminating cubic is 

(A-32)(A- l)*-9(A-32) -128 (A-l)-6. 64 = 0, 

the last term of which is and the roots 0, 36, — 2. 
The equations of the axes are known from 

{64 4 3 (A - 32)} a; = {- 24 - 8 (A - 1)} y = {- 24 - 8 (A - 1)} a, 
which give 2aj = y = «; ar = --4y = — 4«; a; = 0, y = «; 
and the direction-cosines are 

ih h I), (K2, -W2, -W2), and (0, iA-W2). 
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The equation being reduced to 36y* - 2«* + 2a"x = 0, by the 
equation of invariants 

-i(3. 84-6. 16 + 6. 16)" = -36. 2a""; /. a' = ±9. 

If (f , 77, f) be the vertex referred to the original axes, when 
we transfer to this point the equation must reduce to 

.-. 32f - 817 - 8?- 3 = Ja" 

- 8f+ i7 + 3?-6 = K 

- 8f + 3i7+ f-6 = fa"; 

/. -3 -2.6 -2. 6 = 3a"; .-. a" = -9, 
and since the constant term vanishes 

K(f + 2i7 + 2?)-3f-6i7-6?+18 = 0, 
or f + 2i7 + 2f=3; 

389. To find the surface whose equation is 

aj* - 2y" + 2z^ + ^zx - a?y - 2aj + 7y - 5« - 3 = 0. 
The discriminating cubic is 
(A-l)(A«-4)-f(A + 2)-i(A-2) = 0, roots 0, ^^-^^ , 

iy (m) = - i {Ad' + CT + B'dy = 0, 

and tho equation is reducible to 

Tbe equations determitung any point ({, 17, ^) of the axis of the 
surface are 

2|- ij + 3(r-2 = 0, 

- f-4i, +7 = 0, (1) 

3f +4?-5 = 0, 

which give the straight line 

^=-4.; + 7 = H-4r+5); (2) 
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therefore multiplying the eqaations (1) bj ^, 17, ^j and adding 
2S=2/(f,^,f)=-2fH-7i7-5r-6 = 0: 

The equation therefore represents two intersecting planes whose 
line of intersection is given by (2). 

390. To find the axes of the conical envelope of a central 
conicotd. 

The equation of the cone referred tO' its vertex as origin is 

a [ax* + %• + c^ = («/» + hfft/ + c/*«)", 

a being written for o/* -f Jy* + cA* — 1, the discriminating cubic 
in this case is 

- <^'^Tff* (5 - <rc + c'K') + 2a Vcy/A* = 0^ 
or writing s^^ *„ *, for ^— o^a, » — crJ, « — <rc 

ay» 5V' c'A' , ^ 

.-. -=^— +— ^ + + 1=0^. 

*— era 8 — ao 8 — ac ^ 

and a/" + bg* + c/i* - 1 = o- j 

therefore multiplying the first eqjiiatioa by o-j and adding: 

saf* shg* 8cV 

5 — <ra a— (TO » -ac ' 

or -:i + --^— + — — = I. 

1 a- 1 a I a 

a 8 b 8 c 8 
Now by Art. 375 the direction-cosines of tbe axis correspond* 

(7'/»'\ 
5 — a + — 7 J , <£cj and 

in this case a - -7- , and a'* are replaced by aa and - bcghj hence 
the direction-cosines of this axis of the cone are in the ratio 



_/ ff. . 

1-. ?' ^ - <r* 1 0-' 
a 8 b 8 c 
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thus we have proved^ by the method of this chapter, that the 

axes of the cone are the normals to the confocals through the 

vertex. 

The conditions of Art. 373, that the conical envelope shall be 

Vc 

a surface of revolution, are, since the expression a becomes 

d 

aa^ either that a = h=^c^ in which case the enveloped conicoid 
is a sphere, or that /, 5^, or A = ; suppose A = 0, then one of 
the three corresponding values of b will be <rc ; 

mSL^m I ^ _ 1 

a c b c 
hence the vertex must lie on a focal conic. 



XVI. 

(1 ) ' Find the nature* of the surfaces represented by the- following 
equations : 

1. 3z» - a:' - y* + 4xy = a\ 

2. y3 + w + jry = a*. 

3. «• + y* + «• + 2jry f 2y« + 4ze = 1. 

4. «* f y* + 2 (ary -^ yz ■¥ zx) = a\ 

6. 2a« - 5x* - 2y« + lOxy + 4y« + 4y + 16a; + W = 0; 

6. *• + 2 (ya + aa: + ary) + 2 (« - y - 1) =s 0. 

7. a* + y" 4 3«" + 3y« + zj? + ary - 7ar - I4y - 25it + d- 0. 
». 6y' - 2jc« - 2» - 4ary - 6y« + 8za? = 1. 

Pt-ove the following results : 

1. Hyperboloid of one sheets 2. Hyperbolbid of revolution, eccentri- 
city of generating hyperbola « V(f )• 3. Hyperboloid of one sheet, axes 
V(0) - V(^> V(6) + V(2)t 1 ; direction-cosines of axes in the ratios 
{1, ± V(3) - 1, 1}, (If 0, - 1). 4. Hyperbolic cylinder. 6. Hyperboloid 
of one sheet, centre ({-, f , - ^5^)r 6. Gone, direction-cosines of axes 
{0, i V(2), - J V(2>Jf {±i V(2), i, i}. .7. Ellipsoid,, point or impossible 
according m d<-> 65, 8. Hyperbolic cylinder; 

(2) The equation 7a:' + 8y" + 4«" - 7y8 - llzar - 7iry = a* represents an 
hyj)erboloid of one sheet whose greater real axis makes with the axis of z 
an angle tan~* V(2)« 

(3) The equation 

ax* + 4y* + 92« + 12^2 + 6sx + 4a:y + 2a''x f 26"y + 2c"z + rf = 
will in general represent an elliptic paraboloid, a parabolic cylinder, or a 
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hyperbolic paraboloid, according as a > « < 1. What surfaces will it re- 
present in the following cases : 

i. 36" = 2c", a> = <l. ii. fia" = 36" = 2c'', a = 1. 

(4) The equation {ey - hzY + {az - ex)' + {fix - ay)* = 1 represents a 
right circular cylinder, the equations of whose axis are -*='?='"'• 

(5) The equation a (y - a)* + 6 (jb - «)• + c (« - y)' = d* represents a 
cylinder, which is hyperbolic when be -¥ ca ^ ab is negative ; and which, 
when 5c + ca -i- a6 is positive, is elliptic or impossible according as a + 5 4 c 
is positive or negative ; ifat6 + c = 0, the principal section will be a rect- 
angular hyperbola. 

(6) The Surface represented by the equation 

aV + b^y* + c*2* - 2bcyz - 2cazx - 2abxy = I 

is an hyperboloid of one sheet, and the sum of the squares on its real axes 
is equal to the square on its conjugate axis. 

(7) The equation az* + by* + c«* + 2a'yz + 2b'zx + 2&xy = Q will represent 
a right cone, whose vertical angle is ^, if 

ac^ - b'e' W - cV c(f - afb' , . , 1 + cos^ 

; = — Ti = — :;; = (a + 6 + c) — . 

a hf cf ^ '1 + 3 cos^ 

(8) If a cone whose vertex is the origin and base a plane section of the 
surface ax* + by* + cs' = 1 be a cone of revolution, the- plane must touch 
one of the cylinders [b - a) y* + (c - a) «* = 1, (c - 5) »• + (a - 6) «• « 1, 
(a-c)*« + (6-c)y"- 1. 

(9) Discuss the different surfaces represented by the equation 

«• + (2m* + 1) (y" 4 «•) - 2 (y« + 8* + ay) = 2m' - 3m + 1, 

as m varies from - oo to 4 oo ; considering particularly the critical values 
- 1, \i and 1. 

(10) Prove that, when bb' - c'a'^ and cd = cib\ the equation 

ax* +...4 2o'yz +...4 2a'x +...4/= 0, 

represents in general a paraboloid whose axis is parallel to the straight 
line X = 0, c'y 4 b'z = 0. 

(11) The section of the surface ys f zx i xy = a* by the plane /x 4 my 4 ffi s= ji 
will be a parabola if ^ 4 mi + n^ » ; and that of the surface 

x* 4 y' + «* - 2ya - 2xy = a* 
will be a parabola if mn 4 n/ 4 /m = 0. 

(12) The radius r of the central circular sections of the 'surface 
ayz 4 bzx 4 exy = 1 is given by the equation abcr^ 4 (a* 4 6^ 4- c^) r* = 4j 
and the direction-cosines of the sections by the equations 

I (m« 4 n*) ^ m (n» t P) ^ n (/» 4 m«) ^ ^^^^, 
a " b e 
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(13) The semi-axes of a central section of the surface ayz^bzx^ cry + oic 
made by a plane whose direction-cosines are /, m, n, are gi^en by the 
equation r* {2hemn +...- aV -...) - Aahcr* (amn f ...) + 4fl*6V = 0. 

(H) Prove that the section of the surface 

ax* +...f 20*^8 +...+ 2a' X f ...+ </ » 0, 

by the plane ^ + my + nz » will be a rectangular hyperbola, if 

r (ft + c) 4 m* (c + <i) 4 n» (a + 6) = 2a'mn + 2hnl + 2<;7m; 

and a parabola if ? (Jc - a'«) +...4...+ 2mn (h'd - aaO +...+... = 0. Explain 
why this last equation becomes identical if J/& - aa\ tla' ^ bb\ and aV » cc'. 

(15) The area of the section of the conicoid 

a*" + 6y" + <«■ + 2/y» + 2gzx + 2hxy « 1 
through the extremities of its principal axes is 

2?r 



V Wc + 2Jgh - a/« - bff* - cAV ' 



3y(3) 

(16) A cone is described whose base is a given conic, and one of whose 
axes passes through a fixed point in the plane of the conic, prove that the 
locus of the vertex is a circle. 

(17) Find the equations of the hyperboloid, three of whose generating 
lines are x ^0, y - a ; y = 0, z- a; and e-O, x = a\ shew that it is a 
sur&ce of revolution, and find the eccentricity of a meridian section. 

(18) If r be any semi-axis of the quadric 

flx" + hy* •¥ c:^ ^- 2/yz + 2gzx + 2hxy ~ (o, 6, c, /, g, h) {x, y, sf = I, 
prove that the values of r will be given by the equation 

gh-<if+l V-iy + J /<7-cA + J 

(19) Find the locus of the centres of the surfaces represented by the 
equation x' + y" - t" + 2pxz + 2qyz - 2ax - 2by + 2cz = 0, a, b, c being given 
positive numbers, and p and q variable parameters. 

i. When jE» and^ vary in every possible manner. 

ii. When they vary in such a manner that the equation may always re- 
present a cone. 

Distinguish the respective parts of the locus which correspond to 
hyperboloids of one and two sheets. 

(20) The. surface whose equation, referred to axes inclined at angles 
a, ft 7, is ax* + 6y* -f «B* = 1, will be one of revolution if 

a cosa h cos)9 c cos 7 

C08O - COS/3 COS7 COSli - CO87 C08« CO87 - COSa C08/3 



m 
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(21) The surface whose equation, referred to axes inclined at angles 
»! pt 7, is ayz i hzx -f cxy = 1, will be one of revolution if 

a * _ * 

I ± cos a 1 ±:0O8.y3 1 ± C08«y * 

one or three of the ambiguities being taken uegative. 

(22) The equation asfl ^hy* ^r g^ ^^ may, when referred to oblique 
axes, be transformed into the equation 2m {yz + au; + scy) - 1 in a«i infinite 
number of ways. If a\ V, d be the cosines of the apgles between the 
axes, shew that 

■111 m m /»/#.• 
a h -c 

• (Jl + I + i\ = JV+15V+ a'6' -«'-&'-<?; 

\6c ca ahj 

and t^r.l-a^-ft^-^i 2a'iV. 

abc ' 

If the oblique axes be mutually inclined at angles of 60'', shew that either 
- 2a = 6 = c, a = - 26 «.c, or a = 6 = - 2c. 

(23) Shew that the hyperboloid, whose equation, referred to oblique 
axes inclined at angles cos'^a', cos~'6', cos~'c', is 

(1 - a:)yz + (1 - 6) zj: + (1 - cT) xy » «?, 

is an hyperboloid of revolution, whose equatidn, referred to 'its principal 
axes, is 

^ ^ ^ 1 - a« - 6" - c'" t 2a'6V ^ 

(24) If the equation of an hyperboloid, referred to oblique axes •inclined 
at angles a, /}, 7, such that a + )3 + 7 = tt, be 

y% cos a -f 2x oosjS +^y cos 7 - <f', 

shew that the length of one of its axes will be 4e7: and that the eccentri- 
city (0) of its principal elliptic sections will be given by the .equation 

40* 1-8 cos a cos^ cos 7 

1 - ^ cos* a COS* p cos* 7 

(25) Three fixed rectangular axes are taken, and a fixed line through 
the origin Whose direction-cosines are X, /i, v. If any rigid surface be 
turned about this line through an angle ^, the equation of «uch a surface 
in its new position may *be deiived from its equation in the old one by 
changing x into a: cos^ + X(\a: + ^y + va) (I - ^o^O) +.(aub - iy)«in ^, with 
similar changes for y and 2. 

Hence, defining an axis of a<conicoid as a diameter, such that by revo- 
lution about it through two right angles every point of the surface returns 
to the surface again, deduce tho ordinary cubic equation for the determina- 
tion of the axes. 
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DEGREES AND CLASSES OF STTR FACES. DEGREES OP CURVES 

AND TORSES. COMPLETE AND PARTIAL 

INTERSECTIONS OF SURFACES. 

391. Having already fully investigated the nature of the 
surfaces represented by the general equation of the second degree, 
we will proceed to the loci of equations of higher degrees, which 
we may consider as equations either in three-plane or four-plane 
coordinates : in ihe latter case we may suppose the equations 
homogeneous, without loss of generality. 

392. Surfaces whicih are represented by rational and integral 
illgebraical equations are arranged according to the degrees of 
these equations when plane coordinates are used, and according 
to classes when tangential or point coordinates are used. 

A surface is of the n*** degree when the equation of which 
it is the locus is of the ri^ degree in the coordinates of any 
point of the locus; the geometrical equivalent being that a 
surface is of the n^ degree when an arbitrary straight line 
intersects it in n points, real or imaginary. 

A surface is of the rfi^ class when n tangent planes, real or 
imaginary, can be drawn to it through an arbitrary straight 
line. ; 

If p\ 2', r', 5' and p"y q\ r\ a" be the point coordinates 
of two* planes, the coordinates of any plane passing through 
their line of intersection will be Ij) -f mp'^ Iq + mq\,.{Ar{, 128), 
I : m being an arbitrary ratio, and the particular planes which 
touch a surface whose tangential equation is F[p^q^r^s) = 0^ 
supposed a homogeneous algebraical equation of the n^ degree, 
will be determined by the values of Z : m which satisfy the 
equation 2^(/p' + ?wp", ...) = 0; the number of values of the 
ratio will be w, and this will therefore be the class of the 
surface. 

M M 
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393. Curves and Torses are arranged according to their 
degrees. 

A curve of the w*^ degree is one which intersects an 
arbitrary plane in n points, real or imaginary. 

A torse of the rfi^ degree is one to which n tangent planes, 
real or imaginary, can be drawn through an arbitrary point. 

Other classifications of curves and torses will be explained 
hereafter. 

394. Among the various methods of treating of curves 
which have been proposed, one is to consider them as the inter- 
section of surfaces whose equations are given. ' In this method 
the difficulty arises, to which allusion has been made (Art. 13), 
viz. that extraneous curves may be introduced which are not 
the subjects of investigation. 

If any curve be supposed to be given in space, it is impossi- 
ble generally to determine two surfaces which shall contain no 
other points but points which lie on the proposed curve; but 
among all the surfaces which may be drawn through a curve, it 
is desirable to obtain the simplest forms of surfaces of which' the 
curve shall be the partial intersection. 

395. The number of points in whicTi three surfaces inter- 
sect, which are of the m^^ n^\ and p^^ degrees respectively, is 
7nnpj unless they intersect in a common curve, in which case 
it is infinite. 

For the proof of this proposition, the student is referred 
to Salmon's Treatise on Higher Algebra^ Lesson viil., on the 
number of solutions of three equations in three unknown 
quantities. 

The student may be able to satisfy himself of the truth of the 
proposition, by considering that the number of points in which 
the surfaces intersect will, by the law of continuity, be unaltered, 
if we substitute particular instead of the general forms of the 
surfaces. If the surfaces respectively consist of m. n, p arbi- 

,»7 pl««, U i. «b™». li .he Uber ,t *;!, 'i.„,„ 

points of intersection will be mnp^ each point being the inter- 
section of three planes, taken one from each system. ^ 
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396. The complete intersection of two surfaces of the m^ and 
w*^ degrees respectively^ is a curve of the mn^ degree. 

Let a plane intersect the surfaces, ^he number of points of 
intersection of the plane ^nth the surfaces is mriy this is there- 
fore the number of points in which the plane cuts the curve, 
and the curve is of the mn^ degree. 

397. To find the number of conditions which a surface of 
the n^^ degree may he made to satisfy. 

The number of constants in the general equation of the n^ 
degree is evidently the number of homogeneous products of four 
things of n dimensions, and is therefore 

__ 4.5...(4 + n-l) ^ (/i + l)(n-f 2)(n + 3) ^ 
■" •1.2...n "■ 1.2.3 ^ 

but in estimating the number of constants with reference to the 
number of conditions which the locus can be made to satisfy, we 
must diminish this number by one, since the generality of the 
equation is unaltered if we divide by any one of the constants. 
The number of disposable constants, so obtained, is 

(w + l)(n + 2)(n + 3) , (n" + 6n+ll) . , . 

Thus ^(2)=. 9, 0(3) = 19, 0(4) =34, 
4> (5) = 55, (6) = 83, and so on. 

Since, when a point is given, we may substitute its coordi- 
nates in the general equation of a given degree, and thus obtain 
a linear equation of condition between the constants, a surface 
of the third degree may be made to pass through 19 arbitrarily 
chosen points, and one of the fourth through 34,. &c., and (n) 
arbitrarily chosen points will completely determine the position 
and dimensions of a surface of the n^ degree. 

A surface of the w*^ degree is also determined by («) inde- 
pendent linear equations of any kind between its coefficients. 

398. All surfaces of the n^^ degree which pass through 
(n) — 1 given points have a 'common curve of intersection. 

If u = 0, V = be the equation of two surfaces passing through 
the given points, \u + /iv==0 will be the equation of another 
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surface of the n^^ degree which passes through the ^ (w) — 1 given 
points ; and since, by giving proper values to the ratio X : fi^ 
this surface may be made to pass through any additional point 
which is not common to the two surfaces w = 0, v = 0, this equa- 
tion will be the general equation of all surfaces whic^ contain 
the ^ (n) — 1 given points. But this equation is also satisfied 
by the coordinates of all points which lie on the curve of in- 
tersection of w = and v = ; this curve, which is of the degree 
7i', is therefore the common curve of intersection of all sur- 
faces containing the (n) — 1 points. 

399. By reasoning similar to the above, it can be seen that, 
if a surface be of such a nature that m points or m linear equa- 
tions of condition completely determine it, we may assert, that if 
m- 1 such conditions be given, all surfaces of this kind which' 
satisfy these conditions will hav-e a common curve of intersection*. 

400. We shall give the name of clueter to the series of sur** 
faces of the rfi^ degree determined by the equation \u + fiv^ 0, 
and call the curve of the degree n^, which is the common 
intersection of the surfaces, the base of the cluster. 

We have adopted cluster as the equivalent of the term^ 
faisceau used by French writers. 

401. We may remark that, if (w) — 1 points be given, it 
will be possible to eliminate from the general equation of the*, 
surface of the vfi^ degree all the constants but one, which will 
enter i^to^ the resulting equation in the first power only. This- 
equation will then be of the form m + \t> = 0, where u^ v are of 
the n^ degree, and \ an undetermined constant. All .surfaced 
represented by this equation will pass through the curve given- 
by the equations 

« = 0, t; = 0, 

which curve is therefore completely determined. For example, 
eight points determine a curve which is the complete intersection 
of two conicoids. 

In the case of complete intersections of surfaces the nature of 
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the curve is not given when the degree is given, except in the 
case of prime numbers, when it must be a plane curve. 

For example, a curve of the twelfth degree might be the com- 
plete intersection of pairs of surfaces of the degrees^ (1, 12), (2, 6), 
(3, 4), and these different species, belonging to tbe same degree, 
would require a different number of given points to determine 
completely the surfaces. 

The following proposition serves to obtain the number of 
given points sufficient to determine a surface of the n^ degree 
which, bj its complete intersection with a surface of a lower 
degree, gives a curve of the wj* degree : this is given by 
Plucker, but may also be proved directly by a theorem giyen 
by Cayley.* 

402. All surfaces of the n^ degree which pass through 

given points of a surface of the q^ degree cut this last surface in 
one and the same curve. 

Of <^ (n) - 1 given points, (p) lie on a surface of the p^ 
degree, whose equation is u, = 0, and if the rest, viz. 

lie on a surface of the q^^ degree, where n =^ + 2, whose equation 
is u,.= 0, then Upi^^sO will be one of the surfaces which contain 
the ^ (n) — 1 points, and may be obtained by giving a ceitain 
value to the ratio \v /a in the equation Xt^ + /av = 0, so that 

The curve of intersection of all the surfaces of the n^ degree 
containing these points lies on the surfaces Uf = and Ug = 0. 

Hence if ^ (w) — ^ (n - j) — 1 points be taken on any fixed 
surface u^ » 0, all surfaces of the n^ degree, which pass through 
these points, will intersect the surface of the g^ degree in the 
same curve.. 

Thus, if 2 = 1, the proposition is reduced to the following :> 

All surfaces of the n^ degree which pass through ^n {n + 3) 



* Nouvtllu Annalts, xu., p. 396. 
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given points in a plane determine a curve of the rfi^ degree 
in that plane. 

If ^ = 2, the proposition becomes : 

All surfaces of the n^ degree which pass through tz (n 4 2) 
points on a conicoid intersect the conicoid in the same curve. 

403. When it is said that a curve or surface is determined by 
a certain number of points, these points must be supposed 
arbitrarily taken^ for it is possible so to select the points that this 
number would not be sufficienti Thus, a plane cubic is generally 
determined by 9 points, but, if those be the nme points of 
intersection of two of such curves, an infinite number may be 
drawn through them. A curve of the fourth degree of one 
species can be determined completely by 8 arbitrary points, 
but if these given points be the intersections of three conicoids 
which have not a common curve of intersection, taking these 
surfaces two and two, we may obtain three curves of that 
species passing through the same eight points. 

404. If two surfaces of the rfi^ degree pass through a curve 
of the nr^^ degree situated on a surface of the r^ degree, they 
will also intersect in a curve of the w (n — r)^ degree, situated 
on a surface of the (n — r)^ degree, because one of the surfaces 
which passes through the intersection of the two n^ surfaces 
will be the complex surface formed of two of the degrees r 
and n — r respectively. 

Thus, if a conicoid intersect a cubic surface in three conies, 
the planes of each of these will intersect the cubic in a straight 
line, making the complete intersection ; and since the three planes 
form a cubic surface, part of whose curve of intersection with 
the original cubic surface lies on a conicoid, the three straight 
Unes will lie in one plane. 

405. The theory of partial intersections of surfaces was 
first discussed by Salmon.^ Without an examination of such 
partial intersections it is not possible to analyze different species 
of curves of the same degree. If we considered only complete 

* Quarterly Jomwil,'7oLY , 
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intersections of surfaces, curves of the third degree could only 
be considered as plane curves, whereas it will be seen that 
they may also be partial intersections of conicoids. 

406. To find the surfaces of which a given curve is the partial 
intersection. 

In order to find the surfaces which may contain a curve of 
the m^ degree, it is observed that through <^ {Jc) points a surface 
of the A*^ degree can be made to pass. Now, the total number 
of points which are common to a proper curve of the m^ degree 
and such a surface, supposing the curve not to lie entirely 
on the surface, is mk^ since this is the number of points in 
which k planes intersect the curve ; and the law of continuity 
makes the statement general. 

If if> (Jc) = mk H- 1, one such surface can be drawn containing 
the curve ; if 4> (Jc) > mk+ 1, two surfaces of the k^^ degree can 
be drawn, and therefore an infinite number. Thus, for a curve 
of the third degree, if fc = 2, ^ (i) = 9 > 3,2 + 1 , hence an infinite 
number of conicoids may be drawn containing any curve of the 
third degree. 

When (j) {k) = mk + 1, one surface of the k^ degree contains 

the curve, and another of the k-{ if must also contain it, for 
(f>{k + l)-(l> (i), = :^ (i 4 2) (i + 3), therefore 

(i+ 1) - {m {k+l) + l} = ^{k + 2) (i + 5) - m, 

which is always positive. 

Modifications are required when the surfaces are not proper 
surfaces. Salmon gives as examples of this modification a plane 
curve of the third degree through which it is possible to de- 
scribe an infinite number of conicoids, but since each conicoid 
must necessarily consist of the plane of the curve and an arbitrary 
plane, the intersection of the plane and conicoid will not deter- 
mine the curve. Again, if a curve of the fifth degree, which, 
according to the above laws, ought necessarily to be determined 
by surfaces of the third degree, lie entirely on a conicoid, every 
surface of the third degree which contains the curve may be a 
compound of the conicoid and a plane, and we must advance to 
surfaces of the fourth degree to determine the curve. 
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If a curve be given of the m^ degree, and A, I be the lowest 
degrees of surfaces upon which it can lie, any surface of the k^ 
degree constructed to pass through mk + l points will contain 
the curve, and similarly for the other surface. 

If wZ+1 points known to lie on the curve be given, and 
Z> X;, all the I'est can be found. 

407. The number of arbitrary points through which a curve 
of the m^^ degree can be drawn cannot exceed a certain superior 
limit which is easily determined, for suppose k arbitrary points to 
be given, and a cone to be constructed containing the curve, and 
having its vertex in one of the assumed points, .the degree of this 
cone will be «i— 1, since any plane through the vertex must 
contain m — 1 points of the curve besides the vertex, and therefore 
w— 1 generatii^g lines of the cone, and the number of its gene- 
rating lines sufficient for its complete determination is the same 
as that of the number of points necessary to determine a plane 

curve of the m—l\ degree, viz. — —- — 1. 

if 

The greatest value of k for which such a cone can be con- 

structed is — — ^ ; this is therefore a superior limit, although 

lower limits to the number k may be obtained in general from 
other considerations. 

Thus, a curve of the third degree cannot be made to pass 
through more than six arbitrarily chosen points. 

408. lf(f>{n) — 2 points be given^ all surfaces of the n^^ de-- 
gree^ which can be drawn through these points^ will pass through 
w"^— <^ (n) + 2 additional fixed points. 

Let tt = 0, V = 0, w? = be the equations of three surfaces of 
the n^^ degree which pass through (w) — 2 points, and which 
have not a common curve of intersection, they will pass through 
n' common points, and \u-\- fjLv-\ vw=^0 \^ the equation of another 
surface of the n^^ degree, which passes through the same points, 
and by giving different values to X : /* : v wo can obtain all sur- 
faces which pass through these points. Any surface will be 
particularized when two points are given which do not lie on all 
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three of the surfaces, or both on .the same two ; and all such 
surfaces will contain n' — ^ (n) 4 2 common points besides the 
given points. 

Thus, all conicoids which pass through seven points will "pass 
through a fixed eighth, as is easily seen when each conicoid 
consists of two parallel planes, the seven points being angular 
points of a parallelepiped. 

A surface of the third degree, drawn through 17 points, 
passes through 10 others. 

409. The following propositions, connected with this part 
of the subject, are of importance in some investigations in which 
it is required to determine the number of points of intersection 
of three surfaces : the surfaces under consideration in particular 
cases may have common lines in any degree of multiplicity, and 
it becomes necessary to determine to how many points of inter- 
section these lines are equivalent. 



410. Three surfaces of the m , n , and p degrees^ contain a 
multiple straight line vi the degrees of multiplicity fij v, and w 
respectively; to find the number of paints of intei^section to which 
this multiple line corresponds. 

The number of points of intersection of three surfaces will be 
unaltered, if we suppose each surface to degenerate into a set 
of proper surfaces of inferior degrees, so long as the sum of the 
degrees of the set is the degree of the surface so broken up. 

We will, therefore, suppose the surface of the w"" degree 
to consist of fi planes, and of a proper surface of the {m — fif^ 
degree ; and similarly for the others. 

The whole number mnp of points of intersection will then 
be made up of intersections (1) of the three proper surfaces, 
(2) of proper surfaces from two systems with planes from the 
remaining system, (3) of a proper surface of one system with 
planes from the two remaining systems, and (4) of planes from 
the three systems : the numbers of these intersections are 

(1) (m-/i)(n-v)(;>-tir), (2) (w - v) l> -w) ^+..., 

(3) (m — /a) vw4..., (4) fivur. 

NN 
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If now we suppose all tbe planes to pass through the same 
straight line, we shall have the case of surfaces with multiple 
lines ; and those of the mnp points, which will lie on the mul- 
tiple line, will be clearly taken from the groups (3) and (4). 

The multiple line therefore corresponds to the number of 

points 

[m - /a) v«j + (n — v) «r/A -\- {p - ia) fiv •{■ fkvar 

which coincides with the particular case given by Salmon.* 

411. Three surfaces of the m^^ n*^, and p^ degrees have m 
common curve line of the fi^\ v^,, «t^ degrees of m&ltiplicity 
respectively^ the curve being .the intersection of two surfaces of 
the degrees k and I; to find the number of points to which 
this multiple line corresponds. 

Let the surfaces be broken up into proper surfaces, and tbe 
multiple lines be thrown out of gear. 

The first shall be composed of fi surfaces of the degree k and 
one of the degree m — /i A;, the second of v surfaces of the degree 
ky V of degree I and one of the degree n — vk — v?, the third of 
«■ of the degree Z, and one of the degree j? — vrl. 

The number of points which lie on the intersection of surfaces 
of the degrees k and I will be 

(m —fik) vk.'GTl'\- {n — vl— vk) fik,'orl-\-(j>'-vrl) fik.vl 

-\- istL fik, {vk-\- vl) = Ik [mvvT + ncr/A -\-pfiv — ^wr (Z + k)]^ 

which is the number of points required, coinciding with tbe 
result of the preceding proposition when Iz^k^l. 

Application to the Four-^point System, 

412. It is easy fo express in the language of four-point 
coordinates the results of this chapter. 

Thus, a surface of the n^^ class is determined if ^ (n) tangent 
planes be given. 

If surfaces of the n^^ class be drawn touching ^ (n) — 1 tan- 



\- 



• Camb. find Dvh, Math, Jour., II., p. 71. 
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gent planes, they will be touched by one common developable 
surface. 

If three surfaces of the n^^ class touch ^ (n) — 2 given planes, 
they will touch n^ — (n) + 2 additional fixed planes. 

Similarly for other theorems. 

In illustration of the points which have been considered in 
this chapter, relating to the intersection of surfaces^ we give 
here some elementary properties of cubic and quartic curves. 



Cubic Curves. 

413. If two conicoids have a common generating line, any 
plane which does not contain this generating line will intersect 
the two conicoids in two conies which have four points in 
common, one of which will be in the generating line ; hence the 
curve which with the generating line forms the complete inter- 
section of the conicoids, being met by an arbitrary plane in 
three points, is a curve of the third degree; such a curve is 
called a cubic curve. 

Conversely, if we take any seven points upon a given cubie 
curve and an eighth on any chord of the curve, we can make 
an infinite number of conicoids pass through these eight points, 
which will have for their common curve of intersection the 
cubic curve and the chord, for each conicoid meets the curve 
in seven points and the chord in three, and therefore contains 
both entirely. 

414. A cubic curve^ which is the intersection of two conicoids 
having a common generating line^ intersects all the generating 
lines of the same system as the common line in two points j and 
those of the opposite system in one point only. 

Call the two conicoids A and By and the common line L. 
Any generating line of A intersects B in two points, neither 
of which will lie on L^ if It be of the same system as.i, but 
one will lie on Z, if it be of the system opposite to that of 
L] but the points which do not lie on L must lie on the 
cubic curve, which proves the proposition. 
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415. The common generating line of two conicoida which 
determine a cubic curve is twice crossed by the curve. 

A plane which contains the common generating line intersects 
each of the conicoids in a generating line of the opposite system, 
and these two lines intersect in one point only ; but the plane 
contains three points of the curve; hence two of the three 
points must He on the common* generating line. 

416. When two cubic curves lie on a given conicoid^ to find 
the number of points in which they intersect. 

Each of the cubic curves is the partial intersection of the 
given conicoid with another which has a common generating 
line with it. 

Call the threa conicoids -4, By and jff, and the curves G^ C\ 
and let the complete intersection of A and £ be the curve 
and the line L^ and let that of A and B' be the curve C and 
the line L\ 

t 

The eight points which are common to -4, By and B' must 
be the intersections of the complex curves CL and C'L'*y and 
two distinct cases arise according as Lj U are of the same or 
of opposite systems. 

If they be of the same system, L will meet E in two 
points both of which will be on G" ; L' and G will intersect in 
two points, therefore G and G' will intersect in four points. 

If they be of opposite systems the two points in which 
L intersects B' will lie one on L* and the other on G' ; hence 
i, i'; i, C; and X', G will intersect in three points, and 
therefore G and G' in the five remaining points. 

Quartic Gurves.. 

417. The intersection of two conicoidia Is a quartic curve-, 
since a plane must meet the two conicoids in two conies which 
intersect in four points i but this is a particular kind of quartic 
curve.. An arbitrary quartic curve will intersect an arbitrary 
conicoid in eight points, and only one conicoid can be con- 
structed which will contain nine points of the curve, and 
therefore the entire curve. 
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The general quartic curve may therefore be considered as 
the partial intersection of a conicoid and a cubic surface' drawn 
through thirteen points of the curve, and the remaining portion 
of the complete intersection must be either (i) two straight lines 
which do not intersect, or (ii) a conic which may be two inter- 
secting straight lines. 

i. In the first case a generating line of the conicoid which 
is of the same system as the two* straight lines common to the 
two surfaces, meets the cubic surface in three points which 
must be on the quartic curve, while one of the opposite system 
meets the cubic surface in one point only, besides the points 
in which it cuts the two common lines, and therefore intersects 
the quartic curve once. 

ii. In the second case every generator of the conicoid meets 
the common conic in one point, therefore two of the three 
points in which it intersects the cubic surface lie on the quartic 
curve. 

If t^, = be the equation of a conicoid containing the quartic 
curve, u^^O that of the plane of the common conic, the equation 
of the cubic surface must be of the form v,w,+ u^v^^O^ and the 
quartic curve, in this case, must be of the particular kind which 
is the base of a cluster ef conicoids, viz. that determined by 
the equation \u^ + fiv^ = for all arbitrary values of \ and /t. 

418. To find the number of points of intersection of two 
quartic curves which both lie on' the same eubie snrfaoe. 

Let the surface be denoted by S^ and the conicoids which 
contain the two curves by 8^ and S^\ and suppose the remain- 
ing parts of the complete intersections to be two non-inter- 
secting lines, so that the complete intersection of 8^ and 8^ is 
(7„ t, 3/, and that of 8^' and ^3 is C/, L\ M'. 

The three surfaces 8^^ 5,', and' /S^ intersect in 12 points, 
and since L intersects 8^ in 2 points, and similarly for the 
other Gnes, 8 of the 12 points lie on tiie extraneous lines, and 
the two curves C^^ G^ intersect in four points. 

This supposes that the lines Z, L' do not intersect, but if 
they intersect, the modification is easily made ; for example, if 
the four lines form a skew quadrilateral, the number of points 
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belonging to these lines will be reduced to four, and C^, C/ 
will intersect in eight points. 

By similar reasoning, if the remainder of the intersection of 
S^ and S^j or of S^' and iS, be a conic, it can be shewn that 
C^ and (7/ will generally intersect in four points; and if the 
three surfaces all contain the same conic, by Art. 411 this will 
count as eight points of intersection, and therefore (7^, C^ will 
intersect in the four remaining points. 



XVII. 

(1) Every cone containing a curve of the third degree, in which the 
vertex lies, ib of the second degree. 

(2) Prove that an infinite number of curves of the third degree can be 
drawn through five points arbitrarily chosen in space, but that six deter- 
mine the curve: what limitations are necessary that such a curve shall 
pass through the points ? 

(3) Through a curve of the third degree, and a straight line meeting 
the curve in one point only, a conicoid can be drawn, of which the 
generating lines, which do not intersect the given line, meet the curve 
each in two points. 

(4) Through any point in space a straight line can be drawn which 
meets a curve of the third degree, not a plane curve, in two points. 

(6) If P, Q be two points on a cubic curve, all the conicoids which 
contain the curve and the chord PQ have common tangent planes at 
F and Q. 

(6) A conicoid can be drawn through a given chord of a cubic curve 
containing the curve and touching a given plane through the chord at a 
given point of the chord. 

(7) The projection upon any plane of a curve of the third degree, not 
plane, by straight lines drawn from a given point, is a curve of the third 
degree having a double point. 

(6) No straight line can cut a curve of the n^^ degree, not plane, in 
more than n~ I points. 

(9) The locus of the centres of a cluster of conicoids is a cubic curve. 

(10) Three conicoids which have a common generating line meet only 
in four poiDts besides the generating line. 

(11) Through five points of a conicoid, we can draw two curves of the 
third degree lying entirely in the conicoid. 



PROBLEMS. 279 

(12) A qu&rtic curve is the intersection of two conicoids, prove that 
a cuhic surface can be construcied which contains the curve and two given 
conies, one on each conicoid, if these conies do not lie in the same plane. 

(13) Shew that, if normals be drawn to e^ conicoid from every point of 
.a straight line, their feet will lie on a quartic curve. 

(14) Among the conicoids forming a cluster there are four cones, real 
or imaginary; each of these cones has four of its sides tangents to the 
curve which is the base of the cluster, and the four points of contact are in 
•one plane. 

(15) Through a chord AJB of a quartic curve, which is the base of a 
cluster of conicoids, a plane is drawn determining a second chord ab ; shew 
that, as the plane turns round AB, the chord ab generates a conicoid; 
shew also that a plane which passes through ab and a fixed point B of the 
curve also passes through a fixed chord JBF, 

(16) The projection of the base of a cluster of conicoids on a plane is a 
curve of the fourth degree having two double points, real or imaginary. 

(17) Two quartic curves which lie on the same hyperboloid, each in- 
tersect one system of generating lines in three points, prove that the 
curves intersect in six points if the generating lines be of the same system 
for both curves, and in ten points if the systems be opposite. 

(18) Through a given straight line planes are drawn' touching the 
-sections of a conicoid made by a plane passing through a second strai^^ht 
line; shew that the locus of the points of contact is a quartic curve passing 
through the four points in which the two straight lines intersect the 
conicoid, and four of whose tangents intersect both of these straight lines. 

(19) If three straight lines be the complete intersection of a cubic 
surface with a plane, three planes through these lines will intersect the 

^8urface in three conies ; prove that one conicoid can be drawn containing 
the three conies. 

(20) Find the number of points in which two curves of the fiflh degree 
•on the same surface of the third degree, and on two conicoids, intersect. 

(21) The eight points given by the equations Ix*^ my* -nz* = ru^j are so 
related that any conicoid passing through seven of them will pass through 
the eighth. 

(22) Three cones of the same degree have their verlices on a straight 
line, and two of their three curves of intersection are plane curves; shew 
that the third curve is also plane, and that the planes of the three curves 
intersect in a straight line. 
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TANGENT LINES AND PLANES. NOEMALS. SINGULAR POINTS. 

SINGULAR TANGENT PLANES. POLAR EQUATION OF 

TANGENT PLANE. ASYMPTOTES. 

419. In this chapter we shall, for reasons given in the 
preface, confine ourselves to the consideration of surfaces whose 
equations are given in Cartesian coordinates, and in discussing 
singularities of contact we shall only consider those of a simpler 
kind, reserving for a later portion of the work those which 
are interesting merely as subjects of pure geometry. 

420. It will be convenient to state here, that we shall often 
employ the following notation : when the function F{xj y, «), 
for which we shall write -F, is used, Z7, F, W will be written for 
dF dF dF , , , ,^ d'F d'F d'F d'F 

dzdx' d^dy' *^^ ^^®^ «=/(a?> y),i>) ?, ^, «, « will be written 
^ dz dz d^z d'*z d^z 
^^^d^' d~y' d^'' d^d'y' df' 

421. To find the relation between the dtrection-^osinea^ of a 
tanffent to a surface at a given ordinary point of a surface. 

Let the equation of the surface be F=F{^^ i;, f) =0, f, 17, f 
being the current coordinates of a point, and let (a;, y, z) be the 
point P at which the line is a tangent. 

The equations of a line through P, whose direction-cosines 
are X, /i, v, are 

Lz.^^n^^tj^r. (1) 

At the points where this line meets the surface, the values of r 
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are given by the eqaatioD F[x + Xr^ y + /tr, j5 + i/r) = 0, and, 
since F[x^ y, z) = 0, this equation may be written 

(^ d d d\ „ r* /^ d d d\* „ 

t* (^ d d d\* ^ ,^. 

One value of r is zero, whatever be the direction of the 
line (1), since P is on the surface, but if we so choose the 
direction of the line that 

dF dF dF 

a second value of r will vanish; therefore for this direi^tion 
another point Q will become coincident with P, and the line 
will be a tangent line. 

At an ordinary point j^ > j^ > 77^ ^^ ^^* ^ vanish, but 

there may exist points on a surface for which this does happen ; 
such points are called singular points; we shall presently consider 
this peculiarity. 

422. To find the equations of the tangent 'plane and the 
normal to a surface at an ordinary point. 

The equation of the locus of all the tangent lines which 
can be drawn through an ordinary point is found by eliminating 
X, /jb^ V between the equations (1) and (3), which gives 

f^ .dF , \dF ^ ,^ .dF ^ 

shewing that the tangent lines all lie in a plane, which is 
called the tangent plane. 

The normal is perpendicular to this plane, and its equations 
are . 

f-a; y-y ^"^ ^ 

£0 dy dz \/}\dx)'^\dy)^\dz)] 

the equation (3) represents that the normal is perpendicular 
to every tangent line, 

00 



282 NORMALS AND TANGENT PLANES. 

423. To find the number cf normals which can be drawn 
from a given point to a surface of the n"* degree. 

Let F{^j i;, f) = o be the surface. The number of normals 
will be the same from whatever point thej be drawn, the 
number may therefore be found bj investigating the number of 
normals which can be drawn from a point at an infinite distancCi 
which we may assume in Ox produced. 

The number will therefore be equal to the number of nor- 
mals parallel to Ox^ together with the number of normals to 
the section by a plane at an infinite distance. 

If {xj y, z) be the foot of a normal parallel to Ox, i^ (y) = 0, 
F («) = 0, which combined with the equation F (a;, y, z) = 
give « (n - 1)* solutions. 

Again, any plane section of the surface will be of the n^^ 
degree, and the number of normals drawn to any curve/ (a?, y) = 
of the n^ degree is, in like manner, the number of noimals 
parallel to Oxj together with the normals which can be drawn 
to points at an infinite distance, the number of the latter is 9i, 
and the number of normals parallel to Ox is given by the num- 
ber of solutions of f (y) = 0, and /(«, y) = Q, which is n{n — 1) ; 
hence, the number of normals to the plane section at an infinite 
distance is n\ 

Therefore, the number of normals which can be drawn to the 
surface from any point 

= n(n- l)' + w* = w'-n*+n. 

424. To obtain the form of the equation of the tangent plane 
when i^(f , Vi ^ '^ represented as the sum of a series of homo^ 
geneous functions. 

Let F[x,y,z)^F^-{'F^,,-\-...-\-F^-\-c 

where F^ denotes a homogeneous function of the ^ degree 
in x^y^z\ then, by a known property of homogeneous functions, 

d d d 
dy 

therefore the equation of the tangent plane may be written 

«. dF dF ^dF n , ^\ n n 



(«'i+yl+'l)^'='^- 
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or, since F^ 4 i^,_, +...+ c = 0, 
fc dF dF jdF „ ^rt / ^\ n 

^ ^ ■*■'' ^ + ^^ + '^-' "^ ^''^- +"•+("" ^^ "^' + "^ = ^- 

425. To find the equation of a tangent plane to a surface^ 
when the direction of the plane is given. 

Let (Z, w, n) be the given direction, and l^-¥mri-\-n^^p the 
equation of a tangent plane to the surface jF(f , 97, f) = ; then 
if (ar, y, z) be the point of contact, sinee this equation must 
be identical with 

dF dF^ dF^^dF dF ^dj 
dx dy dz dx dy dz ^ 

we have 

1^=1^=1^ = 1/' ^ ^ ^] 
I dx m dy n dz p\ dx dy dz J ^ 

and these equations, with that of the surface, give the coordi- 
nates of the points of contact of an j tangent plane in the given 
direction, and also determine a relation between Z, nz, n and jt?, 
such as was found in Art. 253 in the case of a conicoid ; this 
relation id the tangential equation with the Boothian coordinates 
I m n 

P P P 

426. To find the locus of the points cf contact of tangent planes 
drawn to a given surface from a given point. 

Let F=iF[^^ ^) ?) = be the equation of the given surface 
of the n^ degree, and let (/, gj h) be the given point. If 
[xj y, z) be one of the points of contact, the tangent plane 
to the surface at (a?, y, z) must pass through [f g^ h). 

This gives the condition 

, ^ . dF , . dF ,- . dF ^ , . 

(/-«)^4(^-y)^4(A-.)^=0, (4) 

which, combined with the equation of the surface, determines 
the required locus, or the curve of contact. 

It has been shewn, (Art. 424), that x -^ +y ;?- + « , may 

by means of the equation of the surface be reduced to an ex- 
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prcsBion of the (n - 1)**^ degree in a?, y, « ; the equation (4) so 
reduced gives a surface of the (n— 1)**^ degree, called the first 
polar J whose intersection with the given surface is the curve of 
contact. 

The curve of contact for any conicoid i» therefore a conic, 
the first polar bebg in this case a plane. 

The general theory of polars will be considered hereafter. 



Singular Points. 

427. To find the relation between the diredion-cosines of a 

tangent line at a singular point. 

r%. • 1 • -n dF dif ^ dF . 

Since at a singular point P, -7-, -7— and -j- separately 

vanish, the coefficient of r in equation (2) vanishes for all 
values of \, /t, v, which shews that the line (1) meets the 
surface in two coincident points, in whatever direction it bo 
drawn through P; in this case we find the direction of any 
tangent line by taking a point Q near the double point P, and 
moving it up to P until a third value of r vanishes, the direction 
of PQ will then be that of a tangent line, and the relation 
between its direction-cosines will be 



f-. d d d\* ^ ^ 



dy 

or, written in full, 

wX" + Vfi* + tov* + 2u'fiv + 2v'v\ -f 2w'\fi = 0. (5) 

If all the partial differential coefficients as far as those of 
the {s — 1)"* order vanish, the equation (3) will have s roots equal 
to zero, and the point will be a multiple point of the s^ degree ; 
it is easily seen that the direction-cosines of any tangent line 
will satisfy the equation 



( 



d d dV «_ 
dx dy dz) " ' 



which shews that the tangent lines all lie in a cone whose 
vertex is the point P. This cone is called a tangent cone. 
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428. To find the equation of the tangent cone at a multiple 
point. 

If the multiple point be of the ^ degree, the direction- 
cosines will satisfy the equation 

A d. d d\' ^ 

and the equation of the tangent cone is found by eliminating 
X, fij V between this equation and the equations (1), we thus 
obtain 

{(t-«)|+h-»)|+(!:-»)|}'^--o, 

where it must be remembered that in the performance of the 
operation indicated f-a;, i\ — y and ^--z must be treated as 
constant, in other words, the symbol of operation must be ex- 
panded before the differentiations are performed. 

429. To find the equation of the normal cone at a double point. 
The equation of the tangent cone at a double point is, by (5), 

and that of the tangent plane at any point of a generating line 
of this cone whose coordinates are x + \r, y + /tir, « + vr is . 

(t*\ + to'fi + vv) (f — a?) + {w'\ + vfi + u'v) [rj — y) 

hence, if ^, = ^ , = — , be the equation of the normal 
to this plane at (a;, y, z)^ 

tl\ + W*fA + v'y U)'\ + V/A + u'v V\ + u'/i + V)V 

V fi' v' ^' 

.". uk + w{k + vv — X p = 0, i 

w'\ + vytA + uv — fi!p = 0, 
v\ + ufi + w^v — v'p = 0, 
X'\ + fifL + vV = ; 
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and the equation of the locus of the Bormak to all the tangent 
planes to the tangent cone is 

where p^vw^ u ", p* = v'v/ - »»', &c. 

430. The condition that the tangent cone shall degenerate 
into two tangent planes is 



T= 



and in this ease, the equatioD (5) becomes 

i {pW + ry + qvY = 0, Art. 364 

so that the normal cone degenerates into two coincident planes ; 
this may be accounted for geometrically in the following 
manner: the generating lines of the normal cone are each 
perpendicular to the plane containing two of the generating 
lines of the tangent cone taken indefinitely near to one another ; 
if then the tangent cone become two planes, we can take the 
two generating lines on one plane, which gives a normal to 
that plane; or we may take one on each close to the line of 
intersection of the planes, which will give a normal in anjr 
direction we please in the plane perpendicular to the line of 
intersection, and a double plane will be formed, because these 
two generators may be on either side of the double point. 

The equations of the line of intersection of the two tangent 
planes will, by Art. 89, be 

(v'u?— uu) (f — a;) =(M7'tt — vv) {vy)- (wV- tow') (f — «), 

or p (f -x) =s q (i7-y) «r' (f- z)y 
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and that of one of the coincident planes in which the normals lie 

and this plane is perpendicular to the line of intersection, s'lnce 
pp = qr (Art. 363). 

If ir=0, N=^ be the respective conditions that the tangent 
and normal cones may become two planes, and P, Q, i2, 
P\ Q, E be the minors of N,N=I^ + RV ^Q^^ but 

P = jr - p" = M T, Art. 363, 
P'=}V-^p' = u'!r,&c.; 

.'. N^ T {up + tr V + v' j') = T\ ' 

431. To find the equation of the tangent plane and normal at 
any point of the surface given hy the equation f =/(f, 17). 

Let a line be drawn through a;, y, z^ whose equations are 

f-a;=m(f-«), i?-y«w(f-«), 

the points in which this line meets the surface are those for 
which ^ is given by the equation 

?- « ^f{x + m (C- z\y-Vn (f- z)] -/(ic, y) 

= {mp + nq) (f - z) + \ [rm* + 2«mn + <ii") ((f- «)'+..., 

and if the line be a tangent line two values of ^- z are zero ; 
therefore 1 -• mp -f nq^ and eliminating m and n by means of th^ 
equations of the line, we obtain the locus of the tangent lines 
f — 2 =p {^^x)+q{i]'' y), which is the equation of the tangent 

plane, unless p and q assume the indeterminate form - . The 

equation is deducible immediately from that ^of Art. 422 by 
means of the equations 

dF dF ^ ^ dF^ dF ^ 
T" +-P TT = ^ and -7- -\-q J- -0. 
dx -^ dz dy ^ dz 

The equations of the normal are 

f-a;+^(f-«) = and i7-y + 2(?-«) = 0. 

432. Before we consider the properties of the curve of in- 
tersection of a surface with its tangent plane, we should notice 
that among all the tangent lines drawn at an ordinary point, 
whose locus is the tangent plane, there are two whose direction- 
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cosines satisfy the equation {^j"+/*j" +''3') ^^ ^ ** ^^^ 

ilW tlJP ilJP 

as\j-+/*^+v-j- = 0, and that for these lines three points 

become coincident, so that they have a closer contact with the 
surface than any of the other tangent lines ; these tangent lines 
are called Inflectional tangents. In the case of a conicoid 
three points on one line cannot coincide, unless the line lie 
entirely in the surface, and the two particular .tangent lines 
are the two generating lines which pass through the point 
of contact. 

, Among the tangent lines at a double point it will be seen 
similarly that there are generally six which have a closer contact 
than the rest. 



433. Oeometrtcal explanation of the nature of the intersection 
of a surface with its tangent plane at any point. 

Every plane intersects a surface of the n^ degree in a curve 
which is of the same degree ; hence a tangent plane at any 
point intersects the surface In a curve of the n^ degree, passing 
through the point of contact. 

Now when a tangent plane exists, since it is the locus of 
the tangent lines at the point of contact, and each of these tan- 
gent lines contains two points which coincide in the point of 
contact, it follows that any line, drawn in the tangent plane 
through the point of contact, meets the curve of intersection ia 
two points at the point of contact. 

The point of contact is, therefore, a singular point in the 
curve of intersection. 

The singular point may be either a conjugate point, as in 
the case of contact with an ellipsoid; or a multiple point, as 
in the case of an hyperbolold of one sheet ; or a point through 
which two coincident lines pass, as in the case of a cylinder. 

If the surface be of the second degree the curve of inter- 
section will be of the second degree, and, since it must contain 
a singular point, the only admissible lines of intersection will 
be either an Indefinitely small circle or ellipse, er else two 
straight lines which cross one another, or are coincident. 
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434. If a plane intersect a surface in a curve which contains 
a singular pointy the plane will generally he a tangent plane to the 
surface at that singular point. 

For a straight line drawn in any direction in the plane 
through a singular point, meets the surface in two coincident 
points, and therefore generally satisfies the condition of being a 
tangent line to the surface. 

If the point which is a singular point in the curve of inter- 
section be also a singular point in the surface, the condition of 
passing through two coincident points will not be sufficient to 
define a tangent line. 

Thus, if at any point of a surface there be a conical 
tangent, there may be a singular point in the carve of inter- 
section of a plane through the vertex of the conical tangent, 
which will not make the cutting plane a tangent plane at 
the multiple point. 

435. The form of the curve of intersection of a surface with 
the tangent plane at any point may be illustrated by taking the 
case of an anchor ring, supposed to be generated by the revo- 
lution of a circle about an axis in its plane not intersecting the 
circle. 

« 

The figure represents the ring, with the generating circle in 
different positions as it revolves abont the axis Oz. 

The plane U is drawn through the axis Oz^ intersecting the 
surface in the circles CHc^ DLd. 

Suppose this plane to move, parallel to itself, towards the 
position F, the closed curves in which it intersects the surface 
become elongated until they meet one another in the point A^ 
forming for the position V of the plane a figure of eight, viz. 
EPAqFQAp which has a double point at A. Here we observe 
that the concavities of the circles AKa and A GBD^ which arc 
sections by planes perpendicular to V and to each other, lie in 
opposite directions with regard to the plane F, and that the 
tangent lines at A lie in that plane, which is therefore the 
tangent plane at A ; and it is a tangent plane at no other point 
of the curve of intersection. 

The sections by planes through A perpendicular to F change 

pp 
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the directions of their concavities as they pass from the position 
AKa to ACBDy when they pass through the tangents to the 
branches j7^Q, PAq at the multiple point. 

If the plane move past V to the position PT, the curve of 
intersection will gradually assume an oval form, which will 
degenerate Into a conjugate point at a. 

It is clear also that a plane may meet the ring in the circle 
GHKLj in which case it is a tangent plane at every point of 
the curve in which it meets the surface ; this curve is composed 
of two coincident circles, as may be seen by moving the plane 
inwards parallel to itself. 

It will be shewn also, that a tangent plane, drawn through 
a line COD perpendicular to Oz^ intersects the ring in two 
circles. 
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486. To find the equations of the tangent line at any point of 
the curve cf intersection of a surface with its tangent plane. 

Let the equation of the surface be F (f , i;, ^) = ; that of 
the tangent plane at (or, y, z) will be 

or (f - x) F' [x) + {f,-y) F' (y) + {K- z) F' {z) = 0. (1) 

Let the equation, of the tangent line at any point (»', y, z') of 
the carve of intersection be 

mnce this line lies in (1)^ 

\r {x) + ,ir (y) + vr [z) = o, (2) 

and since It meets the surface m two coincident points at 

ix' y' /) 

' ' ' XJF''(aj') + A*i^'(y') + ^-^'M = 0; (3) 

these two equations determine X : /& : v when [x\ y\ z') is an 
ordinary point on the curve and the surface. 

437. To find the singular points of the curve of intersection 
with the tangent plane at any point 

If the point be a singular point on the curve of intersection, 
any line drawn through this point will have two points coin- 
cident at the point considered; hence, the two equations 
obtained in the preceding article will be satisfied by an infinite 
number of values of \ : /i : v ; this will happen in any of the 
following three cases : 

(i) When F* [x)^ ^' (jf) ^^^ ^'{^) vanish simultaneously, 
which occurs when there is a singular point at (x, y, z)y in 
which case there are an infinite number of tangent planear^ 

(ii) When F' (a;'), F' (y') and F' {z') vanish mmultaneously, 
in which case {x'j y\ z') is a singular point on the surface. 

(m) When -^^ = ^^ = -p^^ , m which case the 
tangent plane at (a;, y, z) is a tangent plane at {x\ y\ z') also. 



292 RULED SURFACES. 

In case (i) one of the tangent p1ane» td the tangent ^one 
touching it along a generating line (X', /a', v) must be the 
plane considered, and tfa& equation (2) must be replaced bj 

(mV + w'fi' + vv) \ + [wX + V + wV) /A 

+ {v'\' + 14>' + wv'). V = 0, (Art. 429), 

thus the ratio X : /a : v wiU be determined, except in cases where 
(^\ y'j ^') is ft singular point on the surface, or where the 
tangent plane considered is alsO' a tangent plane to the surface 
at {x\ y\ »'). 

In case (ii) a third point at least must be coincident with 
[x^ y\ z\ and the equation (3) must be replaced by 

where s is 2, 3, ... according to the degree of multiplicity of 
the singular point (a:', y\ «'). 

In case (iii),. if neither (a;, y, «) nor (a;', y\ «') be singular 
points of the surface, the equations which determine \ : /a : v 
wiU be \F' (a?) + ii,F* (y) + vF' [z] = 0, 

whether (sc', y', «') be coincident with (a?, y, «) or not. 

This case includes the singular tangent plane, a portion of 
whose curve of intersection consists of two coincident curve 
lines, which will be considered immediately. 

Buled Surfdcea. 

438. The student is already familiar with certain surfaces 
which are capable of being generated by straight lines, or 
through every point of which some straight line may be drawn 
which will coincide, throughout its length, with the surface. 

For example, — a plane, a cone, a cylinder, an hyperboloid 
of one sheet, an hyperbolic paraboloid. 

He Is aware that any portion of two of these, the cone and 
the cylinder, may, if supposed perfectly flexible, be developed 
into a plane without tearing or rumplbg. 
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We shall now give some account of the general character 
of surfaces which have this property, distinguishing them 
from those which, although capable of being generated by 
the motion of a straight line, are incapable of development 
into a plane. 

439. Dep. a Buled Surface is a surface which can be 
generated by the motion of a straight line; or a surface 
through every point of which a straight line can be drawn, 
which will lie entirely in the surface* 

A ruled surface, on which each generating line intersects 
that which is next consecutive, is called a Developable Surface^ 
or Torse, 

A ruled surface, on which consecutive generating lines do 
not intersect, is called a Skew Surface^ or Scroll. 

Developable Surfaces, 

440. Explanation of the devehptnent of developable surfaces 
into a plane. 

Let Aa^ Bbj (7c, ... be a series of straight lines taken in 
order, according to any proposed law, so as to satisfy the 
condition that each intersects the preceding, viz. in the points 

Cv, 0. c. ... • 

Since Aa^ Bb intersect in a, they lie in the same plane, 
similarly the successive pairs of Wvlqs Bb and (7c, Cc and Dd^ &c. 
lie in one plane; thus, a polygonal surface is formed by the 
successive plane elements AaB^ BbCy &c. 

This surface may be developed into one plane by turning 
the face AaB about Bbj until it forms a continuation of the 
plane BbGj and again turning the two, now forming one face, 
about Cc until the three AaB^ BbGj CcD are in one plane, 
and so on ; the whole surface may, therefore, be developed into 
one plane without tearing or rumpling; the same being true, 
however near the lines Aa^ Bb^ ... are taken, will be true in 
the limit, when the surface will become what we have defined 
as a developable surface, this name being derived from the 
property just proved. 



294 



DEVELOPABLE SURFACES. 




Edge of Regression. 

441, The polygon ahcd^ ... whose sides are In the direction 
of the lines Bb^ Ccj ... becomes in the limit a curve, generally 
of double curvature, which is called the Edge of Regression^ 
from the fact that the surface bends back at this curve so as to 
be of a cuspidal form. Every generating line of the system 
is a tangent to the edge of regression, which is therefore the 
envelope of all the generating lines. 
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In tlie case of a cylinder, the edge of regression is at an 
infinite distance. 

For a practical constmction of a developable surface having 
a given edge of regression, see Thompson and Tait, Nat Phil.j 
Art. 149. 

442. To find the general nature of the intersection of a tan-' 
gent plane to a developable surface with the surface. 

The plane containing the element DdE of the surface repre- 
sented bj the figure evidently becomes in the limit a tangent 
plane to the developable surface at any point D in the genera- 
ting line Dd^ since it contains two tangent lines, viz. Dd and the 
limiting position of a line joining such points as D and jEJ, which 
ultimately coincide; and again, supposing DdE in the plane of 
the paper, Ff meets this plane in 6, Ogf meets it in some 
point/', Hhg in g\ &c., and similarly for Cb, Bh^ ... on the 
other side. 

The complete intersection of the surface and tangent plane 
is therefore the double line formed by the coincidence of Dd^ Ee^ 
and the limit of the polygon dVcdefg* ... which is a curve 
touching the double line Dd at the edge of regression. 

CoR. To find the nature of the contact of the edge of re- 
gression and the tangent plane. 

The plane containing the generating lines Dd^ Ee contains 
the three angular points c, d^ e of the polygon in the limit, 
therefore the tangent plane contains two consecutive elements 
of the edge of regressioo, and is, as will be seen later on, what 
is called the osculating plane at that point.. 

443. The shortest line which joins two points on a develop- 
able surface is the curve^ the osculating plane at every point of 
which contains the normal to the surface at that point. 

If the surface be developed into a plane, the shortest line 
must be developed Into the straight line joining the two points. 
If on the polygonal surface In the figure on page 294, ABGD...K 
be the polygon which in the limit becomes the shortest line 
joining A and K^ since on development this becomes a straight 
line, two consecutive sides EF^ FO must be inclined at equal 
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angles to line Ff, Hence a straight line, drawn through F 
perpendicular to the line Ff in the plane bisecting the angle 
between the planes EFf^ (?-F)^ will evidently lie in the plane 
EFG^ and bisect the angle EFQ. This line will be in the 
limit the normal to the surface, and the plane EFG will be 
the osculating plane of the curve ABGD ... at the point F. 

Therefore the shortest line is the curve, the osculating plane 
at every point of which contains the normal to the surface at 
that point. 

Such a line is called a geodesic line of the surface, and it 
will be hereafter shewn, that the property enunciated for de- 
velopable surfaces is true for geodesic lines on all surfaces. 

If the geodesic line, joining two given points, be drawn on 
a right circular cone, the equation of the projection upon the 
base can be shewn to be 

1 . . 1 . . 1 . 

- sin (7 sina) = r sin(^ sina) + - sin {(7 — 0) sina}, 

a, h being the distances of the given points from the axis, 
7 the angle between these distances, and a the semi-vertical 
angle of the cone. 

Skew Surfaces and Curves of greatest density. 

444. Let AA\ BB\ GG\ DU^ &c. be straight lines drawn 
according to some fixed law, such that none intersects the next 
consecutive; let aa\ hh\ cc\ dd'^ ... be the shortest distances. 
Suppose now that we take two of the generating lines as CC\ 
DZy^ and imagine DD' twisted about c' so as to be parallel 
to CC\ and united with it by means of an uniform elastic 
membrane : if now DI/ be returned to its original position, 
the portion of the membrane near cc' being Hustretched, 
will be denser than any other portion. If the same process 
be adopted for every line, the series of membranes will gene- 
rate a surface which will ultimately, as the lines approach 
nearer to one another, become a skew or twisted surface. 

The curve which is the limit of the polygon formed by 
joining a, &, c, J, ... at which the imagined membranes would 
have the greatest density, is called the curve of greatest density / 
it is also called the line ofstrictlon. 



SKEW SUKFAGBS. 



297 




It may be observed ^ that the shortest distances between the 
consecutive generating lines of a scroll are not generally 
elements of the Uoe of strictiop. 



445. To eayplain the nature of ^ contact of a tangent plam 
to a skew surface at any point. 

Let P be any point of a skew surface, A A' the generating 
line passing through P, suppose a plane to be drawn through P 
containing BB' the next consecutive position of the generating 
linC) this plane will intersect the third Ime CG* in some point ^| 

QQ 
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and, if PiZ be joined, it will meet BB' in Q^ PR will fherefore 
be a tangent line at P having a contact of the second order at 
least, so that, if the surface wereof the second order, it woold lie 
entirely in the surface. The tangent plane at P is the plane 
containing AA* and PR\ R will change its position for any 
change of position of P, thus the tangent plane at any point 
in AA' will always contain AA'^ but it will move about AA' 
through all positions, as the point of contact moves along AA\ 

The tangenir^lane, therefore, at any point of a skew surface 
contains the generating line and some other curve which must 
be a straight line in the case of a surface «f the second degree. 

446. To shew that the equation of the tangent plane i9 a 
developable surface contains only one parameter. 

Since the general equations of a straight line involve few 
arbitrary constants, we must, in order to generate any ruled 
surface, have three relations' connectmg ihe <x>nstaats, so that 
it may be possible, between these equations and «the two eqiii^ 
tions of the generating line, to eliminate the four constants, and 
thus obtain the equation of the surface which is the locus of all 
the straight lines. In developable surfaces the generating 
straight lines are such that any two consecutive omes inter- 
sect, and the plane containing them is ultimately a tangent 
plane to the surface. The equation of this plane will then 
involve the four parameters, and by means of the three relations 
we may eliminate three, so that the general equation of the 
tangent plane to a developable surface win involve only one 
parameter, and we may write it in the form 

a being the parameter, and ^ (a), '^(a) functions of that para- 
meter, given in any particular case. 

Singular Tangent Plane. 

447. Def. a singular tangent plane is a plane which, instead 
of touching a surface in any finite number of points, touches 
along the whole of a curve line. 
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If the cnrve of intenection of any plane with the surface be 
composed, in part at least, of two or more coincident lines, the 
other part being made op of simple curves, either the plane will 
be a tangent plane to the surface at every point of such a mul- 
tiple curve, or it will contain a multiple line of the surface, such 
as would be generated by the rotation of a cross round any 
fixed line not passing through the angle of the cross. 

Conversely, if a tangent plane touch along a curve line on 
the surface, this curve line will be a multiple Une on the tangent 
plane. 

Thtts, in the case of the anchor ring (Art. 435), the plane 
which touches the ring along a curve has for its curve of inter- 
section the two circles coincident in LKH\ also the tangent 
plane to a cone contains two generating lines which ultimately 
coincide, and is therefore a tangent plane at every point of the 
generating line which it contains; any more general develop- 
able surface is an example of the case of a tangent plane which 
contains a double line, at every point of which it is a tangent, 
combined, as shewn in Art. 442, with another simple curve. 

A surface of the fourth degree admits of the case of a double 
conic, as' in the example of the anchor ring, or of a quadruple 
straight line, as when it is made up of two cones touching 
along a generating Hne. 

A surface of the fifth degree might be composed of one of 
the third degree and one of the second, in which case a tangent 
plane might meet the former in a triple and the latter in a 
double straight line. 

448. To find the condition that a tangent plane inxiy he 5i»- 
guUxr. 

Since a line, drawn in any direction in the tangent plane 
through auy point of the double curve in which the tangent 
plane touches the surface, will contain two coincident points, but 
if it be drawn in the direction of the two coincident tangents to 
the curve of contact it will contain four coincident points, we 
have to express that at every point of the double curve there 
are two coincident tangents, and that a line in their direction 
contains four coincident points; and we may observe that 
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these tangents are what have been called inflexioiial tangents' 
(Art. 432). 

Since the two inflexional tajigents ooificide, their direction^ 
is given by the eqnati<»ifl 

U V W ' 

and W+fAV-^vW=0. 
The condition that these equations shall hold is* 

w, w'y v\ U 

v\ u\ w, W 
U, F, W, 

and the condition that a fourth point may becomq coincident ig- 
that for the values oi\: fi: v given by the above equations 



= 0, 



( d d ^Vj7»_ 

\ dx du dz) ~ ' 



djf 

the further condifioBff wheifr the curvis has a higher degree of 
of multiplicity may foe easify ofatMoedL 

449. The conditions of the exLstente of a singular tangent 
plane may also be found, by considering that the point of con- 
tact, determined by the equations of Art. 425, may be any point 
of a curve line, and its coordinates are therefore indeterminale. 

450. For a surface given by the unsymmetrical equation 
f =/(f, 17), the equation of a tangent plane at any point [x^y^ z) 
is 

a tangent line whose equations ar^ 

f-? n-y f-j8r 

meets the surface in points for which p is given by 
yp =s (^\ + j^) p + Jp* (rX' + 2*X/i + ^/a") 
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If the tangent plane be singular, for all the points in which 
it meets the surface, y^p^-^if^y and for all the points of the 
double curve four values of p are S5er0| and the two inflexional 
tangents coincide ^ 

and the fonner has equal roofs, therefore rt^a*^ and either 
rX + «/» sa or »X + f /* = 0. 

451. Sverj tangent plane to a dcTelopable surface is a sin- 
gular tangent plane, since it contains two consecutive generating 
lines, hence its curve of intersection with the surface consists of 
two coincident straight lines, and, as shewn in Art. 442, a single 
curve line. The analytical conditions of singularity are satisfied, 
since, if X, /a, v be the direction-cosines of the double line, which 
lies entirely in the surface, the coefficients of all the powers of 
p will vanish, and rt = 8* in consequence of the coincidence of 
the two lines. 

At any point of the single curve, the values o( Pj q being 
y, j', the direction cosines X, /l(, v of the tangent are given by 
y = \p^ fiq and y=^\p' •{•m^j which are independent equations, 
since p^p and q'j-q are generally unequal. 

452. We have selected the following illustrations of the 
points which have been considered in this chapter, and we 
call attention especially to those relating to cubic surfaces and 
the wave surface as of intrinsic importance. 

453. Tangent plane to an anchor ring. 

Let the plane containing the centres of the generating circles 
be taken for the plane of cry, and the axis of rotation for the 
axis of z ; and let r be the distance of any point (a;, y, z) from 
the axis, c that of the centre of the generating circle, a its 
radius; then 7^=^a?-\-y* and «*-|- (r- c)* = a'; the equation of 
the anchor ring is 
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that of the tangent plane at a point {xj y^ z) is 

a? (r- c) (f - a?) +y (r-c) (i;-y) + 0r (r- i8) -0, 
or (r - c) (a?f + yrj) + rfS^=^ r^ (r - c) + ra^ = r {a' + c (r - c)|'. 

To find the curve of intersection of the surface wUh a tangent 
plane tohich passes- through the centre* 

Suppose that it passes through axis of y, and is incGned at 
aBg)« a to that of x^ so that a^csinoL} and at any point of the 
curve of intersection r =s c - a cos^, zs^asinffj. x = z cota f 

.'. y*=:r* — a5" = c"-2accos5 + a*cos'^-a*cot'a8in'd 

==.c"-2ao cos^+rf* coBP5-(«^-a") sia** 

*= (c^cos^ — a)'; 

•'• (y±«)* = c* cos*^, 

and «;" + «• = c' sin*^ ; 

/. a;" + (y±a)" + «* = c*j 

hence ihe cmrve i9 two circles which intersect in* the points of 
contact, forming two* double points. 

To find the form of the curve EAFin the figure of the ring. 

The equation^ of Ihe tangent plane is | =: «— a,, and the form 
of the curve of intersection is given by the equation 

{i?* + {r + 2(r((r- a)Y = 4c* {i^" + (c - a)«}, 

or (17" + J*)' - 4acij' + 4c (c - o) g* = a. 

When c = 2a, the curve is the lemniscate of Bernoulli. 

454. Tangent plane and normal to a Helicoid. 

D£F. The Helicoid is a scroll generated by the motion of 
a straight line which intersects at right angles a fixed axis, 
about which it twists with an angular velocity which varies 
as the velocity of the point of intersection with the axis. 

If the axis be taken for the axis of z^ and that of x be one 
position of the generating line, the equation of the surface 
generated will be 

?=ctan-'|, 
and the tangent plane at a point (x, y, z) will be 
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or iff + y') (?- «) =<? («•? -yf ) ; 

at Che point (a;, 0, 0), the equation becomes x^^crjy hence the 
tangent of "the angle which the tangent plane at any point 
makes with the axis varies as ^he distance of the point from 
the axis. 

The equations of the normal at (a;, y, z) are 

I- a? ^ V-y ^ c (g- z) ^ 
y —0? a* + y* ' 

and for the normal at (a;, 0, 0), f = ^} a?i7 + c(^=sO, hence the 
locus of the normals at points taken along a generating line is 
an hyperbolic paraboloid ; which is true for any scroll. 

455. To find the singularitiea of the surface whose equation is 
(iB« + 2a?+2y»)«-(a:*+y»){aj»+y«+l)« = 0. 

We consider this surface as represented by the given equation. 
In order to illustrate the general methods given in Arts. 427 
and 448, for discussing singular points and planes; but the 
student will see clearly the results to which we shall be led, 
if he first trace the plane curve whose equation is y*= x[l^ xf^ 
and then imagine the form of the surface which would be 
generated by its revolution round the axis of y, which it is 
easily seen is the surface proposed. 

To find a singular point we have, writing r^ for a? + y*, 

Z7 = 2aj (4j5*- 1 + 4r*- 30 =0, 
V =2y(4«"-l+4r'-3O = 0, 
Tr=4«(«« + 2r*)=0. 

The systems of values of a;, y, z which simultaneously satisfy 
these equations, and that of the surface are is = 0, and either 
(i) a;sO, y = 0, or (iij r'=sl; (i) shews that the origin is a 
singular point — it will be found that the tangent cone of 
Art. 428 becomes an infinitely slender cylinder or cone, 
given by X" + ^*=0; (ii) gives a circle of singular points — the 
conical tangent at any point (a?, y, 0) of this circle becomes the 
two tangent planes (a:f + yiy — 1 )* = ?*. 

* Frost's Curve Tracing^ Plate ii.. Fig. 8. 
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To find a siogular tangent plane we have, by Art. 448, the 
equations 

2 (\a? + A«.y) (4«"- 1 + 4?^- 3/) + 4« («* + 2t^) F = 0, 

and 2(X* + /A*)(4«*-l + 4r"-3/) + 4i'*(3«* + 2r*) 

+ 32i? {\x + fiy)v + S [Xx + fiyY (2 - 3r') = ; 

there will be two coincident tangents. if 

v = and 42"-H-4r*-3y* = 0, 

also by the equation of the surface («* + 27^)' — r" (1 + r')* = 0, 
the only solutions of these equations are ^3^ = 0, 9^ = 1, and 
z^ = ^j ^' = ^9 ^^^ fi^s^ solution gives ao tangent plane, but 
two cones intersecting in a circle, any generating line of either 
of which is a tangent line ; ' the second solution gives two- 
tangent planes z = ±^ V3) each of which is a singular tangent 
plane touching along a circle ^-^J^^h ^^ direction of the 
tangent to which is given by Tix-^-fiy^O and k = 0, the re- 
maining part of the curve of intersection is a single circle of 
radius |. 

In this case the condition of four points being coincident is 

r^ ( ^ -J- + Afr -J- 1 -^= 0, which becomes 
\S \ dx ^ dyj * 

it is therefore satisfied hjXx + fAy^O. 

Wave Surface. 

456. The equation of the Wave Surface may be written in 
either of the forms 

a? y' g' _, 

aV ^ by . cV „ 

where i^ = a^+y*+a'; and we shall suppose a > ft > c. 

The existence of singular tangent planes to this surface is of 
great importance in explaining a pecniliarity in the transmission 
of light through a biaxial crystal. 

In order to shew that such planes exist, we shall employ the 
method of Art. 449. 
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467. To find the point of oontaci of a tangent plane wJiose 
equation ia Ix-^-my-^nz =|?, and the relation between Z, w, n 
and p. 

The eqaations for determining the point of contact are 

U V W xU-^yV-^zW ^ ^ 
-^ = — w — = -^ SB - 2(r suppose, 



I m n 

where U =-= ^ - 2xPy 

r — a ' 

r — c 



P 



z 



^ X y 



^ "pr^ + (r« - by "*" (r«-cy ' 

.-. xU-\-yV+z W= 2 - 2r'P= - 2(7/?, 

and C7«+P4 TP-4(P-2P+r«P'') = 4<7^; 

.-. Pap = cr', (r* -/} P= 1, and (r^ -/) a =jt?, 

and ^7= — 2la ; .'. ar ( -5 j — 3 1. ) = — t^—^ ; 

Xr" — a r —pj t — p ' 

• ^ » ^^ &c • iW 

r-arp—ar^ ' 

hence, a?=?y( «_ < + ^J j &C'» 
and multiplying by 7, m, n, and adding, we obtain 

a "^ iji A" "^ rii ^ '^^ ^' \*/ 



I? —a p —o p — c 
Also by squaring and adding^ and observing (2), 

••' r^ -y -i^ |(y« _ ay "^ (/ - '&*)• ■*■ (/ - (3^)'i • ^^ 

The equations (1) and (3) give the values of x^ y^ z at the 
point of contact, and (2) b the required relation between the 
constants. 
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1( Oj fijy be the Boothian coordinates of the tangent plane, ' 

viz. —,—,—, and a\ h\ d be written for - , ^ , - , the tan- 
p^ p^ p^ ' a^ ^ c^ 

gential equation of the surface will be 

^'«*.* 7^'^P* y.**^^* 

p — a p — 6 p ^c 

where />' = a' + /8* + 7*, an equation of the same form as the 
Cartesian. 

458, To find a singular tangent plane of the wave surface. 
The point of contact .in this case being any point in a 
curve, the coordinates must be indeterminate ; now y will be of 

the form - if ^ = 5 and m = 0, and these values also make r* 

indeterminate, and therefore £C and z^ 
And since, by (2) and (3), 



, P 7l» 1 

we have 






a«-6« J»^c« a*-c»' 

The curve of intersection is a circle given by the plane 
lx + nz = p^ and either of the spheres 

/ a"- J" 

or r" - — J— isj = c , 
no ' 

p = a, Z = and 2? = c, w = give imaginary planes, hence there 
are four real singular tangent planes. 

459. To find the singular points and the corresponding normal 
cones. 

The singular points may be found by investigating for what 
definite points of contact Z, m^ n can be indeterminate, we 
shall thus obtain 

aV cV aV 

y = 0, r = J, and ^_^, = ^,_, = __,, (4) 

which determine four singular points. 
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By equations (1) of Art 457, 

6«=» and n=p ; 

X '^ p z P 

a— o, o ^ c a —c 

/. Z+ n = : 

X z P 

/. {cfxl + c'«n) (tc + nz) = aV, by (4), 
or a VP + c Vn* + (a* + c*) (caZn = a V, 

= (a'-c")(P + m' + w*), 

or (J'-c«)r'+(a*-c«)mV(a^-i')n*-^ V(a"-J") V(J-c")Zn=0; 

which gives the equation Of the normal cone at the singular 
point. 

Cubic Surfaces. 

460. On every surface of the third degree there are 27 straight 
lines and 45 triple tangent planes^ real or imaginary. 
This theorem was first discovered by Cayley.* 
An arbitrary straight line intersects a cubic surface in three 
points, given by an equation of the form 

Now the four constants in the equations of a line may be 
chosen so as to satisfy the equations ti = 0, Du^O^ D*u*=Oy 
I/u^Oy and, since the above equation will then be satisfied 
by all values of r, all straight lines having such constants will 
lie entirely in the surface; and the number of such straight 
lines will clearly be limited, speaking generally, although in 
particular cases, as in that of a cylindrical surface, it may be 
infinite. 

If a plane be drawn in any direction through such a straight 
line, its line of intersection with the surface will be composed 
of that straight line and a conic forming a group of the third 
degree; and the two double points in which the straight lino 

* Cambridge and Dublin Mathematical Journal^ vol. iv. 
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intersects the conic are two points of the sarface at which the 
plane is a tangent plane to the cubic (Art. 434). 

Now, there will be fire positions of the plane for which the 
conic will become two straight lines. 

For, if the axis of oj be a line which lies entirely in the 
surface, the equation of the surface will be of the form 

yu^ + «t?, = 0, 
where m„ v^ are quadric functions ; and if the surface be cut by 

a plane whose equation is -^ = - = r, the conic, which is part of 

the line of intersection, will have for its equation iiu\ + vv\ = 0, 
where u',, v\ have each the form 

a/ + h^^ + c, + 2d^x + 2e,r + 2f^rx = 0, 

in which a,, e,, f^ are homogeneous functions of ft and v of 
the degrees denoted by the suffixes. 

Hence the equation of the conic will be 

it will therefore become two straight lines if 

which gives five values of the ratio \ : /a. 

In each of the five particular positions of the plane the com- 
plete intersection is three straight lines, which give three double 
points, and the plane is a triple tangent plane touching the 
surface at each of these double points. 

Through each of the three straight lines in a triple tangent 
plane four other triple tangent planes besides the one considered 
can be drawn, giving rise to 12 new triple tangent planes and 
34 new straight lines, making in all 27 ; and the surface cannot 
contain any but these 27 lines, for the point in which any line 
on the surface meets a triple tangent plane ABC must lie on 
one of the three lines AB^ BO^ CAy which form the complete 
intersection of ABO with the surface, and the plane which 
passes through the new line and ABj supposing this to be the 
line which it cuts, must contain a third line, and, therefore, must 
be one of the five triple tangent planes drawn through AB] 
the line considered must therefore be one of the 27 lines. 
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Fire triple t&ngent planes can be drawn through each of the 
27 lines, which would make 5 x 27 planes in all ; but since each 
plane contains three of the lines, we have in obtaining this 
number reckoned each three times, hence the number of triple 
tangent planes is 45. 

Line of Striction, 

461. To find the line of striction of a scrolh 
Let the equation of a generating line be 

i7 = 7wf + a, r=«f + /3, (1) 

where the constants are functions of one parameter 6] the 
equations of a consecutive generat<Mr corresponding to a value 
0-\'d0 oi the parameter are 

i7 = (w + (Zm)f4a + «?a, ?:=(w + e?w) f + ^8 + ^18. (2) 

Let P be a point in the line of striction ; PQ the shortest 
distance between (1) and (2) ; x^ y^ z and x + ix^ ^ + %9 z-\'hz 
the coordinates of P and Q» 

Since PQ is perpendicular to both generators, 

hx 4 mZy •+ niz = 0, 
and ix + {m + dm) Sy + (n + dn) Saj = ; 
/. dmSy + dnSz = 0. 
Also, by the equations (1) and (2), 

8y — mSx =^ acdm + da, 
Sz — nSx = xdn + dfi ; 



8y ^^ _ 



Bx 



dn — dm ndm — mdn 

By — mSx Sz — nSx 

(1 -I- w") dn — mndm — (1 + n") dm + Tnncfn ' 

/. {xdm -f rfa) {(1 + n') cZm — wwcZn} 

+ [xdn -f d)8) {(1 -f m*) dn — wwe&w} = 0. 

If the parameter be eliminated between this equation and the 

equations 

y = mx 4 a, « = wa; 4 i8, 
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we shall obtain two equations which will be those of the line 
of striction. 



462. Line of striction of an hyperhohid of one sheet. 

i* "^ c' ■" a' 



y» ^ Q^ 

For the hjperboloid ^« + —« = i + 1, the equations of a 



generator being 

? = - cos^-l sintf, - = -sin5 — costf, 
ha ' ^ c a ' 

sintf + co8^|c?^= d0. 

a J c ' 

(1 + n*) dm — mndn = ( i + "il^'^^ ^ ^^j 

(I + Tf^)dn -mndm— — (^5 + — jcos^f?^; 

• • U W «c ^ a V ^ i* ^ a* ^ aV ' 

the intersection of tbis surface with the hyperboloid gives the 
line of striction for one set of generators. 

Polar Equation. 

463. To find the polar equation of the tangent plane to a 
surface at a given point. 

Let the equation of the surface be -; = m' =f{oy ^'), and 

let Uj 0j (f> be the coordinates of the point of contact of the 
tangent plane. 
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The equation of the tangent plane is of the form 

f\i = cos a cos & 4 sin a sin & cos (0' — P) , (Art. 76), 

and the constants j>, a, and & are to be determined from the con- 
sideration that the tangent plane contains not only the point 
of contact hot adjacent points which have moved up to and 
ultimately coincided with that point. 

Hence the values of -jji and -rr at the point of contact are 

(id d^ ^ 

the same for both tangent plane and surface, let v, mo be those 
values ; 

.*. jpu = cosa cos tf -I- sina sin cos (^ - )8), 

jpv = — cosa sintf + sinacos^ cos(^ — /8), 

jpw= — sinasind sin(^ — ;S); 

.'. j5? (m sin tf + V cos G) = sin a cos (^ — )8), 

p (w cos^ — V sin^) = cosa ; 

the last three equations give readily the values of the constants ; 
and the equation of the tangent plane becomes 

tt'=(tt cos^ — V sin^) cos^ 

+ (e* sln5 + V cos 5) cos(<^' — ^) sin 5' 

+ w cosec B sin (^' — ^) sin &. 

This equation can also be written in the form 

-7 = -32 [^ {sin^ cosd' - cos^ sin^' cos(<^' — ^)}] 
— jT cosec sin & sin (^' — ^). 

464. To find the perpendicular distance from ike pole upon 
the tangent plane. 

This may be obtained from the first three equations of the 
last article by squaring and adding, whence 

y (u" + v* + w' cosec' 0) = lj 
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465. We may arrive at the above result by the following 
process, which serves to shew the geometrical signification of 
the partial differential coefficients, and will be useful as an 
exercise. 

Let P be the point of contact, PR a tangent line passing 
through OZ^ and PQ a tangent line in the plane through OP 
perpendicular to the plane POZ\ take R and Q points very 




near to P, and in OQ^ OR take Op, Op each equal to OP; 
then ij? = r sin 0d<^ and Pp = rdO ultimately, and Qp, — Rp 
are respectively the values of dr due to changes of and ^, 
considering the other constant, 

dr Rp 

---pp' — 



and 



rdO 
dr 



coi OPR, 



^Qp^^ 



coiOPQ. 



r sin Od^i fy 

Draw OF perpendicular to the tangent plane QPfi, and on a 
sphere, whose centre is P, let aSyS be a spherical triangle with its 
angular points in PQ^ PO^ PR^ join 87, 7 being the intersection 
of PY and a/8, then hy is perpendicular to o^, and aS/3 is a 
right angle. Hence 

cotaS = cot57 cosaS7, and cot^SsscotS7 sinaS7; 
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r* — «* 

.-. cot*aS + cot'ySS = cot" 87 = — ^ ; 

P 

Asymptotes, 

466. Def. An asymptote to a oirface u a straight line 
which meets the surface in two points, at least, at an infinite 
distance, while the line Itself remains at a finite distance. 

An asymptotic plane is a tangent plane whose point of con- 
tact is at an infinite distance, the plane itself being at a finite 
distance. 

An asymptotic surface Is a surface which is enveloped by all 
the asymptotic planes to the surface^ 

467. Oeneral considerations on asymptotes. 

If we imagine any tangept plane to a surface, and consider 
the result of supposing its point of contact to be at an infinite 
distance, we shall be led to the following conclusions : 

Since the plane at infinity intersects the surface in a curye, 
real or imaginary, there are generally an infinite number of 
directions In which a point of contact may be supposed to move 
off to infinity ; to each of these directions will correspond an 
asymptotic plane. 

Each asymptotic plane Is the locus of all the corresponding 
asymptotes, and these aaymptotes will all be parallel, since they 
pass through the same point at infinity at which ihegr are 
tangents. 

Since there are two tangents in every tangent plane at an 
ordinary point which pass through three consecutive points, viz. 
the tangents to the curve of intersection at the point of coiltaati 
there are in each asymptotic plane two corresponding in- 
flexional asymptotes which pass through three points at an 
infinite distance. 

Since any plane which passes through an inflexion^ ^angemt 
intersects the surface in a curve which has a point of inflexion 
at the point of contact of such a tangent, the curve of inter* 

.ss 
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section of the sarface and anj plane drawn througli an in- 
flexional asymptote has a point of inflexion at an infinite 
distance. 

468. The peculiarities which arise in the case of singular 
points at an infinite distance can be examined without much 
difficulty by a comparison with what takes place at a finite 
distance. 

If) for example, there be a double point at infinity, in the 
place of the conical tangent at a finite distance, there will be 
a cyfmder of the second degree formed by the asymptotes 
which correspond to the direction in which the double point 
lies. 

Of the generating lines of this asymptotic cylinder there 
are six which meet the surface in four points at infinity. 

The curve of intersection with any plane parallel to these 
generating lines has a double point at infinity. 

The curve of intersection with any tangent plane to the 
cylindrical asymptote has a cusp at infinity. 

469. To find the asymptotes to a given surface* 

Let F=F{^y ly, f) =0 be the equation of the given surface, 

(a;, y, z) any point in an asymptote, ^-rr— = = - — = r 

A. fb V 

its equations; and let ^(X, /x, v) be arranged in a series of 
homogeneous functions of the degrees 92, n- ], ... , so that 

F{\, /A, v) = «^„ 4 ^,., -f ...+ </>, + c. 

The points in which the asymptote meets the surface are 
given by the equation 

F{x-\-\r^ y-^-fiVj z + yr) = 0^ 
or, if D denote the operation x-^ '^V'T' "^ ^TT * 

Now for a simple asymptote two roots are infinite ; 

••• *«=o (1) 

and D4>, 4 <^,., = 0. (2) 
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The first equation shews that all asymptotes are parallel to 
generating lines of the cone 

-P;(f,'7,f) = 0, (3) 

where F^ consists of the terms of the ri^ degree in F. 
The second equation 

d\ ^ dfi dv ^""' 

shews that all the asymptotes parallel to any generating line 
of the cone (3) lie in one plane, which ia the asymptotic plane 
parallel to the tangent plane touching the cone along the 
generating line. 

Again, corresponding to inflexional tangents in tangent 
planes at points at a finite distance, there are generally two 
asymptotes in each asymptotic plane which meet the surface 
in three points at an infinite distance, the condition of this is 

and the two inflexional asymptotes are the lines of intersection 
of the conicoid (4) with the plane (2). 

It can be shewn that the conicoid and plane intersect in twQ 
parallel or coincident lines by proving that, if (a?, y, z) be any 
point in which they intersect, a line drawn through this point 
in the direction (X, fij v) lies entirely in both surfaces. 

Write x-\-\r for a;, &c., and A for the operation 

d d d 

dX dfi dv^ 

X, /i V being considered constant in the differentiations. 

(2) becomes {D + rA) 4>^ + ^^_j = ^A0„ = rn^^^ 

(4) becomes i (D + r A)* <^. + (i> + rA) 4>^, + 4>^ 

= r^D^^ + ir»A»<^. 4 r A<^^, 

therefore, since ^^ = 0, (2) and (4) are satisfied for all values 
of r. 

470. Should the student be interested in the discrimination of 
the various singularities which may occur, he will find a guide 
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in two articles by Pain'dn,* who baa nearly adopted onr method 
of treatment, and has carefully followed out the consequences 
of supposing the conicoid (4) to have the various forms of which 
it is capable. 

471. A singular asymptotic plane is one which touches 
the surface along a line at infinity, if considered as the limit 
of a tangent plane ; and if considered as the locus of asymp- 
totic lines, it b a plane such that lines drawn in any direction 
in it meet the surface in two points at an infinite distance. 

The analytical conditions are obtained by considering that 
the equation D<l>^-\-<f>^^ = must be independent of the yalues 

of X, /A, V. 

Asymptotic Suffaces. 

472. To find the asymptotic surface of a given surface. 

The asymptotic surface being the surface enveloped by the 
asymptotic planes, which are tangent planes whose points of 
contact are at an infinite distance, is a developable surface cir- 
cumscribing the surface i^ng the curve of intersectfion with the 
plane at infinity. 

The equation of an asymptotic plane b 

X, /A, V being connected by the equations 

^,, = and X* + /*" + F* = l. 

We shall write u, w'... for -^*, j-^**^, ...> and U^, CT^j... for 

rfx'^'rfx"'"** 

Considering a consecutive position* of the asymptotic plane, 
we have the equations 

dP j^ dp. dP ^ ^ 
tr rfX+ V^dfi^- WJiv^O^ 



♦ Crelle*s Journal, vol. 66, 
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therefore, by arbitrary multipliers, 

and, multtpljing bj \, /*, v, 

, dP dP dF ,^. 



These equations and (2) are equivalent to two distinct equations 
which are those of a generating line of the asymptotic surface ; 
that of the surface itself is found by eliminating X, /a, v from 
^„=:0 and these two equations, all being homogeneous in X, fi^ v. 
If ^,^, = 0, since (w - 1) CT = Xw + iiv> + w\ and 

■-jT- =^ XU'\- yvD + «!?', the equations (5) are reduced to 

r- = — =3 - , and the asymptotic surface becomes the cone 

^^ = 0, as in the case of aa? + Jy* + c«* = l. 

In the general case it is easily seen that the generating 
line passes through the centre of the conicoid which determines 
the position of the inflexional asymptotes, for which 

d\ dfi dv 

473. To find the degree of the asymptotic surface. 

We shall find how many generating lines intersect aiv 

arbitrary straight line — p— = ^ , = — r =^- If we equate* 

to (n — 1) p each member of equations (5) of a generating line,, 
the equations may be written 

(a;-Xp)tt + (y-)np)t£7' + («- v/>)t7'+ J7,_^ = 0, 
(aj-Xp)t(7'+(y-A*f>)t? + («-vp)w'+ F^^^ = 0, 
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or,iffl= 






(x-xp)^+(£r..^^+r^.^,4Tr^,-^.)ff=o; 



therefore at the point of intersection 



and Bimilar equations ; or, eliminating r and p, 

d 



7^+(d;.,^+...)^,v,«' 



= 0, 



now the degrees of -r- =vw-u? and U^^ are 2 (n — 2) and 

n — 2 ; the degree of the equation is therefore 3n — 5, " and 
the number of values of X, /k, v which satisfy this equation, 
and ^^ = is n (3n - 5), which is the degree of the asymp- 
totic surface. 

474. Or we may proceed thus : 

The asymptotic surface contains 3n (n - 2) lines in the plane 
at infinity which are the intersections of the planes of inflexion 
of the cone ^, = 0, and contains, moreover, the curve of the 
ffi^ degree, in which the plane at infinity intersects the cone; 
hence, the number of points in which the asymptotic surface 
is met by an arbitrary line in the plane at infinity 

= 3n (w - 2) + n = n (3n - 5). 

For limitations of the number arising from the existence of 
singular points, see Painvin's second article.* 



♦ Crelle's JoutiuUf vol. 66, 
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Method of Approximation. 

475. Although it is necessary to know general methods of 
handling the equations of surfaces, yet in order to find .the shape 
at particular points or at an infinite distance, it is most in- 
structive for the student to employ peculiar methods to suit 
peculiar cases. 

The method of approximation by transferring the origin 
to the particular point in question, and rejecting all terms 
which can be shewn to be small compared with those retained, 
gives immediately conical tangents or any other form which 
nearly coincides with a surface in the neighbourhood of a 
singular point. 

The form of a surface at an infinite distance may be found 
by a careful consideration of the relative magnitude of the 
coordinates in the same manner as the author has treated the 
subject in his Treatise on Curve Tracing. The kind of con- 
sideration required may be seen by the following example. 

476. To find the plane and parabolic asymptotes of the surface 
whose equation is 

a?' + y' + «' - 3ary^ - 3a {yz ■\-zx-\- ocy) = 0. 
The equation may be written 

uv — a(tt* — 1;) = 0, 
where tt = a?H-y + «, v^a^-^y^ + z^—yz- zx — xy. 

If u* and V be of the same order of magnitude when a?, y, z 
are very great, we have for a first approximation m = 0, and 
for a second t^ = 0, the plane asymptote touching along a 
circle at infinity. 

If u* be large compared with ^7, the first approximation 
gives v = au^ and the next gives t> = a(tt— ^), which is a para- 
boloid of revolution. 

The same results may be obtained by making the line 
x^y^z one of the axes of coordinates, so that the equation 
becomes 

V(3) X if + z')-a (2** - y - O = 0, 
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in which, if a?, y, e be of the same order of magnitade, 
V(3) a; + a = ; and if a; be large compared with y and z^ 

The conical tangent at the origin is y' -t- 2* = 2j^. 



xvnL 

(1) ProTe that the tangent plane to the surface xyz s a* forms with the 
coordinate planes a tetrahedron of constant volume. 

(2) Find the equation of the tangent plane at any point of the surface 
xyz -f 2abe s hex -f eay + abz, and find the conical tangent at (a, b, c). 

(3) If tangent planes be drawn at every point of the curve of inter- 
section of the surface a (yx + sx + xy) a xyz, with a sphere whose centre is 
at the origin, shew that the sum of the three intercepts on the axes will be 
the same for all. 

(4) A surface is given by the elimination of a between the equations 
F{x, y, s, a) B and /{x,y,Zf 0)^0; shew that the direction-cosines of 
the normal at a point (x, y, z) are in the ratio 

(5) The points on a conicoid, the normals at which intersect the normal 
at a fixed point, lie on a cone of the second degree, having its vertex at 
the fixed point 

(6) Prove that the projections on the plane of xy of the normals to the 

^r* t/* s* 

ellipsoid •^-f-T.+ 'i^ly at points whose distance from that plane is e cos a, 
cr %r c 

touch the curve (or)' + (hy)^ = (a" - ft*)' sin'a. 

(7) Given («• + y" + «^ + c* -«■)■ = 4c' («■ + y*), find the points the normals 
at which make angles a, /3, 7 with the axes, and the loci of points for which 
(i) 7 is constant, (ii) a is equal to p, 

(8) A chord of a conlcoid is intersected by the normal at a given point 
of the surface, the product of the tangents of the angles subtended at the 
point by the two segments of the chords being invariable. 

Prove that, O being the given point, and P, P' the intersections of the 
normal with two such chords in perpendicular planes containing the normal, 
the sum of the reciprocals of OP^ OP* is invariable. 

(9) Find the tangent cone at the origin to the surface 

(a:* + y« + or)' - (c» - a') («• + «0 = ; 
and shew that as a diminishes and ultimately vanishes, the tangent cone 
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contractSi and ultimately becomes a straight line, and as a increases up to c, 
it expands, and finally becomes a plane. 

(10) Shew thattlie 27 lines in a general cubic surface intersect in 135 
points. 

(11) Apply the method of Art. 448 to find the singular tangent planes 
of the wave surface. 

(12) Shew that the normals to any scroll along a generating line lie 
on an hyperbolic paraboloid. 

(13) If tangent planes at two points on a generating line of a scroll be 
at right angles, prove that the rectangle under the distances of the points 
of contact from the line of striction measured along that generating line 
will be constant. 

(14) If a series of straight lines, generating a surface, be described 
according to a law such that the shortest distance between two consecutive 
lines is of a degree superior to the first, it will be at least of the third. 

(15) Shew that the lines of striction of an hyperbolic paraboloid 

^ — B X are its intersections with the planes ,-. 1 = 0. 

be *^ 6' c' 

(16) A straight line intersects at right angles the arc of a fixed circle, 
and turns about the tangent with half the angular velocity of the point of 
contact round the circle. 

Prove that the surface so generated intersects itself on a straight line, 
and find the tangent planes at any point of this line. 

Shew that the line of striction is a plane curve, whose plane is inclined 
to the plane of the circle at an angle tan'^ 2. 

(17) Find the asymptotic planes and the asymptotic surface of tlie 
conicold ax* + by* + cf - 2x. 

(18) Shew that the coordinate planes are the three singular asymptotic 
planes of the surface xyz « a'. 

X v 

(19) From different points of the straight line - = ^ , « = 0, asymptotic 

X* h* z" 
straight lines are drawn to the hyperboloid -^ + n — « ° ^ » shew that they 

will all lie in the planes — ? = ± - y/2, 

a b c 

(20) Shew that the asymptotic planes to the surface 

» {^* + y*) - «■«' - V = o> 

are parallel to the plane xy, and that the locus of straight lines in these 
planes having contact of the second order at infinity is s = a, or s = (; 
and that the axis of s is an evanescent asymptotic cylinder. 

TT 
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(21 } If the cone of asymptotic directions hare a double side, shew that the 
surface will generally touch the plane at infinity, and that the section hy 
this plane will have its inflexional tangents in the intersection with the 
tangent planes at the double side of the cone. 

(22) Shew that the conicoid- which determines the inflexional asymptotes 
of the surface, whose equation is x* - yV - 2a'yz » 0, is an hyperbolold 
of one or two sheets, the latter giving imaginary asymptotes. 

(23) Discuss the form of the surface s (« + y)' - a («* - ^ 4 6^ » al 
an infinite distance. 

(24) Shew that the asymptotic surface of s^ (x + y)* - at-' -f ftx* e is a 
parabolic cylinder. 

(25) Shew that there is a conjugate line in the surface 

a« {2 (/ + «•)- «•}• = (y' 4 j^) (y« + j^ - a«)«. 
(25) Shew that the surface 

(*• - O (^ + V - s»+ 9a7 - {6a (*« + y»'- i^j + 4a^» 
has a conjugate hyperbolic line in the plane of sr. 



CHAPTER XIX. 



VOLUMES, AREAS OF SURFACES, &C. 

477. To find the differential coefficients of the solid contained 
between a surface^ given in rectangular coordinates^ the coordinate 
planes^ and planes parallel to them drawn through anif point of 
the surface. 

Let Xj y, z and x + Ax, y + Ay, z^ ^z be the coordinates 
of two points P and Q upon the surface. 




Draw planes through P and Q pardlel to the planes of 
y«, zxj and let V be the volume CRPSOM cut oflF by these 
planes from the given solid. If \V be the increment of F, 



324 VOLUMES, AREAS OF SURFACES, &C. 

when X is changed to a? + Aa;, while y remains constant, and a 
similar interpretation be given to the operation \^ the volume 
PrM= A, V] also the volume PQNM^ which is the increment 
of A, r when y changes toy + Ay, =Aj^(A^F), which is easily 
seen to be the same as £^j,[\V). 

Let «,, «j be the least and greatest values of z within the 
portion of the surface PQ^ therefore PQNM lies between z^^x^y 
and z^^xSy'f 

" V Aa; y * V Ay y ,. . , , 

/. or , V lies between a, and »,• 

Ay Aa? 

Proceeding to the limit, in which ^^ = «^ = 2, we obtain 

dydx dxdy 

We may observe that, since the volume PrM is ultimately 

equal to the area RM x Ax, the partial differential coefficient 

dV . . dV 

--Z- represents the area BM^ and similarly -y- the area 8M. 

478. The differential coefficient of the volume of a wedge 
of the solid contained between the planes of zxj xy^ a plane 
through the axis of 0, and a plane parallel to yOz may be 
obtained as follows. 

Let Vhe the volume included between the planes zOx^ xOy^ 
the surface, the plane whose equation is y = tXj and a plane 
parallel to yOz through any point (a;, y, «), then A^Fis the in- 
crement of V when t changes to ^ + A^, x remaining constant, 
and is the volume which stands on a base whose area is ^xAt.x; 
A,(A,F') is the increment of A, F when x changes to a; + Aa?, 
and is the volume which stands on a base whose area is 

J (a; + Aa;)* A« - ^x^'At = (a? + {Ax) Ax At; 

hence, as before, '^ '^ is between z^ (a;+iAa:) and «2(a?+ jAa;), 

d*V 
and, proceeding to the limit, -r-j = «^. 
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479. To find the differential coefficient of the portion of a 
surface given in rectangular coordinates^ cut off by the coordinate 
planes^ and planes parallel to them drawn through any point of 
the surface. 

Let P, Q be the points (a;, y, z) and [x 4- Aa?, y + Ay, z + A«), 
8 the surface PRO 8^ cut off by the planes through P. A^iS is 
the surface iV, which is the increment of 8 when x is changed 
to 35 + Air. 

A (A,S) is the surface PQ^ which is the increment of \8 
when y is changed to y + Ay, and is evidently the same 
asA,(A^5). 

Let 7j, 7, be the greatest and least inclinations of the tangent 
plane to the plane of xy for any point within the surface PQ. 

Therefore PQ is intermediate between Aa;Ay sec7, and 
Aa?Ay sec 7,. 

y \ Aa; / \ Av / 

Hence , or , r is intermediate between sec7- 

Ay Aaj * 

and sec7,, which are, in the limit, each equal to sec7. 

Tt'^refore, ^ or ^=Bec7=^|l + (|)\ (|)] . 

480. If )8^ be the surface contained between the plane zOx^ 
and a plane whose equation is y = to ; we can shew, by proceed- 
ing as in Art 478, that 

481. To find the differential coefficients of the volume of a 
surface referred to polar coordinates. 

Let r, d, ^ be the polar coordinates of a point P in the sur- 
face, being measured from Oz^ and <f> from the plane zOx^ and 
let V be the volume of the wedge of a cone contained between 
the planes zOx and zOP^ and the given surface, the axis of the 
cone being Oz^ and the semi-vertical angle. 

OPBrS is the increase of the volume when increases by 
A0, (f) remaining constant, therefore OPBrS = A^F. 
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OPSQT'ia the increase of A^F when ^ becomes -f A^, and 
therefore = A^ (A^ T), and similarly = A , (A^ V). 




If OP, 08j OQj OT intersect a sphere, whose centre is 
and radius OPj in P, 5, j, ^ the volumes of 0P8QT and Oiigi 
will be ultimately equal, and Pi = rAd, Pl=^r sind. A^, therefore 
A^ (AgF) is ultimately equal to ^r* sind A^Ad; 

482. To ^nrf <Ae differential coefficient of a surface referred 
to polar coordinates. 

Let r, By ^ be the polar coordinates of P, and let 8 be the 
surface CPB^ 

Af8 is the increment Pr when changes to + A0, 

A^ (A^S') is the increment PQ when ^ changes io + A^, 



VOLUMES, AREAS OF SURFACES, &C. 327 

Let '^^, ^, be the least and greatest inclinations of tangent 
planes at points taken on the surface PSQT^ to tangent planes 
at the corresponding points of the surface Psqt in the construction 
of the last article, then the ratio of the surfaces PiS^^jTand Psqt 
lies between 1 r cos^^^ and 1 : cos'^,,. each of which becomes 
ultimately r : p^ where p is the perpendicular from on the 
tangent at P; 

/. A^ (AeiSf) = — sin^A^Atf ultimately; 

48?. To find the volume of a closed surface^ the boundaries of 
which are portions of known surfaces^ given by equationa^ in 
Cartesian coordinates^ 

Let [Xj y, z) be a point P within the closed surface, and let 
Ao;, Ay, ^z be the lengths of the edges of a small parallele- 
piped, whose faces are parallel to the coordinate planes, the 
volume of this elementary parallelepiped will be ^x^yAz^ if 
the axes be rectangular. 

We imagine the volume to be made up of an infinite 
number of such elements, each of which is supposed indefinitely 
small, and in order to obtain the volume we have to sum these 
elements, and we must be guided by the form of the surfaces 
in our choice of the order in which we propose to effect 
the summation. We can give general directions only, leaving 
to the student's ingenuity the task of adapting them to 
particular cases. 

If we commence by summing the elements, for which 
x, y have constant values, we shall obtain the parellelepiped 
[z^- z^ ^x^yj since the incomplete elements near the boundaries 
of the surface vanish, compared with the parallelepiped upon 
AxAy, when ^x and Ay are indefinitely diminished ; z^- z^ can 
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be expressed in terms of x and y by means of the equations 
of the bounding surfaces. This supposes the closed surface 
to be pierced by the ordinate through (a?, y, 0) in only two 
points; if it were pierced 2n times, the first summation would 
give Sj"(ay — «,,_,) ctcrfy; we shall not further consider such 
cases. 

If we next sum the parallelepipeds for all values of y, 
keeping x constant, we shall obtain the sum of all the elements 
which lie between two planes at distances x and x + Ax from 
the plane of yz. The first and last of the parallelepipeds must 
vanish; therefore the summation must generally be made be- 
tween values of y obtained from the equation «, — «i = 0, x 
bejng constant ; let y^, y^ be those values of y, supposing only 
two to exist; the whole sum will then be obtained by 
summing these sheets of elements between values of x obtained 
from the equation y^-y^^ 0. 

In the case of a closed surface, which is pierced by no 
straight line in more than two points, the process is expressed 
thus: 

volume =/ ^\\ ^y \\ ^^j\ 

= dxi'{f^{x, y) -/, (a;, y)] dy 

= j ^ {<f> («, y.) - <f> («) y,)} 

484. The student will have to determine in every particular 
case the best order in which to make the summation of the 
elements ; in some cases it will be advisable to take elementary 
slices of the surface, instead of the elementary parallelepipeds, 
as when the area of a plane section is known. 
. Thus, in the case of an ellipsoid, the area of a section RPQ 

is irQN^ RN^ and a slice of the thickness dz=^ — 5^ (c* — 2') rfj, 
whence the volume is — «- 1 (c* - «*) ^« = i'rrahc. 
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485. He must also judge whether it is advisable to use 
other coordinates than those in which the equation of the 
surface is given. 

Thua, the equation of an anchor-ring being 

if we make 35' + y" = r*, s* = a' — (r — c)*, we can sum the 
elements which have their projections on the circular ring 
2irrdr^ and the volume is 

I iirrdr ^/la^— [r — c)*} = I 47r {r + c) dr y/{a* - r*) = 2'irc,ira^, 

J e-a •' -a 

486. To find the volume contained between the surface whose 
equation is [x-\- yY^4,az^ the tangent plane at a given pointy and 
the planes of zx and yz. 

Let the given point be (/, g^ A), the equation of the tan- 
gent plane is a?4 y = ^ /(t) (« + '0 5 *^® volume required is 

JJJdxdydZy the limits being from z = /f- J (x+y) - h to ^ ^^ , 

then from y = to y = 2 y/[ah) — a?, since the tangent plane 
meets the surface where (x + y)" — 4 \/(«A) {x + y) + 4tah = 0, 
lastly from a; = to a; = 2 \J{ah). The volume is 



//: 



— {a; -f y — 2 *J{ah)Y dydx 



-ffij(.-WWi.-2j^«i'-i«/.-. 



u u 
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This result may be verified thus. Let AOB be the surface, 
ACB the tangent plane along the line AB^ ABB a plane 
parallel to xOy^ adb any section of the surface parallel to xOy. 




Then area adb : area ADB :: ad* : AB^ :: Od : OB ; 
therefore volume A OBD = i 2aA. t & = «A* ; 
also volume A CBD = J2aA.2* = f oA* ; 
hence the volume required is —- . 

o 

487. To find the volume of the elliptic paraboloid y -f — = 2ar, 

cut off by the plane lx + my + nz=p. 

Perform the integration in the order or, y, z^ 






— 7»y — nz 



2J 2c' " Z 

For a given value of «, the values of y at the curve of intersec- 
tion are given by the equation x^ = a?^, 



^ . 2Jm 6 „ 25 , , ^ 



(1) 
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of which y^^ y, are the roots, and z must be taken between the 
limits which correspond to y^^y^^ that is z^^ z^ are the roots of 
the equation 

bat (y« - y,)* = (y. + y.)' - ^yJ^^ = ^C^ - ^«) (^. - ^) ^y (2)) 

therefore the volume 

= 1^1 (V -«")*<?«, where 27 = «,-2„ « = »-i(2, + «J- 
SB I - 7* / cosddd, putting m = 7 sin ^, 

~4*ci 2* ' 
and i(«.-«.) = -p- + -/- + -jr-; 

/. volume = J- v(oc) -^^-^ « ^ • 

The student may verify this result by the summation of 
elementary slices bounded by planes parallel to the given plane. 

488. To find the volume contained between surfaces given by 
polar coordinates. 

The volume of an elementary parallelepiped is 

r* Bin0drd0dfl>. 
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If we integrate this expression from r = r^ to r = r^, r,, r, being 
the radii of the bounding surfaces corresponding to 5, <^, we 
obtain a frustum of a pyramid, the angular breadths of whose 
faces are dd^ d<f>j intercepted between the two surfaces or the two 
sheets of the same surface; its volume is J smddddtf) [r^ — r^]^ 
the radii being given in terms of and <j). 

If now we integrate, considering <f> and ^-{-dcf} constant, 
from s^ 0^ to =^ ^j, tfj, 0^ being given in terms of <^ by the 
boundaries of the volume considered, we obtain the portion 
included between the planes inclined to zOx at angles ^ and 
<f> + d<py 

J di 
The whole volume is found by integrating from <}> = <f>^ to 
^ ~ 0s9 ^^^ extreme planes between which the volume is in-" 
eluded. 

The volume is therefore ^ (^-O ^^^Sd0d<i>. 

489. To find the volume of a sphere cut off hy three planes 
through the centre. 

Let the radius of the sphei:e be a, its centre, and let ABC 
Be the spherical triangle cut off. Take OC for the axis of z^ 
and a plane perpendicular to A OB for that of zx. 

The equation of the plane A OB will be cos = tan a cot 9, 
and the limits of integration will be , 

r = to r = a, 

^ = to ^ = cot"* (cot a cos 0), 

= -/3 to 0=<7-i8; 



.". the volume = - \\An0d0d(f> 

^ cf C^-^ J cosa cosc^ 



d(f> 



cos* a sin'0) 
- ^ [C- sin"*{cosa sin((7- /3)} - sin'*(cosa ain/S)] 



a* 



since cos5=cosa sin((7-)8) and cos-4 = cosa sin^. 
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We have given this as an example of the determination of 
the limits in the case of polar coordinates, but the result is 
obtained immediately from the area of the spherical triangle, 
the volume required being the sum of an infinite number of 
pyramids whose vertices are in the centre, the volume of any 
one of which is ^adSj and the whole volume = ^a x area of the 
spherical triangle. 

490. To find the volume of a wedge of a sphere cut off hy 
a right circular cylinder^ a diameter of whose base is a radius of 
the sphere. 

Let the equation of the sphere be p'-t z^ = a'*, and that of 
the cylinder p = a cos<^. 

fa ra COB ff) 

The volume is 1 I 2p ^{d'-p^) dpd(f> 

J •'0 

= K {a - i/o' (3 sin^ - sin3<^) c/</>} 

= fa'* {a - f (1 - cosa) + ^V (1 - cos3a)}. 

TheBOrface =/yf' + ©^P-(|)}'^P'^*, 
between the same limits, 

-//^^/('-.-4-)'""'*=//v^)''* 

= a*/^* (1 — sin ^) c?^ = a* (a — 1 + cosa). 

491. The following method of dividing a surface into 
elements was employed by Gauss in treating of the curratHre 
of surfaces. 

The coordinates of a point are considered as functions ef 
two parameters a, y3, the elimination of which would lead to' 
the equation of the surface. 

If a vary while /3 is constant the corresjponding points on 
the surface will lie on a curve, and a system of curves will 
will be formed by giving /3 successive constant values. 
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Another system of curves will be obtained by making P yarj 
while a la constant. 

The element d8 is the quadrilateral figure whose sides are 
portions of the curves which correspond to constant values a, 
a + c^a in one system and fi^ /B + d/3 in the other. 

Let l^ niy n he the direction cosines of the normal to the 
surface at a point in the element dS] Id 8 is the projection of 
the element on the plane of ^2;, let this be PQBSy the coordinates 
of the angular points in order being y, 2; ; 

dy J dz ^ 

The equation of PQ is s ^ = -^— , and it is easily seen 

da da 

that PQ and SB are ultimately parallel ; the perpendicular from 

8 on PQ is 

(dy & dz dy\ ,^ 

U/? da ^ dd da) ^^ 

m ^ (i)T ' 

•••«^-®S-IS)"''. 

and if we write Adadfi^ Bdadfi^ Cdadfi for the projections on 
the three coordinate planes, 

d8=={A' + B'^C*)^dad^. 

The surface-integral JJ{lu + mv-{ nw)d8^ where u, t?, u? are 
given functions of the position of d8 may thus be expressed 
in terms of the parameters a, /3, viz. 

jj{Au + 5y + Cw) dadp. 
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492. To find the surface of an ellipsoid caressed in elliptic 
coordinates. 

Let the equation of the ellipsoid be 

and let /a, v be primary semi-axes of the hyperboloids, which 
are the elliptic coordinates. 
By Art. 283, 

. dy _ i.{\^^^W-^^ rf£^_ v(X«-7')(/^'-7') . 
• * ^ \dv dfi dv dy.) " /3«7' (y-yS*) ' 



Z \dv dfi, dy dfjb) 






\(m''-v')V((X''-/3')(X''-7')} 



;> vii/** - /s") (7* - /*') 03* - o (y - 0} 



d/A^i^ 



~ VfCM* - yS*) (7* - /*•) (/S» - /) (7* - K*)} '^' 

The area of the surface cut off by four confocal hjperboloids, 
for which t^ = fti and /»„ v ^s v, and v, is 

J /Hi Jl'i J fli J Vi 

where if- / ^'-^' J\r- / ^'-'^ 

493. If the position of a point be given as the intersection 
of three surfaces 

•^(^>y>«) = «> ^{^}!/j^) = ^} and5'(a?,y,«) = 7, 

the expression for a volume may be obtained similarly as 
follows ; when 7 Is constant, the variation of a and ft determines 
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a surface of which an elementary portion is {A* + ff4-(rYdadff^ 
and the equation of the tangent plane at this element is 

A{S-x) + B{v-y) + C{^-z)^0, 

the perpendicular on which plane from a point determined by 



( 



ay ay dy) 



hence the volume of the elementary parallelepiped, whose 
opposite faces correspond to 7, 7 + dy constant, &c., is 

and the volume = \\\Jd(id^dy^ ll It ^^^^^Jy 



where e7= 



dx 


dy 


dz 




da 


da 


da 


da' 


da' 


da 




dx' 


dy' 


dz 


dx 
dj3' 


dy 
dfi' 


dz 
dfi 


and /' = 


d0 
dx' 


dy' 


dff 
dz 


dx 


dy 


dz 




dy 


dy 


dy 


dy' 


dy' 


dy 




dx' 


dy' 


dz 



494. To find the volume of a solid tohose hounding surfaces 
are given hy tetrahedral coordinates. 

Let f , 17, ? be coordinates referred to rectangular axes of a 
point whose tetrahedral coordinates are a;, y, z^ w. 

Since a;, y, z are linear functions of f , 17, f, 

JMdvd^^ CJSSdxdydz, 
and if V be the volume of the tetrahedron of reference 

but the limits for the tetrahedron are, since x-\ y-\-Z'\-w=^\. 

« = to ?/j = or 2 = 1— a;— y, 

y = to y = l — a;, 

a; = to 03=1, 
and with these limits jjjdxdydz = ^ ; therefore 6 F=C 
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Hence, if F{xj y, «, w) = be the equation of any closed 
surface, the volume will be BVJjJdxdtfde^ the limits of the 
integration being obtained from 

This method is due to Slesser.* 



XIX. 

(1) Find the yolume of the surface j;y f ys i zr - a* « 0, cut off by 
the plane « -i- y -i- s » c. 

(2) State limits which can be used to find the volume of a closed 
oonicoid whose equation is a^* -i- ^ + ei^'+ Mlfz + 2b'zx + 2efxy => 1. 

(3) Find the portion of the cylinder ^ 4 y'- 2rr - 0, intercepted be- 
tween the planes ax -i- by •¥ ez ^ and t(x -k- by ^ ^ ^ 0, 

(4) State between what limits the summation of dxdydz must be 
taken in order to obtain the Tolume of the cone whose equation is 
«* -f ^ a (a - zYf cut off by the planes x^O and « « s. 

(5) Find the yolume contained between the surfiftces 

y* -^ tf o 4ax, and «-«"«• 

(6) Froye that the yolume included between the surfaces r b «, % = 0, 
^ - 0, s B for cos^ is inu^, r and being polar coordinates in the plane «y. 

(7) Skew that the volume enclosed by the surfaces c* -I- y' » as, 

«* -I- y" " 4UR, and s a is -yg- , and draw a figure representing the progress 
of summation* 

(6) Proye that the Tokime included between a cylinder y" ^ 2rx - x\ 
a pasaboloid -^ -f ^ a 2s and the plane ^f 'y i^ ^ ( oT "^ oi ) • 

(9) Prove that the yolume cut off from the cone 

«M* -I- r^* -i- ws* + 2/yz + 2ffzx -i- 2kxy « 0, 

JB* v* s* 
by the ellipsoid ''i'l'n'*';^**^ ^ f^^s^ (1 - fc), the carves of intersection 

«f the cone and ellipsoid being ellipses^ and k given by tke equation 

^ . A/ , /y ■ 1 



i 



I 



* QtfoH, Jour* of Math,, vol. n, 

XX 
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(10) Prove that the volume cut off by the plane y^k from the surface 
a*x^ + W= 2 (fla: +^2) y«i8^. 

(11) A cavity is just large enough to allow of the complete revolutioa 

of a circular disk of radius e, whose centre describes a circle of the same 

radius e, while the plane of the disk is constantly parallel to a fixed plane, 

and perpendicular to that of the circle in which the centre moves. Shew 

2c" 
that the volume of the cavity is -— (33r -f Sy 

o 

(12) Two cones have a common vertex in the centre of an ellipsoid, and 
their bases are curves in which the surface is intersected by planes parallel 
to the same principal plane, prove that the volume of the ellipsoid con- 
tained between the cones varies as the distance between the planes. 

(13) Prove that the volume contained between the plane x = (c-x) eotc 
and the surface «:«• + («- c) («* + y") = is 

-^ (3 cot a COSeC a - 2 cos' a - 3 log. cot |a). 

(14) The volume contained between the surface 



:t-5(I'S'?(m)"*-j-»' 



8' 

irabc 



and either of the planes yz or xz is 
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(16) Shew that the whole volume of the surface whose equation a 
(x' + y* + «■)• = cxyz is equal to — . 

(16) Investigate the form of the surface whose equation is 

and shew that its volume between values of tan"* - from to '2ir is iT^a\ 

(17) Shew that the volume of the closed portion of the surface whose 
equation is 4a (/ + «*- 4a*) + (*« - o*) (3» + 10a) = is f^.i^r {baf. 

(18) If ^^ be an element of the surface of an ellipsoid at any point, and 
A the area of a section by a plane drawn through the centre, parallel to 

A or 

the tangent plane at that point, prove that the limit of S --j = 4, the 

summation being taken over the whole surface. 

Find ^8 in terms of afp,i{x = a coso, y-beina co8/5, and s« c sin a sin)?. 

(19) If /S be a closed surface, dS an element about P, at a distance r 
from a fixed point O, <p the angle which the normal drawn inwards makes 
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with OP J shew that the Tolume contained by the surface » i//r cos (f>d8f 
the summation being extended over the whole surface. 

O being the centre of an ellipsoid, apply the formula to find its Tolume, 
interpreting geometrically the steps of the integration. 

(20) Shew that f j — ^ extended oTer the surface of an ellipsoid is 

equal to - (3 + ^ + ?!^jx volume of the ellipsoid. 

(21) Prove that the area of a closed surface, no plane section of which 
has singular points, may be expressed by the definite integral 



/:/; 



P 

where p is the perpendicular from the origin upon the tangent plane. 

(22) If each element of a closed surface be multiplied by ^ cos 0, where 

r is the distance of the element from a point O, and is the angle between 
the direction of r and the normal to the surface measured outwards, shew 
that the sum of all such products is or 4?r/i, according as is without 
or within the surface. 

(23) If r be the distance from a point O of any element d8 of a spherical 
surface, determine the form of the function/ (r) when ir^^dS, the sum- 
mation being efiected over the whole surface of the sphere, is constant for 
all positions of O within the sphere. 

(24) Shew that the shortest distances between generating lines of the 
same system drawn at the extremities of diameters of the principal elUptic 

. «• tf' z" 

section of the hyperboloid, whose equation is — + ?; — j = 1, lie on the 

cxy ohz 

surfaces whose equations are , , = ± ^ — rr. Prove also that the volume 

« t y' o - 6' 

included between these surfaces and the hyperboloid is 

ahe fa* -b* _ , a\ 
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495. We have alreadj shewM that cmres maj be .con- 
sidered as the complete or partial iBtersection of surfaces, bat 
in the investigation of the equations of tangents, oscillating 
planes &c. we shall also look upon a curve as the locos of 
points which satisfy more general laws, the algebraical state* 
ment of which assumes the form of equations between the 
coordinates of any point of the curve and variable parameters, 
the number of equations being two more than the number 
of parameters. 

Instances of the latter mode of represeiitatiMi of a cnrre 
occur in dynamical problems, in which the curve is defined 
by equations between the coordinates of the position of a 
particle and the time of its arrival at that position* 

If the parameters were eliminated from the equations con- 
necting the coordinates and parameters, the result would be 
two final equations which would be the equations of two 
surfaces whose complete or partial intersections would be the 
curve in question. 

496. If the coordinates of any point on a curve can be 
expressed as functions of a single parameter ^, so that for 
each value of t there is a single value of each coordinate, 
the curve is called unicursaL 

497. As an example of an unicursal curve, we may take 
the Helix, which is generated by the uniform motion of a 
point along a generating line of a right cylinder as the gene- 
rating line revolves with uniform angular velocity about the 
axis of the cylinder. 
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If we take the axis for the axis of z^ and the axis of x through 
the generating point at anj initial time, the angle through 
which the generating line has revolved when the point has moved 
through a space z on the generating line, we have, for the co- 
ordinates of the point, a being the radius of the cylinder, 

x=:acoB0j ^^asind, z = na0] 

here is the variable parameter, and the curve is the intersection 

of the surfaces oj* + v* = a\ and y = x tan — . 

498. In order to explain the terms employed in the ex-> 
amination of curves which are not plane, we shall consider such 
curves as the limits of polygons whose sides are indefinitely 
small ; and we observe that the plane which contains any two 
consecutive sides of the polygon of which the curve is the 
limit, does not generally contain the next side. 

The term double curvature, as is remarked by Thomson and 
Tait,* is not a proper expression, since there are not two 
curvatures; and the property, that the plane in which the 
curvature is taking place at any point changes as the point 
changes, wovld be better represented by calling the curve 
iartuou3 and the measure of the corresponding property tor- 
tuosity. 

499. Osaiiating plane. The plane containing two sides of 
the polygon of which a tortuous curve is the limit is in its 
ultimate position an OBCulating jplane of the curve. 

500. Nonml Plane. Any side of the polygon in its limiting: 
position iQ a tangent to the curve, and a plane drawn per-* 
pendicular to the tangent though the point of contact is a 
normal plane^ being the locus of all the normals at the point. 

501. Principal Normah The particular normal which lies 
in the osculating plane is called Xhe principal normal. 



* Xufural Phih$f*phy. Art, 7, 
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602. Sinormal.^ The normal which is perpendicular to 
the osculating plane is called a binormal^ being perpendicular 
to two elements of the curve. 

603. Polar Developable.^ Let an equilateral polygon be 
inscribed in a curve, of which consecutive sides are PQ^ QR^ 
RS^ 8T^ and let|7, j, r, 8 be the middle points of these sides. 

Let Aapj Bbq^ Ccr be planes perpendicular to these sides, 
forming the polygon ABCD by their intersections. 

If the sides PQ^ QR^ ... be diminished indefinitely, their 
directions are ultimately those of tangents to the curve, the 
planes Aap^ Ebq^ ... are ultimately normal planes to the curve, 
the planes PQR^ QR8^ ... are osculating planes, and the surface 
generated by the plane elements Aabj Bbc^ Ccd^ ... is ulti- 
mately the developable surface enveloped by the normal planes 
of the curve, of which ABCD ... is ultimately the edge of 
regression. 

The developable enveloped by the normal planes is called 
the Polar Developable. 

, 504. Circle of Curvature. A circle can be described con- 
taining the points P^ Q^ R\ when the sides are indefinitely 
diminished, this circle lies in the osculating plane, and its 
curvature may be taken as the measure of curvature of the curve 
in the osculating plane. Let the plane PQR meet Aa in 27, 
and let pU^ qU h^ joined, then since PQ is perpendicular to 
the plane Apa^ it is perpendicular to ^ ^ similarly QR is per* 
pendicular io qU^ U is therefore the centre of the circle through 

PQR. 

Therefore the centre of the circle of curvature is the point of 
intersection of two consecutive normal planes and the osculating 
plane. 

605. Polar Line. Draw pa, qa to any point in -4a, then, 
since Pp => Qp^ a is equally distant from P and Q^ and similarly 
from Q and jB, and therefore from every point in the circle of 



* St. Venant. f Monge. 
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curvature. The line of Intersection of two consecutive normal 
planes is called by Monge the polar line. 

506. Angle of Contingence, The angle p Uq^ which is equal 
to the angle between the two consecutive sides PQ^ QR of the 
polygon, is ultimately equal to the angle between two consecu- 
tive tangents, and is called the angle of contingence. 

, 607. Sphere of Curvature. Any point in Aa is equally, 
distant from P, Q and jS; also any point in Bb is equally 
distant from Q, -S, and S] therefore their point of intersection 
is equally distant from the four points P, Q^ jB, 8. 

Hence, it follows that a sphere can be described whose 
centre is B^ and which contains the four points P, Q^ J?, 8j this 
sphere is ultimately the sphere which has the closest possible 
contact with the curve, since no sphere can be made to pass 
through more than four arbitrary points, it is therefore called 
the sphere of curvature ; the locus of its centre is the edge of 
regression of the polar developable. 

508. Evolufes. It has been shewn, Art. 443, that, if a be any 
point in the intersection of the planes normal to PQ, QR^ at their 
middle points p^ ^, ap and aq will be equal and will make 
equal angles with Aa. Produce qa to meet Bb m h) then a 
string, placed in the position bap^ would remain in that position 
if subject to tension, since the tensions of the portions ad, ap 
resolved parallel to Aa would be equal, and, if its extremity 
were then moved from p to j it would occupy the position baq. 
Similarly, if rb be produced to c in C!c, and if sc be produced 
to d in Dd. 

If we proceed to the limit, it follows that a string may be 
stretched upon the polar developable in such a manner that the 
free end, starting from any point in the curve, would describe 
the curve, if the string were unwrapped from the surface so that 
the part in contact with the surface remained stationary. The 
portion in contact lies on a curve called the evolute. 

Also, since the position of the line pa is arbitrary, the curve 
which is the limit of a, bjCjdy,. will change its position ac*> 
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cording to the poBition of a, henoe the number of evolntes is 
infinite. 

All the evolntes of a carve are geodesic lines of the polar 
developable. 

509. Angle of Torsion. The plane pUq perpendicalar to 
AUa contains the sides PQ^ QR^ and the plane qVr perpen- 
dicular to BVb contains the sides QB^ BSj and, since qU^qV 
are perpendicular to the line of intersection QB of the two 
planes, the angle UqV ia their angle of inclination. 

This angle, which is ultimately the angle between consecutive 
osculating planes, is called the angle of torsion. 

Also, since a circle goes round BVUq^ the angles UqV and 

UBVare equal, and the angle of torsion of the curve PQBy 

is equal to the angle of contingence of the edge of regpression 
of the polar developable. 

510. Locus of Centres of Circular Curvature not an JEoolute, 
Since qUwiYL not, if produced, pass through F, because qU and 
{F include an angle in the same normal plane, the locus of the 
centres of circular curvature is not one of the evolutes. 

511. Bectifying Developable. If through every point of a 
curve a plane be drawn perpendicular to the corresponding 
principal normal, these planes will envelope a torse on which 
the curve will be a geodesic line, since its osculating plane will 
contain the normal to the surface at every point ; if therefore 
the torse be developed into a plane, the curve will be developed 
into a straight line. On account of this property the torse is 
called the Bectifying Deiielopable. 

512. Bectifying Line. The line of intersection of two con- 
secutive planes, enveloping the rectifying developable, is caQed 
the rectifying line for any point of the curve, being the line 
about which the curve must turn at that point in order to 
become straight, when the torse is developed into a plane. 

It may be observed that the rectifying line is not generally 
coincident with the binormal, which is the normal perpendicular 
to the osculating plane. 
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In the figure at p. 342 the snrface whose edge of regression 
is the limit of ABC... is the rectifying surface to the curve 
which is the limit of ahc... . Aa is the rectifying line at a, 
and the binormal does not coincide with the rectifying line 
unless |>a be perpendicular to Aa^ or a be the centre of curva- 
ture of the involute of ahc,.. 

513. K the polygon PQR8... were transformed into a 
plane polygon by turning the portion QR8T.., through the 
angle of torsion VqU about QB^ and the portion B8T.., about 
B8 through the corresponding angle o( torsion, the inclination 
of any side 8T in the new position in the plane of PQB would 
be inclined to PQ at an angle equal :to the sum of the inclina* 
tions of the sides taken in order, and estimated in the same 
direction. 

Proceeding to the limit, we see that if, as a point rnove^ 
along a tortuous curve, at every position which the point 
assumes the curve be turned about the tangent line through 
<he angle of torsion, the curve will be replaced by a plane curve, 
«uch that the inclination of the tangents at the starting point 
and any other point will be the sum of all the angles of con- 
tingence; if, therefore, e be taken for the angle between the 
tangents in the plane curve, ds will be the angle of oontingence 
^corresponding to the extremity of the arc traversed by the 
moving point. 

514. Bate of Torstoru The rate per unit of length of arc 
at which the osculating plane twists about the tangent line at 
any point, called the rate of torsion^ is measured by the limit of 
the ratio of the angle of torsion to the arc at the extremities 
of which the osculating planes are taken. 

If, as we pass from PQ to QB^ see figure, p. 342, QB be 
turned in the plane PQB so that PQB is a straight line, and 
the plane QB8 be then turned through the angle Vqll^ the 
process being repeated along the whole of a given arc, the 
perimeter will become rectified, and the inclination of the last 
to the first position of the plane containing two elements will 
be the sum of all angles such as Vq U between the extremities 
of the arc so rectified. 

y z 
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Froceedisg to the limit, it follows that, if osculating planes 
be taken along the curve, and the elements of the arc be rectified 
in each osculating plane in order, the angle between the first 
and final positions of the osculating plane when the curve is so 
rectified will be the sum of the angles of torsion throughout the arc. 

If, therefore, r be this angle, dr will be the angle of torsioD, 
corresponding to the pomt at which the last osculating plane is 
drawn. 

615. Integral and Average Curvature^ The integral curva- 
ture of any portion of a curve is the angle through which the 
tangent will have turned as we pass from one extremity to the 
other, the average curvature is its whole curvature divided by its 
length. 

Let a sphere of unit radius have its centre at a fixed point, 
and let radii be drawn parallel to the tangents to the curve at 
successive points, the length of the curve traced on the sphere 
\}j the extremities of the radii measures the integral curvature 
of the portion of the curve considered, and the average curvature 
is the integral curve divided by the length of the curve. 

516. Integral and Average Tortuosity. These are respectively 
the angle through which the osculating plane has turned in 
passing from end to end of any portion of a curve, and this angle 
divided by the length of the arc considered. 

On the sphere described in the last article let a curve be 
described by the poles of the tangents to the curve which 
measures the integral curvature, the length of this curve 
measures the integral tortuosity, and this length divided by the 
length of the arc of the tortuous curve the average tortuosity. 

Tangents. 

517. Tangent to a curve at a given point. 

Let 9, A + A^ be the lengths measured along the arc of a 
curve from a given point to the points P and Q, whose coor- 
dinates are £r, y, z and a;+Aa;, y-^^g^ z-\-Az^ and let c = 
phord FQ. 

* Thomaon and Tait, Nat, Phil.j Aits. 10-12. 
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As Q approaches to and ultimately coincides with P, the 
chord PQ and arc As become equal, PQ is the direction 
of the tangent at P, and the direction cosines of PQy viz. 

Aa? Av Aa , i.- x i ^ ^y ^^ 

— , — ^ , become ultimately -,- , -f , -x- . 

c ^ c ^ c ^ ds^ ds^ ds 

The equations of the tangent are therefore 

f-oj 77-y t^-z 

Also since c* = (Aa:)' + (Ay)* + [Az)\ 
{d8y={dxY+{dyY-\^{dzY. 

(1) Let the equations of the curve be given in terms of a 
variable parameter 0j in the form 

x^<l>{0), y^^{0\ « = %W, 
then dx : dy : dz=^<f>{0) : yjr' {0) : x'W, 
and the equations of the tangent at a point corresponding to are 

(2) Let the equations be those of surfaces containing the 
curve P(f , 17, ?) = 0, and O (f , 17, ?) = 0. 

Then, at any point P of the curve, 

F' (x) dx + F' iy) dy^-F' («)& = 0, 
and ff(a:)rfaj+ (?'(y)rfy+fl^'(«)(fo = 0; 
whence the equations of the tangent PQ may be written 
F' H (f - x) + F' [y) {v-if) + F- {z) ii-z)^ 0, 
and O' (x) {S-x)+ a- (y) (, - y) + G' (z) (f - a) = 0, 

which equations represent analytically the fact that the tangent 
to the curve lies in the tangent plane to each surface at the 
common point P. 

(3) If the surfaces, the intersection of which gives the 
curve, be cylindrical surfaces whose sides are parallel to the two 
axes of z and y, and their equations be i7=/(f), f=<^(f)j the 
equations of the tangent will be 
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These equations are the analytical representation of the fact 
that the projections of the tangent to the curve on the co- 
ordinate planes of xy^ zx are the tangents to the respectiye 
projections of the curve; which is obviously true, since the 
projections of P and Q have their ultimate coincidence simul- 
taneously with that of P and Q. 

618. To find the directions of the branches of the curve of 
intersection of two surfaces at a multiple point of the curve. 
The equations oi the surfaces being 

J^(f,^,S) = 0, and G(f,i;,S) = 0, 
and (or, y^ s^ being a multiple point P on the curve, let 

be the equations of a line through P] the points in which this 
line meets the surfaces are given by the equations 

JP(a? + Xr, y-f-^r, « + Kr)=0| .^. 

and (?(a? + Xr, y-hfir, « + vr) = Oj * ^ ' 

there are an infinite number of directions which give two valaes 
of r equal to zero, since the curve has a multiple point at P; 
therefore the two equations 

must be one or both identically satisfied, or else they must not be 
independent equations. 

i. If only one of the equations (3) and (4) be identicallj 
satisfied, suppose this to be (3) ; then (x, y, z) will be a multiple 
point on the surface ^({, 17, $;) = ; and, if this be a double point, 
the line (1) must be one of the tangents whose directions are 
given by 

/^ rf d d\*„. 
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and, since it lies in tlie tangent plane to G (f , 17, ?) « 0, 

These equations give the directions of the two tangent lines, 
which are the intersections of the conical tangent to the first 
surface with the tangent plane to the second; and, similarly, 
for higher degrees of multiplicity. 

ii. If (3) and (4) be both identically satisfied, the line (1) 
will be in any of the directions of common tangents to i^(f , «?, ?)=0 
and 0{^yi]j ^ = 0] the directions are therefore given by 

where 8 and t are the degrees of multiplicity of the multiple 
points of the two surfaces at (a;, ^, z). 

iii. If neither (3) nor (4) be identically satisfied, but the two 
equations be identical so as to be satisfied by an infinite number 
of values of X : /^ : v, there will be a surface AF-^- BG^O^ 
which will pass through the intersection of F= and (? » 0, for 

which (^;j- + A*T- + v --fj {AF+ BG) = wiU be identically 

satisfied, if — ^ be the value of the equal ratios ^,; { , ' ^, ;^; , 

^ A ^ G {x)^ G \jf)^ 

In this case, therefore, \: fi : v is determined by one of the 
equations (3), (4), and 

If in any of these cases two values ol \: fjLi v be equal, 
there will be either a point of osculation or cusp on the curve. 

519. As an example of case iii. in the last Article, suppose 
we wish to find the directions of the tangente at the point 
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(a, 0, 0) in the curve of intersection of the hyperboloid and 
hyperbolic paraboloid, whose equations are 

t t t 
^ 4- 9L « 1 _ 1 

and J — 7? = 2 (a: - a). 

At this point the surfaces have a common tangent plane, 
whose equation is a; = a ; the third surface, on which (a, 0, 0) 
Is a multiple point, is in this case the cone 

and the direction cosines of the tangents to the curve are given 

520. Normal plane of a curve at a given point 

The normal plane being perpendicular to the tangent to the 
curve, its equation is 

521. To find the edge of regression of the polar devdopdhh 
of a cwve. 

The edge of regression is the locus of the intersection of 
three consecutive normal planes to the curve. 
The equation of the normal plane at (a;, y, z) is 

(f-a:)eir + (i7-y)rfy+(C-«)<& = 0, (1) 

that of the normal plane at a consecutive point is found by 
writing In this equation x-{-dx for ar, &c., the line of intersection 
of the two normal planes will lie in the plane 

{^-x)d'x+{v^y)d'y+{^-z)d'z- [dxY^[dyf- [dzf^O.yi] 

Again, writing a; + die for a:, &c., we obtain a plane in which 
the line of intersection of the second and third normal planes 
lies, 

(f - a;) tf a; + (iy - y) cfy + (C- «) eZ";? 

- a {dxd!'x + dyd'y + dz d'z) = 0, (3) 
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and the coordinates of the point of the edge of regression satisfy 
these three equations. If we eliminate Xj y, z from the equations 
(1), (2j, (3) and the equations of the curve, we shall obtain the 
two equations of the edge of regression. 

The line of which (1) and (2) are the equations Is Mongers 
polar line, which is the axis of the osculating circle. 

The point given by the three equations (1), (2), (3) is the 
centre of spherical curvature corresponding to the point (», y, z) 
of the curve. 

522. To find the differential coefficient of the arc referred to 
polar coordinates. 

Transforming to polar coordinates 

x = r sind cos^^^/) cos<^, 
y = r sin d sin ^ = p sin^, 
« =r cos5, 
/) = r sin 5, 

©^(i)"=(iy-'-©". 

The equation is easily obtained geometrically by observing 
that ultimately 

(Aj)' = (Ar)* + [r^ey + (r sin^A^)". 

Also, lip be the perpendicular from the pole upon the tan* 
gent, and ^ the angle between r and the tangent, p = r sin^, 

and ^= sec Vr ultimately, .-. (^) =-.-r^«- 

Osculating Plane. 

523. Equation of the osculating plane. 

The osculating plane may be considered as the plane which 
passes through three consecutive points, whose coordinates are 
x^y^z] ;r + dx^ . . . and x + '^dx 4 (^x, . . . 
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Let the equation of the osculating plane be 

.". Adx + Bdy -{^ Cdz = Oj 
and A (2dic + d*a;) + J?(26?y + e?y)+0(2&+ J'z)==0, 

or AdPx + BcTt/ -{^ CcPz ^ 0^ 
hence the equation Ib 

dx^ dy^ dz = 0. 
d^x^ d^yy ^z 

It may be noted that the equations of the tangent and 
osculating plane are of the same form, whether the axes be 
rectangular or oblique. 

524. It should be observed with respect to the notation used 
above that if x^ y, z be supposed given as functions of t^ and 
we take points corresponding to vabies «, < + t, < + 2t, which 
is the same as making t the independent variable, the valacs 
of a? for i + T and « + 2t are 

dx d^x t" 
^'^T*'^"^ d?" "2 ■*■'•• 

, dx^ d^x (2t)" 

anda.+ ^2T+^^4...; 

and if the first be written x + Ao;, the second will be 
a? + Aaj + A (a? + Aa;) or a: + 2 Aa? + A*a; ; 
hence if c? be written for A, wh^e r is indefinitely diminished, 

<da;= -7- T and d^x= -^ t' ultimately. 

525. As an exercise the student should find the equation 
of the osculating plane, considered as given by any of the 
following definitions: 

i. As a plane containing a tangent and a point indefinitelj 
neaar the point of contact. 

ii. As a plane containing a tangent and parallel to a con* 
sectttlve tangent 
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ili. As a plane which has a closer contact with the curve 
than anj other plane. 

In employing the definition ii. he may shew that the shortest 
distance between the tangents at the extremity of any arc ds 
is generally of the order of &'. 

526. Direction cosines of the binormal. 

The direction cosines of the binormal, which is perpendicular 
to the osculating plane, are in the ratio 

dy^z — dz^y : dzd^x - dxd^z : dxd^y — dyd^x^ 

and the sum of the squares of these expressions 
^{{dxY^{dy)^^{dz)^\{[d^xY^{d^yY^{d^z)^^^ 
= (&)" {(d«a;)» + (efy)« + {d^zY\ - {dsd^s)\ 

since [dsY = [dxY + {dyY + {dz)\ 
hence the direction cosines of the binormal are 

. dyd'z^dzd^y 

* ds [{d'xf + [d'yf + {d'zf - [d's)']^ ' 

If the pivot of the hands of a watch; with its face in the 

osculating plane, be supposed placed at the centre of curvature 

of the curve so that the extremities of the hands move in the 

direction in which ds is measured, the + sign must be used, 

when the direction of the pivot is chosen as the positive direction 

of the binormal. In fact, if the pivot make an acute angle 

with the axis of a;, it is evident that, when s is measured in 

dz . . 
the direction of the motion of the hands, -^ will increase with «, 

and dycPz — dz d^y will be positive. 

527. To find the condition that an osculating plane may he 
stationary^ and that a curve whose equations are given may be 
plane. 

The condition that an osculating plane may be stationary, 
or that the osculating planes at two consecutive points on the 
curve may coincide, will be satisfied for any point (a?,y, «), if the 
osculating plane at that point contain a fourth point, for which 
the value of a; is a; + Sdx + dd^x + d^x. 

If we write this value and the corresponding values of y 

zz 
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and z for f , 17, and (f In the equation of the osculating plane, 
we shall obtain the equation 

{dyd^z--dzJ^y)d^x->t {dz^x-dx€Pz)dPy-\-{dxd^y-dycPx)dfz=^(^ 

as the condition required. 

If this condition hold at every point of the curve, the curve 
will be plane, and the equation of its plane will be that of the 
osculating plane. 

528. When the curve is given by means of the equations 
of two surfaces of which it is the intersection, the calculations 
required for the determination of the osculating plane may be 
conveniently conducted as follows: 

529. To find the osculating plane of the curve of intersection 
of two surfaces J tohose equations are given. 

Let (f) (a:, y, z) = 0, <f>' (a?, y, «) = be the given equations, 
then, using the notation of Art. 420, 

Udx +Vdy +Wdz =0, 

U'dx-\-V'dy + W'dz=^0. 



Let 2), J^, i^ denote the determinants 



U', F', W 



whence cPx^JcdB-^Ddk^ 
d*if = Jcd£+Edk, 
d'z^kdF + Fdk'i 
.'. dt/d'z^dzd'tf^k^{EdF-'FdE)^ 
hence the equation of the osculating plane is 

{EdF'-FdE)[S'-x)+...=:0. 

630. Equation of the osculating plane in terms of the equations 
of the tangent planes to the surfaces. 

Employing the notation of the preceding article, we see that 

I)U+EV-{^FW=^0; 
••. UdD-\-VdE+WdF-{-DdU-]-EdV-\-FdW=-0, 



^^ 
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and dU^dx-^+dy -j--\ dz -^ 

\ dx dy dz) dx 

if r denote the operation in the brackets, in the performance of 
which 27, Ey F are considered constant ; 

.-. DdU+ EdV+ FdW= kr' {<!>) , 

hence UdD +VdE -^WdF =-kV{<f>), 

simikrly U'dD + V'dE+ W'dF= - kr* (f ) ; 

.-. EDF-FdE^^klUr {<}>') -V'V{(f>]}j 

and the equation of the osculating plane becomes 

r'{<l>'){U{s-x)+v{v-y)+Wi?-z)}=r'{<i>){U'{^-x)+...]. 

531. To find ilie osculating plane of the intersection of two 
concentric and coaxial conicoids. 
Let the equations be 

D^4:{by-c^)yz^ AyZy E= Bzxj F=^ Cxy^ 
EdF-- FdE^E'd {^ = BGzWd {^A 

= BCx^ [zdy - ydz) = IcBCx^ (Ez - Fy\ 
and by (1) Ez"Fy=^4.[a-a)x\ 
.\ EdF-FdE=ikBG{a''a)x% 

and the equation of the osculating plane Is 

which may be reduced to 

BC ,^ CA 3 , AB ty,t n 



(/9-6)(y-c)**^(7-c)(a-a)^ '"{a-a)(^-J) 
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632. Or, by the method of Art. 530, since 

the equation may be written 

[ITa + £-/3 + i^«7) (oxf + hyri + c^f" I) 
- [Ufa + -B** + ^'c) (flurf + iSyiy + 7;5?- 1) = 0, 

and the coefficient of 

i = \[E*G-F''B)x = \BG[Ez~Fy)x^ 
= JBC (a - a) a?% as before. 

533. To find the condition for a stationary osculating plane 
of the curve of intersection of two surfaces. 

The equation of an osculating plane is 

{EdF-- FdE) (f - x) +..,= Oj 

the line of intersection of this plane with the next consecutire 
osculating plane is in the plane 

(J5fJ^-i^e?J?)(f--a;)+...-(^jF'-i^rfJ?)db-...= 0; 

the last three terms are identically zero, since dx =■ kD^ and in 
order that the two osculating planes should coincide, 

EdJ'F^Fd'E Fd'D^Dd^F Dd^E^Ed^D 
EdF-FdE - FdD'-DdF "" DdE'-EdD ' 

which are clearly equivalent to one distinct equation ;, and each 

^ , ^ . . , d'D(Ed'F-Fd'E)+... ^ 

of the fractions is equal to jvyO/T;>7T7> — rrpFir » the nume- 

a U \JUiif — Mali/) +••• 

rator of which vanishes, 

.-. cPD {EdF- FdE)+...=^(y. 

Principal Normal. 

534. To find the equations of the principal normal at any 
point of a curve. 

The principal normal is perpendicular to the tangent lino 
and also the binormal, the direction cosines of which are pro- 
portional to dxy dy^ dz^ and dyd^z — dzcPy^ dzd'x — dxd^Zf 
dxd^y — dyd^x respectively. 

Now we have identically 

d'x{dyd'z-'dzd*y) + d'y{dzd'x-dxd'z)-^d^z{dxd'y-dyd*x'=^0'^ 
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and If we make sr the independent variable, 

d^xdx + d^ydy -{■ d^zdz = d^sds = 0. 
These two equations shew that direction cosines of the principal 

aZ^/jj (ill ClZ 

normal are proportional to ^^ > ;;; « > ^ ' **^ ^^^ * general 
independent variable, its equations are 

f~a? iy-y g-g 

d tdx\ d ldy\ d /dz\ ' 
dd Kda) dd \di) Jd \d8) 

535. If from any point in a curve equal distances he measured 
along the curve and its tangent^ the limiting position of the line 
joining the extremities of these distances is the principal normal. 

From the point (a;, y, z) let equal distances a be measured 
along the curve and the tangent to the points Q, T. The co- 
ordinates of Q are ^ + j~ <^+ (^ "^ ® ) ¥ » *^^* *^^ iho9iQ of T 

dx 
a; + -J- <7, &c., e vanishing in the limit. 

The equations of the line ^Tare 



f 


— x- 


dx 
-ds"" 


v-y- 


dy 
-la" 


d'x 
da* 


dz 
da" 




d'x 
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therefore the limiting position of QTis the principal normal. 

Cauchy proposed, as a definition of the Principal Normal at 
any point, the limiting position of the line joining the points on 
the curve and tangent, whose distances from the point of con- 
tact measured along the curve and tangent respectively are 
equal, by which means the definition was made independent 
of the osculating and normal planes. 

Measure of Curvature, 

636. To find the radius of curvature at any point of a 
tortuous curve* 

The reciprocal of the radius of curvature is the measure of 
curvature, or the rate per unit of length at which the tangent 
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. to the curve changes its direction. If p be the radius of 
^curvature at a point P, and d& be the angle of contingence 

corresponding to the arc &, - = -^ . 

Draw Opy Oq of unit length through the origin parallel to 
the tangents at P and Q the extremities of the arc dsj join pq; 
then, since the plane pOq is parallel to the osculating plane, 
pq^ which is ultin^ately perpendicular to Op^ is parallel to the 
principal normal. 

The cosines of the angle made hj Op and Oq with the axis 

of X are -r- and -7- + ^ >- » and, if Z, w, w be the direction 
as as as ^ ' 

cosines oipq^ projecting OpqO on the axis of a;, we have 

da; , , (dx ^cLjc\ ^ 

since pq — do. ultimately. 

, d'x 1 . ., 1 €Py d*e 

•'• ^^1?^ and, similarly, m = /)^^, ^"^^'J 

1 _ /^xN" /<?y\* /d'fiJX" 

•'• ? " Uv ^ W "^ l^V ' 

If C be the centre of curvature at P, the projection of OPG 
on Oo; = X -h /oZ, hence the coordinates of the centre of curvature 
are 

637. The radius of curvature may also be found without 
projections, as follows : 

Let \, /lA, V and \ + AX, yit -f A^, v + Av be the direction 
cosines of the tangents at the points P and Q, whose coordinates 
are x^ y^ z and a; + Ax, y + ^y} z + Az] and let Ae be the 
angle between the tangents 

cosA8 = X(\-|- A\)+/tA(/i+ A/a) + V (v + Av), 

and (\ + AX)'+(/a + Am)' + (v+Av)'-\"-./:a«-v» = 0; 

.-. 2 (XAX + /^A/A + vAv) + (AX)' + (A,u)' + (Av)" = ; 
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.-. 2 (1 -tsosAe) = {A\y+ (A/*)'+ (Av)*; 
.*. ultimately, when PQ Is indefinitelj diminialied, 

•••f=(4)'-(^S)M4)"- 

If 8 be not the independent variable, 

jdxdsd'x-dxd's „ 
'^ds' (day ' **•' 

.-. since {dxy + {dyy + {dzy = (A)", 

and dxd'x + di/d'^ + dzd'z = dsd^8f 

{day 



p' 



= {(Txy + (c?y)' + {(Tzf - (d-^)*. 



538. The student should, as an exercise, find the radius and 
centre of curvature, when the latter is considered as the point 
of intersection of two consecutive noimal planes and the oscu- 
lating pldne. 

Measure of Tortiu>8ity. 

639. To find the measure of tortuosity of a tortuous curve. 

Let Z, 972, n and l'{'dl^ m + dm^ n + efn be the direction cosines 

of the binomials at two points P, Q, whose distance along the 

curve is ds. Draw unit lengths Op^ Oq parallel to the two 

binomials, and let \, yu, v be the direction cosines of pq ; the 

angle qOp = dT is the angle between the osculating planes, and 

dr 

-7-, the rate at which the osculating plane turns round the 

tangent line per unit of arc, is the measure required, which wo 

shall call -- . 
a 

Projecting OpqO on the axis of a;, 

ZH-rfT.\-(?+ JZj=0; 

.'. dT.\=^dl and X = cr-rl 



cr' \asj \ds/ xdsj^ 



' 360 GEOMETRICAL INTERPRETATIONS. 

which may also be obtained as in Art. 537. a is sometimes 
called the radius of torsion at P, but it is better to look upon 

- as the measure of tortuosity. 

540. The measure of tortuosity may be expressed in another 
form. 

Since I \m\n\\ X\ Y: Z^ where X^dyd^z — dzS^y^ and 
similar expressions for F, Z, 

Idx -f mdy + ndz = 0, 

Wx + md^y + nd^z == ; 

.'. dl dx + dm dy + dn dz = 0, 

and dl.l -\-dm.m-\-dn.n = 0] 

dl dm dn 

mdz — ndy ndx — Idz Idy — mdx 

dld^x + dmd^y + dnd^z 

Id^X'^-md^y-k-ndJ'z _ _ X^x^- YdJ'y^Z^z 

and (m&- wrfy)'+... 

If there be no tortuosity, or the curve be plane, 

Xd^x^- Yd^y-^ZcPz=^0 
at every point of the curve, as in Art. 527. 

Oeometrical Interpretations, 

541. Saint Venant observes* that, if we take three con- 
secutive points P, Q^ R for which f = a?, x-\- dx^ x + 2dx + d'x 
respectively, the projections of PQ, QR upon the axis of x will 
be dxj dx + d'x; and if the parallelogram PQRM be completed, 
by projecting the sides of the triangle PQM in order, since 

♦ Journal rfe VEcole Pol, toI. 18, 
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PM^ QRj we shall have dx + projection of QM — {dx + cPx) = ; 
therefore cPx is the projection of QM. 

S42. In the general case, if a figure be drawn in which 
dxy cTxj dy^ d^y are all positive, the projection of twice the 
trian^e FQM on the plane of xy will be easily seen to be 

dxipy + dydx — dy (dx + d^x) = dxd'y — dyd*x. 

Again, if Mm be drawn perpendicular to PQ^ PQ = <&, and 
ultimately mQ=: QB-PQ^d'e; 

/. Mm^ ^QM"^ Qm* = {cPxf + [d^yY + (^«)' - [d^s)\ 
and ^. = limit of (j,^.j = (^ - •. 

If we make « the independent variable, this implies that 
QR^PQ^ in which case QM will bisect the angle PQR and 
be ultimately in the direction of the principal normal, the 
direction cosines of which will be as d^x : d^y : d^z. 

The radius of the circle circumscribing the triangle PQR 

will be 7y)^; hence, if /> be the radius of curvature, 



i-(S)'-@)"-©)'- 



543. Osculating plane^ hinormal and curvature of the helix. 
In the case of the helix. Art. 497, 

dx = — a siaO dd^ d^x = — a cos ^ (^^S 

rfy = a cos dOj d^y = — a sin ^ (^^)*» 

c7y d"£J ^dzd^y^ nc? sin ^ (rf^'^ 
<22;e2'a; — dxd^z^^- nc? cos ^ (rf^)', 
dxdFy-dyd^x^ c?[d0y. 

hence the equation of the osculating plane is 

(f -a;) (n sm5) + («? - y) (-n cosfi) + C- « = 0^ 

or n (fy - i/oj) + a (f - js) = 0. 

AAA 
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This plane contains the point (0, 0, z)^ and therefore the radios 
of the cylinder which passes through the point {Xj y, js), and 
this radius is the principal normal. 

The direction cosines of the binormal will be sin a mnffj 
— sin a cos^, cos a if a«tan"*w be the pitch of the screw. 

The measures of curvature and tortuosity are respectively 

cos* a , sin a cos a 

and . 

a a 

644. To find the radius of curvature of a curve which is the 
intersection of two surfacea whose equations are given; and to 
express it in terms of the radii of curvature of the normal sections 
of the tivo surfaces and the angle between them^ the plane of each 
section containing the tangent to the curve. 

Employing the same notation as in Arts. 529 and 540, 

X= dgd'z - dzd'g = A" {EdF-- FdE) = A' { ZZr (^') - TTV (<^)}, 
and if /> be the radius of curvature, 

(i^==jr«+r«+z'=**[([7'+r+Tp){r"(f)}« 
- 2 ( J/JT 4 py + WW) V {<!>) rcf ) + ( cr'»+ V+ w-) {r (^)}'], 

and (<&)" = A:* (2)' + ^ + ^); 

1 _ (tr'+r*+TF' )( r(^')}'-... 

Let fl» be the angle b^ween the tangent planes to the surfaces 
at {x, y, z) and P'=U* + V*-^W\ 

.'. UU'+VV' + WW'=PF'90Bm, 

and J5» + ir' + ^=P»i>'8in''a>; 

, 1 _ P'inf )}'- g-P-P' co8a>.r( 0').r'(^) +p^{r'W }' /n 

•• p* F'F" sia' 0, {If + E' + Fy ' ^' 

As an example of the use of the preceding formulae, we shall 
obttun the radii of corrature r, r' of the normal sections by 
replacing the equation of the surface ^' aa by the equation 

of a normal plane ; in which case, if 2>„ £„ i^„ and r, be the 



OBCULATINa CONE. 



363 



correspondmg values of D, E, F^ r, r^* (^/) = 0, and, since the 
normal plane contains the tangent to the curve, ^ 

i?, : -E; : F^^dx : dy : dz^D \ExF\ 

hence, since a> = ^tt, we obtain from (1) 

1 _ (r,' wr {r'W}' 

f^" p'[d^^e;^+f^Y p'^D'+E^+ry^ 

and, similarly, p-, = F^iB^-^E^ + Fy ' 

I _ 1 n . 1 _ 2cos« \ 
**/[)■ "" sin'oi vr* »^ rr^ ) ^ 

which resolt will be obtained in the next chapter by Mennier's 
theorem. 

545. To find the vertical angle of the oactdattnff cone of a 
curve. 

TjetpOoj ql^y rQq be three consecutive planes which become 
ultimately the osculating planes of a curve OPQB ; these planes 
intersect in P. 




Take P as the vertex of a circular cone which touches each 
of the planes, this cone is in the limit, the osculating corie of the 
curve at P. Let PH be its axis, op^ pq^ qr the sections 
of the three planes made by a plane perpendicular to the axis, 
and f, u the points of contact with jp;, qr. 

Draw tH^ u^ perpendicular to the planes pPq^ qQr; then 
the angle (Hu will be the angle of torsion, and pPq the angle 
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of contingence, and we shall have dr = ^- and ^s = -7? idti- 
matelj ; therefore, if 2^^ be the vertical angle of the cone, 



546. The rectifying line is the axis of the osculating cone at 
any point of the curve. 

For each of the planes throngh the tangent lines PQ, QS 
perpendicular to the escalating planes pP^y qQr ultimately 
contains the axis PH of the cone. 



547. To find the rate per unit of length at which the angh 
hetween principal normals increases. 

Let PQj'rQBj sBS be the directions of the sides of a poljgoo 
which are ultimately tangents ta a carve» 




In the planes PQr^ rBs respectively draw QUy QV perpen- 
dicular to rQBj sB8j these are ultimately in the direction of 
consecutive principal normals. 

Draw QU' in the plane QBs^ perpendicular to QB^ so that 
VQU' is the angle between the consecutive osculating planes 
a=:<2r, and U'QVib the angle between consecutive tangents = &. 

Let dx be the angle between the lines QU^ QVy and let 
these lines and Q U' meet a sphere of radius unity, whose centre 
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■is M Q, in U, V, U\ the angle VU' U \s a, right angle ; there- 
fore, we have ultimately 

or {dxr = {dTY + {d£)\ 
~ the rate per unit of length of the increase of the angle 

between principal normals is the reciprocal of what we shall 
call the radius of screw; let k be this radius, 

xi. 1 1 1 
then -J = -« + —«• 
K or p 

It may be noticed that dT = dxoo3y]t and f7s = {?;^ sin*^, 
which represents that the angular velocity round the rectifying 
line, which is normal to the plane UQV^ is the resultant of 
two angular motions round the tangent line and the binormal 
which produce the rectification. 

648. To find the angle of contmgence^ and the element of the 
arCj of the locus of the centres ofcwrvature of a given curve. 




Let QR^ B8 be sides of an equilateral polygon which are 
ultimately tangents to the given curve; let JBF" be the in- 
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tenection of planes perpendicalar to QB^ B8 throng^ q, r 
their middle points; J3F is therefore nitimatelj a tangent to 
the edge of regresmon of the polar developable; let BU^ CW 
be the tangents preceding and sacoeeding BV. 

From q draw qU^ j^F perpendicalar to BU and BV^ join rV^ 
whidi will be perpendicalar to BV^ and draw rTF perpendicalar 
to CW. 

If TFFbe prodaced to 1^, UVw and UV will ultimately be 
the angle of contingence d& and element ds reqaired. 

Let B be the radios of spherical carvatare at q^ and ^ the 
angle which it makes with the polar line BU. Since drcles 
can be circamscribed aboat the quadrilaterals BVUq^ OwVr^ 

q rU^ qB Z7= ^, and VB U^ Vq U= dr, altimately, 

also rFir = rCir=rCF+F(7Jr=^ + rf^ + arT ultimately. 

With F as centre and radius unity describe a sphere, and 
let q'j r'j Uywhe the projections of g, r, UjW upon it, and draw 
ux perpendicular to r^Wj then gr = ds^ ux=d& cos^, xr^uq'=s ^, 
and im^ = ua^ + xw* ultimately ; 

.-. (&') = {de cos<^)" + {d(l> + dT)\ 

By drawing a diameter through F to the circle BVUq^ it is 
easily seen that VU^^B mnVBUj and therefore that da'^Bdr. 

649. To find the radius ofaphertcal cvrvahtre. 

Kin the figure BVUq^ UM be drawn perpendicular Xo QV^ 
F3f = dp ultimately ; 

.-. [Bdrf^ipdry-^idpY^, 

■■■ ^-'■+'■(1)'. 

also Bdr cos ^ = VM=^ dp ; 
therefore the distance between the centres of circular and 
spherical curvature = B cos^ ~ T ~ ^ 7F • 

650. To find expressions for the radius of curvature of the 
edge of regression of the polar developable of a curve. 
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These are readily obtained by a method suggested by 
Bouth,* which can be explained by the last figure. 

Considering the curve BCD^ U and V are the feet of the 
perpendiculars from q on the tangents to the curve; and 
substituting the corresponding letters in the known formul» 

P'^'jjt^ ''7") ^® obtain two expressions for the radius of 

curvature of the edge of regression, viz. p + ^-^ and R -r- . 

From the expression -^ for the distance of the foot of the 
perpendicular from the point of contact, we obtain 

B, COS0 s-^ , as in Art. 549. 
It will repay the student to read the paper referred to. 

551. To find the coordinates of any point of a curve in terms 
of the arCy when the axes of coordinates are the tangent^ principal 
normal^ and binomial at the point from which the arc is measured. 

Let Ox be the tangent at 0, Oy the principal normal, Oz 
the binormal, the planes of ^z, zx^ xy being the normal, recti- 
fying, and osculating planes, and let s be the distance of a 
point (a;, y, z) from 0, measured along the arc. 
~ Then, at the origin, 

ds ^' ds ^' ds "' 
d'x ^ d^y ^ ^^ r. 

Pd?^^' ''5?=^' ^^«=^' 

these quantities being the direction cosines of the tangent and 
principal normal. If a be the angle made by the tangent at 

(a?, y, z) with the tangent Ox^ -j- = cosa ; 

cPx /rfa\* . cPa 



-rr-. =5 — cosa h^ — smfl 



fdaV . 



" ds'~ ^'"'KdaJ ' da" 

therefore, at 0, since da is tbe angle of contbgence, and a = 0, 

cPx_ J_ 



* Quianerly Jounutl, Tol. rii., p. 42. 
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Again, if fi be the angle made by the principal normal at 
(a?, y, z) with Oy, 

therefore, at 0, 

and if 7 be the angle made by the binormal at {xj y, z) with 
the principal normal at the origin, 

fdz cPx dx d'z\ 

dp (dz cTx ^ dx d^z\ fdz d^x dx d^z\ ^ . dy 
''' d^\d8W^T8'd^V^^\d8d^''l^d?) •*"* 'y S ' 

therefore, at 0, p-j-, =sin7-^ = - , since c^y is the angle 
of torsion ; therefore, by Maclaurin's theorem, 







s' 




a! = 


8 — 


6/," 






«• 


s' 


dp 


y= 


2/> 


6p' 


ds' 


9.1= 


s' 







6po- 

552. To find the angle between tioo consecutive prindpaL 
normals. 

The direction cosines of the principal normal at (a;, y, z\ 

a point near the origin, are as r : - : — , and the secant 

p p pa' 

of the angle between this normal and that at the origin is 
. /jl+tf'f -^4- -ijj-; therefore, the angle required is ulti- 

K p (T 

where k is the radius of screw, as in Art. 547. 



ma 
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553. To find the shortest distance hetween consecutive principal 
normals and its position. 

The equations of a prmcipal normal at [x^ y^ e) are ap- 
proximately 

and its shortest distance from the principal normal at the origin 
is the perpendicular distance from the origin upon its projection 
on the plane of zx^ whose equation is 

p(f-*)+cri:=o, 

hence the shoiijbesjk distance is ,. ; — ^. === — . 

If the line on which ^he shorjtest distance lies meet the axis 
of y at a distance p' from the origin, the equations of the line 

will be ^ =s V, • = — , and this line will interseqt the Jine 
p <r^ 



Hence the shortest distance divides the radius of curvature into 
two segments whicb are ui the duplicate ra^o of the radii of 
curvature mi torsion. 

554. To find the angle heftoe^ the rectifying line and the 
tangent at any poinU 

The tangent plane to the rectifying developable at any point 
contains the tapgeot and binormal, and its normal Is the prin- 
cipal normal whose direction cosines are in the ratio — s : - : — % 
^ p* p pa^ 

retaining only the principal terms. 

Therefore the rectifying line is the ultimate intersection of 
the planes 9 = 0, and 

-^(f'«) + r>-y+t(r-z)=o. 

Henoe the tangent of the angle made with ]the tanj^ent to the 

curve Bit is - . 

P 

BBS 
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555. To find the ekment of the arc of the locus of the centres 
of curvature. 

If f, i;, f be tbe coordinates of the centre of curvature 
at (xj y, 2), neglecting «", 

fc-aj 17-v f-« . dp 

« 1 5 '^ flW ' 

and the element of the arc is ultimately 

The direction cosines of the tangent to the locus are as 

^.V p.^-u. ^ .^. 

656. To find the axis and pitch of the helix which has the 
same curvature and tortuosity as a given curve. 

Let a be the radius of the cylinder and a the pitch, then, 
referred to the tangent, principal normal, and binormal, the 
coordinates corresponding to an arc s are, by transformation 

of coordinates, 

. /s cos a\ . « 
a; = a cos a sm ( J -f s sm a. 



y^a- a cos 



fs 00s a\ 



. fs cos a\ 
=s — a sm a sm I 1 + « sm a cos a, 

and, equating these coordinates to those of the curve as far as /, 

co8*a ,_ «* 

00s* a « _ f^ _ «' dp 
2a "" 2p "" 6p"S* 

cos' g sin a ,_ g' 
6? * "ep^* 

•*• a = p cos* a 8 o* sin a cos a, 

cos a sin a 1 , per' 
= = // a . — fT and a « -=— — -. : 
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hence the axis, whose incHiiation to the binormal is a = tan~^ - , 

lies along the shortest distance between consecutive principal 
normals. 

Also, if along a curve and the osculating helix equal small 
arcs be measured from the point of contact and on the same 
side of it, the distance between the ends of these arcs will be 

ultimately ^, | . 

Line of Greatest Slope, 

557. DcF. The line of greatest slope on a surface is the 
curve which at every point is inclined at a greater angle to 
a given plane than any other line drawn through that point 
on the surface. 

If the given plane be horizontal, the bed of a shallow brook 
on a hill side will be a line of greatest slope which the water 
will have selected for its course. 

568. To find the equations of the line of greatest slope on a 
given surface. 

Let i^(f , 17, 5) ss: be the equation of the surface, 7, wt, n the 
direction-cosines of the given plane. 

The equation of the tangent plane at any point (x, y, z) is 

£r(f_;r)+F(i;-y) + TF(?-«) = 0. 

The direction-cosines of the line in which this plane cuts the 
given plane are proportional to 

mW^nV, nU-lW, IV-mU. 

Of all the tangent lines drawn through (a;, y, z)^ that line which 
has the greatest inclination to the given plane is perpendicular 
to the line of intersection. 

Hence the differential equation 

{mW'-nV)dx-\-{nU-lW)dg-\-{lV-mU)dz^O, 

with the equation of the durface, determines all the lines of 
greatest slope which can be drawn on the surface, the constant 
introduced in the integration being determined for any par- 
ticular curve by some point through which it passes. 



372 LINE AND 8URFACE-INTEGRAL. 

If the giyen plane be the plane xy^ since 2=0, m = 0, the 
equations of the tines of greatest slope will be 

Faaj-rey = and i^(a?, y, «) = 0, 
petpendicular to the lines of level Udx + Vdy = 0. 

a;* v* ^ 
65$. To find the lineti cf greaUst slope on the cone — + n = "« i 

the plane xy being the plane of reference. 
The differential equation Is, in this case, 

/. a" loga - 1' logy = logC) 

l!he tines of greatest slope are the intersection of the cone 
with the cylinders represented bj this equation; and It maj 
be observed that no generating line, eicepf those In the prin- 
cipal planes, b a line of greatest slope, Unless the cone be a 
right cone. 

Line^ Burjnce^ and Volume'lntegraL 

560. We give here two theorems relating to Klie, surface, 
and volume-integrals, which are of great importance in certain 
problems in Electricity and Conduction of Heat, and which serve 
as Illustrations of the subjects of this and the preceding chapter. 

Line'Integrat and Surfdce^Integral. 

561. Def. If R be any quantity having direction, called 
a vector quantity, and e be the angle between Its direction and 
that of the tangent to a carve at any point (a;, y, z) taken 
in a definite direction, the Integral JR cosecZ? Is called the line^ 
integral of R along the line 5, s being measured from a fixed 

point. The Integral may be written /(^x"'"^^^*^ T) ^' 

ti, t?, w being functions of x^ y, z. 

If 17 be the angle between the direction of R and a normal 
to a surface at any point (x, y, z)^ the integral JjR cosfjdS is 
called the surface-integral^ the summation being taken over 
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the whole of a sarface 8. The Integral may be written 
//(Z7Z+ Vm+ Wn)d8y U^ F, W being functions of (a?, y, «), 
and l^ m^ n the direction-cosines of the normal to the surf^Ebce 
at [xj y, z) measured in a definite direction. 

562. To shew that a line-integrcd taken round a given closed 
curve can he represented as a sutface^ntegral of a surface hounded 
hy the given curve. 

Suppose the closed curve L to be filled up by any surface 8^ 
and suppose 8 to be divided into an infinite number of small 
elements, one of which is cr bounded by the line \. If we take 
the sum of the line-integrals for two of these lines which have 
a common part >a, both estimated in the same direction, the two 
portions of the sums taken over /b» will be taken in opposite 
directions, and beii^ of the same magnitude will vanish ; those 
lines X which abut upon L are the only portions which will not 
be traversed twice ; hence the sum of all the line-integrals for 
the elements X will be that of the line L. 

The proposition will, therefore, be proved if we^shew that 
it is true for any elementary line X and corresponding surface a. 

Let (a?, y, z) be any point on cr, and (a; + f , y + 17, « + ?) 
any point on X; the line-integral for X, u, t?, to being given 

at (ir,y, «), =/{("+ ^f+ ^^ + ^f)^f+-j ultimately. 

Since X is a closed curve, /rff = 0, /f rff = 0, and if we sup- 
pose the summation taken in the direction from x to y, 

hence the line-integtal for X is j (-^ -jA n +...!• <r. 

The line-integral of L is, therefore, equal to the surface- 
integral ff{Ul+Vm + Wn)dsj when J7= ^ -j-, &c. 

563. The surface-integral of a directed quantity or vector^ 
taken over a closed surface^ may he expressed as a volume^ 
integral of a certain function. 

We observe that if the theorem can be proved for an 
elementary portion of the volume enclosed within the surface, 
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T^ithln which the directed qaantity is supposed to be continuous, 
the general theorem will foUow, as weU as its modification, when 
the enclosed volume is intersected by surfaces across which 
the directed quantity changes discontinuously. 

For, if V,, Vj be two elementary volumes enclosed by the 
surfaces cr^, o*, to which a portion a is common, the normal 
components along <r', which belong respectively to cr, and cr^, 
being in opposite directions and of the same magnitude, will 
disappear in the summation. 

If, therefore, we sum for all elements within a volume F, 
throughout which the value of the vector changes continuously, 
the only points of the resolved vectors which are not destroyed 
are those which belong to the points of the elements which 
abut on the enclosing surface 8, 

If the vector change discontinuously in passing surfaces 
Sj, Sg, &c., the theorem will hold for the portions F^, F,... into 
which they divide F, and the volume-integral over F would be 
equal to the surface-integral over /8, together with the surface- 
integrals over S„ 2,; the differences of the vectors on opposite 
sides of these surfaces replacing the vectors in the first integral. 

Let an elementary volume v be inclosed by the surface <r, 
(a;, y, z) being any point within v, and let (a? -f- f , y -f ty, « + f) be 
any point upon <r, and u^ t?, w the components of the vector 
at (a;, y, z) parallel to the axes. 

The surface-integral for a is 

jjld<r = 0, ji^lda =//f rf,rff = y, &c. ; 

hence the surface-integral for 'f = \-j--^ 3" "^ -5- J w ultimately j 
therefore, If m„ m,' be the values of u on opposite sides of 2 , 

+ //{(«, - «/) ? + («, - f .') «»' + K - to,') ri] d2, 

+ , 

irhich represents the theorem in its most general form. 
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XX. 

(1) The equations of the tangent to the curve of interaeclion of the 
surfaces ax* -h 5^ -{■ cs" = 1 and hx* + c^' + as* » 1 are 

aft - c* he - a* ac - b* ' 
The tangent line at the point x^y ^z lies in the plane 

(a - 6) « + (6 - c) y + (c - fl) a = 0. 
If ac B h\ the tangent lines trace on the plane of xy the two straight 

lines whose equation is -= — n = -5 — -3 . 

C* — Or or — Or 

{2) The'equations of a sphere and cylinder being 

«■ + y" + «■ = 4a« and «• + «• = 2«x, 

prove that the equations of the tangent to the curve of intersection at the 
point («, /3, 7) are 

(a - a) « + 72 rf flo and Py \- ax- a (4a - «), 

and that the equation ef the normal plane is 






/8 \ «/\7 /8) 

(3) Find the tangent line of the intersection of the surfaces 

s (« 4- s) (x " a) » o* and « (y + «) (y - «) = o^, 
and shew that Jt'consists of plane curves. 

(4) The paraboloid whose equation is ax* 4 5y* « 4s has traced upon it 
a curve, every point of which is the extremity of the latus rectum of the 
parabolic section through the axis of z ; shew that the tangent to the curve 
traces upon the plane of xy the curves whose equations are 

r sin2^«±(a ^ 6). 

(5) Shew that the equation of the normal plane at any point /, y, h on 
the curve defined by the equations —■f.^-f—al, d;* + y'4z*B<ris 

X — i-- + y — i i + e — ^-x = 0. 

f 9 * 

(6) A point moves on an ellipsoid so that its direction of motion always 
passes through the perpendicular from the centre of the eUipsoid on the 
tangent plane at the point; shew that the curve traced out by the poiat 
is given by the intersection of the ellipsoid with the surface 

a:"^*-V^ « constant, 

i, m, ft being inversely proportional to the squares on the semi-axes of the 
ellipsoid. 
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(7) If the osculating plane at every point of a curve pass through a 
fixed point, prove that the curve is plane. Hence prove that the curves of 
intersection of the surfaces whose equations are 

«• + y* + «■ = a' and ** + y* + «* = Ja* 

are circles of radius a. 

(8) Prove that if every pair of consecutive principal normals to a curve 
intersect, the curve must be a plane ; and find/ {$) so that the curve, whose 
coordinates are given hj x^a cobO, y b 5 sin^, z a/ (d), may be plane. 

(9) A curve is traced on a right cone so as always to cut the generating 
line at the same jangle; shew that its projection on the plane of the base is 
an equiangular spiraL 

(10) If a string be unwound from Ji helix so that the straight portion 
is a tangent to it, shew that any point on the string will describe the 
involute of a circle. 

(11) Prove that the locus of the centres t>f curvature of a helix is a 
similar helix ; and find the condition that it shaU be traced on the same 
cylinder. 

(12) When the radius of curvature is a tmaxjmum or minimum, the 
tangent to the locus of the centres of curvature is perpendicular to the 
radius of curvMure. 

(13) Coordinates of any point in a curve are j; e 4ii cos^^, y » 4a sin'^, 
i! s 3c cos'^; find the equations of the normal and osculating planes; and 
find the relation between c and a that the locus of the centre of the sphere 
of curvature may be a curve similar to the oogiaal cuire. 

(14) A straight line is drawn on a plane, which is then wrapped in a 
cone ; shew that the radius of curvature of the curve -on the cone varies as 
the cube of the distance from the vertex. 

(15) If a tortuous curve be projected on a plane, the normal to which 
is inclined at angles a, fi to the tangent and binormal at any point, the 
curvature. of the projection will be to that of the curve as cos 7 : sin' a. 

(16) Up he the radius of curvature of a curve, then that of its projectioa 
on a plane inclined ^ an angle a to the osculating .plane is p seoa if the 
plane be parallel to the tangent, and p eos'a if it be parallel to the principal 
nermal. 

(17) If the measures of curvature and tortuosity of a curve be constant 
at every point of a curve, the curve will be a helix traced on a cylinder. 

(18) If - , - be the measures of curvature and tortuosity at any point 

p a- 

of -a curve in space ; //, o-' similar quantities at the cocre^onding point of 
the locus of the centre of spherical curvature ; then oro^ « /V* 
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(19) Prove that the equation of the polar surface to the helix is 

X 0080 + y 8in0 -i- a tan'a ^ 0, 

where a^ ^ y* :s tan*« {a' tan" a + (z - a tan « 0)*}, 

and that its edge of regression is a helix on a cylinder whose radius is 
a tan* a. 

(20) Prove that the angle between the radius of the osculating sphere 
and the edge of regression of the polar surface is equal to the angle between 
the radius of the osculating circle and the locus of the centre of curvature. 

(21) When the polar surface of a curve is developed into a plane, prove 
that the curve itself degenerates into a point on the plane ; and if r, p be 
the radius vector and perpendicular on the tangent to the developed edge 
of regression of the polar surface drawn from this point, prove that p, <r and 

f referring to the poiats.on the original curve, V(r* -p*) = ^ -J- • 

(22) Shew that the shortest distance of tangents at the extremity of a 
small arc is of a helix, whose pitch is a and radius of cylinder a, is 



sin a cos' a 
12i? 



(^*)^ 



(23) Prove that the angle between the shortest distance of tangents at 
two consecutive points and the binormal at one of them is £qual to half the 
corresponding angle of torsion. 

(24) The equations of a curve «re 

prove that the curvature and tortuosity at any point are each equal to . 

(25) A ^iral is traced on a hemisphere, such that, if /, X be the longitude 
and latitude of Any point, 4X 4 / » 2?r.; shew that the surface of the hemisphere 
IB divided by the spiral in the ratio n- - 2 : 2. 

(26) A curve is formed by the intersection of a hemisphere, and a 
cylinder whose base is the circle described on a radius of the base of the 
hemisphere as diameter ; prove that the portion of the area of the hemi- 
sphere included between the curve, the meridian touching the cylinder, 
and a quadrant of the base of the hemisjihere, is equal to the square on 
the radius of the hemisphere. 

(27) Prove that the volume contained between the cylinder, the hemi- 
phere, the meridian plane touching the cylinder, and the base of the 
shemispherCfis Jths of the cube of theiadius of the hemisphere. 

CCC 
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(28) A hemisphere is pierced by a cylinder, whose circular base touches 
the base of the hemispherei the diameter of the base of the cylinder being 
less than the radius of the hemisphere; prove that the area of the cylinder 
included between the hemisphere and its base is equal to the rectangle 
contained by the diameter of the cylinder and the chord of the base of the 
hemisphere which touches the base of the cylinder and is parallel to the 
common tangent of the bases. 

(29) Find the equation of the projection on the plane of xy of the lines 

of greatest slope on the surface « = j; + |c log ^ , the plane of xy being 

horizontal. 

(30) Prove the following equations of the lines of greatest slope on the 

X* v' «* 

ellipsoid -i + n + i = li placed in any position, 

dx . dyft ^ dy ,, d^^lr ^ dz , dyfr ^ 

where yjr is the inclination of the normal to the vertical at the point (x, y, s), 
and p the perpendicular on the tangent plane at that point. 

(31) If X, y, t be the coordinates of any point of a sphere, ds an element 
of an arc of any curve on the sphere passing through x, y, s, and if 

dz dy ^ dx dz dy dx ,^ 

ys-'«"=f' '^-'s"" 't-^d:-'^ 

and rff* + rfij* + dl* = rf<r», j prove that 

dl ydn ^d^ ^dl^ ^ dfi- rff 

If the locus of {x, yt z) be a closed curve, prove that the solid angle 
which it subtends at the centre of the sphere together with the perimeter 
of the locus of {^, v,l) is equal to 29r, and vice versd, 

(32) If a surface and a cone whose vertex is at the origin be referred 
to polar coordinates, the area of the cone between two of its generators and 

the curve in whiclf it meets the surface is - jr* < 1 + sin*^ l-~\ I dO, 

The equations of a cylinder and cone are 

r sin ^ = a and cot ^ a J (c* - «"*). 

If Ju ^v ^Qd A^ be the areas of the cone reckoned from 03Oto0a/3-a, 
P and /3 + a respectively ; then will Ai + ^3 = («■ + e"*) A%> 
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CURyATTTRE OF SITRFACES. NORMAL SECTIONS. INDICATRIX. 

DISTRIBUTION OF NORMALS. SURFAO'E OF CENTRES. INTEGRAL 

CTJRVATITRB. DIFFERENTIAL EQUATION OF LINES OF 

CURVATURE. UMBILICS. 

564. In this chapter we proceed to examine the curvature 
of surfaces^ and to explain how the amount of curvature may 
be estimated. 

If the student will consider the simpler surfaces with which 
he 18 familiar, such as a sphere, an ellipsoid, or an hjperboloid 
of one sheet, he will have examples of the kind of flexure 
which may take place at an ordinary point of any surface. 

Any point of a sphere or a pole of a prolate or of an oblate 
spheroid is an example of a point of a surface from which, 
if we proceed along any section made by a plane containing 
the normal ; the curvature is the same. 

Any point of an ellipsoid is an example of a point on a 
surface at which, If a tangent plane be drawn, the surface In 
the neighbourhood of the point lies entirely on one side of the 
tangent plane ; such surfaces are called Synclastic, 

If a tangent plane be drawn at any point of an hyperboloid 
of one sheet, the surface will Intersect the tangent plane, and 
bend from it partly on one side and partly on the other ; such 
surfaces are called Anticlastic. 

565. Let two planes be drawn through the same tangent 
line at any point of a sphere, one containing the normal and 
the other inclined at an angle to the normal, the sections 
made by these planes will have their radii in the ratio 1 : cos 5. 

This simple relation between the radii of [curvature of a 
normal and oblique section, containing the same tangent line, 
will be proved to be true for any surface at an ordinary point. 
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TBe Btadent may for an exercise prove it when the tangent 
line is drawn through the extremity of a principal axis of 
an ellipsoid parallel to another principal axis. 

566. Consider next the curvature of the sections of an 
ellipsoid made by plianes passing through OA^ the normal at A^ 
an extremity of one of the principal axes; if AP be one of 
these sections intersecting the principal section BG^ perpen- 
dicular to OA^ in P; OP and OA will be its semiaxes, and its 

radius of curvature at ^ = -^y-j ; also -^^4 ) 7TT ^^ ^ *^® 

radii of curvature at A of the principal sections BA and CA^ 
and since OB^ OP^ OC are in order of magnitude for all 
positions of OPj we see that of all the normal sections through 
Ay the two sections which have their curvature a maximum 
and minimum have their planes perpendicular to each other. 

This property of normal sections will be found to hold for 
any ordinary point of all surfaces. 

567. If POB= 0, ^ + *^"^- = ^p ; hence, if p, p' be the 

radii of curvature of the sections AB^ A Cj and JS that of the 

jn cos*d sin*^ 1 

section AP. 1 — = -h • 

P P ^ 

This relation between the radii of curvature of the normal 
sections of least and greatest curvature, called principal sections^ 
and that of any other normal section inclined at an angle to 
one of the principal sections' will also- be found to hold for 
any surface. 

568. These three properties which are true for all surfaces 
will enable us to determine the radii of curvature of all plane 
sections through any point, when those of any two sections, 
not containing the same tangent, are known. 

Normal Sections^ 

569. To find the relation between the radii of ciirvature of 
sections made hy planes containing the normal at any point of a 
surface* 
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Let the surface be referred to the normal at the point as 
the axis of z^ and the tangent plane at as the plane of xy. 

dz dn 

The values of -r- and -7- at the origin vanish^ i^^^ ^ ^1 

.,<bethevaluesofg,^-,|:, 

« = i (r-c" + 2^a:y + ^") + &c. 

Let the surface be cut by a plane passing through Oz^ and 
inclined at an angle to the plane of ;!;;t;; at every point of 
this plane x^u cosd, y^u sin ^ ; 

.-. z = \ [r cos'd + 2« cos^ sin 5 + e sin'5) tt" (1 + e) 

wliere e vanishes in the limit. 

If R be the radius of curvature of this section, 

1 . . 2i5 

-yz = limit — i = r cos*^ + 2« cos And ^t sin"^. 

The directions of the normal sections of which the curvature 
is a maximum or minimum are given by the equation 

- (r - ^) sin25 + 2* cos2^ = 0, 

If a be one solution, the rest will be included in the formula 
^n7r + a, hence the sections of maximum and minimum curvature 
are at right angles. 

These sections are called the Principal Sections of the surface 
at the point considered. 

If the planes of the principal sections be taken for the planes 
of zx and yz^ a = 0, and therefore « = 0, and the expression for 

the curvature of any section will become » = ^ cos"^ + 1 sin*^ ; 

let p, p be the radii of curvature of the principal sections, 

then - = r and — , = L 
P P 

1 cos'i? sin"^ 

R P P 

also, if JZ, i2' be the radii of curvature of any perpendicular 
normal sections, 

These theorems are due to Euler. 
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The Indicatrix, 

570. Euler's theorems and other theorems relating to the 
curvature of plane sections of surfaces are deduced with great 
facility by means of a curve called the indicatrix, employed 
first by Dupin for this purpose. 

Def. The indicatrix at any point P of a surface is the 
section made by a plane parallel to the tangent plane at P and 
at an infinitely small distance from it. 

In cases in which, as in anticlastic surfaces, the curve of 
intersection extends to any finite distance, the name of indicatrix 
only applies to the portions of the curve which are infinitely 
near to P. 

671. At any ordinary point of a surface the indicatrix is 
a conic. 

Taking the axes as in Art. 569, the equation of the surface 
18 of the form « = i {rx* + 28xy + ty^) + &c., and by transfor- 
mation of axes the term involving xy may be made to disappear, 
so that z = ax* + by* + terms of higher dimensions. 

If the surface be cut by a plane parallel to the tangent plane 
and very near to it, fotr which « = A, in the neighbourhood of 
the point of contact h = aai^ -\- by* ] the indicatrix is therefore a 
conic whose centre is in the normal. 

572. Pendlebury has noticed* that the indicatrix may be, 
at particular points of some surfaces, of any form, and the 
number of directions of principal curvature for such points may 
be any number, in fact, equal to the number of apses in the 

indicatrix. He gives as an example a surface aj* + y* = ft^^[-] 

generated by a parabola revolving round its axis, its latus rectum 
increasing or decreasing with the angle through which its plane 
has revolved ; such surface would look like a paraboloid with 
ridges and furrows radiating from the vertex. 



* Messenger oj Mathematics, toL I., p. 148. 
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673. The radius of curvature of a normal section of a surface 
varies as the square of the corresponding central radius of the 
indicatrix. 

Let CP be the central radius of the indicatrix which lies in 
any normal section whose radius of curvature at is i? ; then 

25 = limit -—rj- , (see figure, p. 386); therefore, since 0(7 is 

constant for all normal sections -Boc CP*. 

Hence all theorems In central conies which can be expressed 
by equations homogeneous in terms of the radii and axes, can 
be replaced by corresponding theorems in curvature. Euler's 
theorems follow at once, and if i?, R be radii of curvature of 
normal sections inclined to a principal section of a surface at 

angles ^, 6\ such that tan 5 tan^' = — — , 

P 

then -B + 5' = /)-|-p', 
and RRAn\ff-ff)^pp\ 

574. When the indicatrix is an ellipse, the surface is syn* 
clastic at the point considered. 

A point of a surface for which the indicatrix is a circle is 
called an umbilicy the curvatures of all sections made by planes 
containing the normal at an umbilic being equal. 

575. When the form of the indicatrix is hyperbolic, the 
surface is anticlastic at the point considered; in this case the 
radii of curvature of normal sections containing the asymptotes 
are infinite, such sections pass through the inflexional tan- 

gents, and their directions are given by tan* 5= — , p, p being 

the absolute values of the radii of curvature. 

In order to deduce theorems from geometrical properties of 
the hyperbola, it may be necessary to suppose two indicatrices, 
one on each side of the tangent plane at equal distances from it. 

If p's=p and B be the radius of curvature of a normal 
section inclined at an angle ^ to a principal section 

J? cos2^ = /). 
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676. When the section made by the plane parallel to the 
tangent plane is a parabola, the part of the section which is 
called the indicatrix is two parallel lines which become ulti- 
mately, as in the case of a developable surface, two coincident 
lines. 

Such points are called Parabolic points^ sometimes also 
Cylindrical points. 

As an example of a parabolic point, take a point of the 

a? V* «* 
cone -7 4 T5 = -; f at a distance I from the vertex In the 



generator - = -* transform the axes so that the normal at 
a c 



this point is the axis of z^ and the generator the axis of x^ 
the resulting equation of the cone is lz = -j^^ — zx — «*, 

let ife = A and a = ctana, then y* = — ft(a:+Z— A cot2a), the 

section by a plane parallel to the tangent plane is therefore 
a parabola, the distance of whose vertex from the normal at the 
point considered isl — h cot 2a, and since this remains finite, when 
h is made indefinitely small, the degeneration into two nearly 
coincident parallel lines in tbe nei^bourhood of the point is 
explained. 

The finite principal radius of cuiTature is — . 

r 

577. The intersection of two consecutive tangent planes and 
the direction of the line joining the points of contact are parallel 
to conjugate diameters cf the indicatrix. 

Let CP, CD be conjugate semi-diameters of the indicatrix 
for the point of a surface; since the tangent plane to the 
surface at P contains the tangent to the indicatrix at JP, Its 
intersection with the tangent plane at is parallel to C2>, 
and proceeding to the limit, when DC vanishes, the proposition 
follows. 

D£F. Tangent lines at any point of a surface drawn parallel 
to conjugate diameters of the indicatrix, are called ConjugtUe 
Tangents, 



OBLIQUE SECTIONS. 385 

578. It follows from this property of consecutive tangent 
planes, that if a torse envelope any surface the directions of the 
generating lines at any point of the curve of cojitact are 
conjugate to the tangents to the curve. 

679. To find the relation between the radii of curvature of a 
normal and oblique section of a surface made hy planes passing 
through the same tangent line. 

Let the tangent line through which the planes are taken be 
the axis of Xj and let be the indination of the planes of the 
oblique and normal sections through Ox. 

The equation of the indicatrix is of the form 

ih=^ax* + 2cxy + Jy", 

and where the oblique section cuts the indicatrix y = hi2Xi0^ 

therefore xy and jf vanish, compared with a? ; hence the radius 

a" 

of curvature of the oblique section at is the limit of ^rv ^ i 

^ 2A sec^ ' 

and if R^ E be the radii of curvature of the normal and oblique 

sections 

iZ' = jB cos Oj, 

This is Meunier's theorem. 

580. Bezant* gives the following elegant proof of Meunier's 
theorem: Take a normal and oblique section at any point of 
a surface, the two curves ^of section having the same tangent 
line, and therefore having two consecutive points in common. 
In each of the curves take a third consecutive point and describe 
a sphere through the four contiguous points, the sections of 
the sphere by the two planes are evidently the circles of curva- 
ture of the normal and oblique sections, and the theorem follows 
immediately. 

581. Badius of curvature of the curve of intersection of two 
aurfojcesi^ 

L^ p be the radius of curvature of the curve at any point P, 
r, r' those of the normal sections of the surfaces made by planes 



* Quart, Jour, qf3fath,y Tol. VI., p. 1^0, 

DDD 
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containing the tangent at P; let oi be the angle between the 
planes and ^,0 — ^ the angles between the osculating plane 
of the curve at P and the two normal planes. 

Now the curvature of the curve is the same as that of the 
section of either surface by the osculating plane, since they have 
three coiiseeutive points in common, and by Meunier's theorem, 

11^,11,^, 1 I. .. 

- = - COS9, and -, = - cos(fi) — 0) = - cos© + - siaco 8m9 ; 
T p T p r p 



sin'oi 



1 



2 ces« 1 ' A M. RAM 

; f- -« , as m Art. 544. 

rr r 



582. In order to see how a surface bends in different 
directions, starting from a given point, we ought to have a 
clear notion of the manner in which the normals at points 
adjacent t<» the given point are directed. 

The indicatrix affords a satisfactory explanation of the mode 
of distribution. 
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583. Normah at consecutive points intersect^ when taken along 
the directions of greatest and least curvature^ and not generally 
when taken in any other direction. 

Let P be any point of the indicatrix for the point 0^ CD a 
semi-diameter conjugate to CP, PT a tangent at P, PF per- 
pendicular to CD, 

Since the normal P8' to the surface at P is perpendicnlar 
to the tangent PT, PF is its projection on the plane of the 
indicatrix. Hence the normal P8' cannot intersect the normal 
at unless GF vanish, which is the case only when P is at the 
extremities of the axes of the indicatrix \ that isy when P is in 
one of the principal sections. 

The same kind of argument shews that, in particular cases 
where the im Cicatrix is not a conic, the normal still intersects 
whenever the tangent at P is perpendicular to CP. 

584. When normals at consecutive points do not intersect^ to 
find the direction and magnitude of the shortest distance hetween 

them. 

Let 88' be the shortest distance of the normals 08^ P8\ CF 
is its projection on the plane of the indicatrix, the shortest 
distance is therefore in the direction of the tangent conjugate 

to pr. 

Also, OP" = OP - PF" and PF. CD^CA.CB; therefore, if 
Bj E be the radii of curvature of the sections OP, 0-D, and 
p^ p those of the principal sections, 

88"^ = Cr ^CP'U'' 1^,) (Art. 573), 
where 5' = p + p' - jB = ^^ cos'tf -1-^, sin'd^ S. 

585. To find the point of nearest approach of a normal 
consecutive to a given normal. 

Draw 8'Ey FO perpendicular to the normal plane 50P, 
then PS" is the projection of P8' on that plane; the tangent PU 
to the normal section is perpendicular to P8* and SH^ and 
therefore to PH^ and J2, the intersection of PH and 08^ is 
ultimately the centre of curvature of the normal section OP, 
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Then CS: CB :: FO : CP:: PF" : CP"^, 
.-. 08 or CS : B :: pp : BR ultimately; 

li«nce OS is ultimately =^-grr *^d -^j^=jB( — 5- + — >^-j 

686. To find the angle between eensecutive normals. 

The angle between the normals at O and P is ultimately 

PF _PF _PF CP_CP CP CP /(RK\ 

S'F'^ CS" B ' pa^ B ' pf"^ iz"- V Vp/> / 



o^J{^ - 7-0 • 



587. We leave to the student the calculation of the shortest 
distance and its position from the equation of the normal at 

the point whose coordinates are r cos^, r sin^, —p , viz. 



r* 



f — r cosfl^ _ iy — r sin ff 2B 

r cos 6 r sin Q — 1 

9 9 

The expression for the shortest distance will be fotmd to be 

T sin^ cos^li '" -) 
Vp 9) 



vi 






688. All the normals to a surface in the neighbourhood of a 
point converge to or diverge from two focal lines at right angles 
to one another* 

The equation of the surface being ?— ^ + ^» + &c#j the 
equations of a normal at ( r cos^, r sin 9, ^j are 

PjLll^ ^ ihzl^) = 4 neglecting ^, 
rcos^ rsm^ -1 ^ ^ ' 

when 17 = 0, K—9\ ^^^ when f = 0, ^—9i hence all normals in 
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the neighbourhood of pass through two focal lines In the 
principal planes which pass respectively through the centres of 
curvature of the principal sections to which they are perpen- 
dicular. This theorem is due to Sturm. 

589. Certain properties of the principal radii of curvature 
may be conveniently investigated by considering the angle be- 
tween the two inflexional tangents. In these directions three 
consecutive points lie in a straight line, and the radius of cur- 
vature of a normal section through one of these tangents is 
therefore infinite. Hence, if 6 be the angle which one of these 
tangents makes with the tangents to a section of principal cur- 

1 11 1 ^ cos* 5 sin*^ , , . - - 

vature, we shall have = — - 4 — — j Pj p bemg the alge- 

braic magnitudes of the radii of principal curvature. Thus, 
for points at which the radii of principal curvature are equal 
in magnitude and opposite in sign, we shall have tan'd=l, 
and the tangents to the curve of intersection will therefore also 
be at right angles. As an example of this method we shall 
take the following: To prove that at every point where the 
surface x [a? + y' 4 «*) = 2a (a* + y") meets the plane a; = a, the 
radii of curvature will be equal in magnitude, and of opposite 
signs. This, by what has been said, will be true, if we can 
prove that the two straight lines, drawn through any such 
point, to meet the surface in three consecutive points, are at 
right angles to each other. 

Let ^-r— = — - = = r be a straight Kne which meets 

the surface in three consecutive points ; the equation for deter^ 
mining r is 

[a + Xr) {z + vrf = (a - Xr) {(a + Xr)' + (y + /tr)*}, 

-which must have its three roots equal to zero ;. the conditions 

of which are 

«* = a' + y», (1) 

y*X — ayii + azv = 0, (2) 

2z\v -f av' = - aX* + ayt*' - 2yX/i, (3) 

(3) becomes ;8'X' + 2az\v + a'v* = y*X" - 2ay\^ + aV*r 



V. 



390 LINES OF CURVATUBE. 

or 2j\ 4 av = ± (yX — a/*) = + — y ; 

.•.x=2(-i »-')., 

''=(p-f")'-(F«")- 

hence, if (X,, /it,, vj (X„ /ia^, v^) be the directions of the inflexional 
tangents, 

'i*'. ^^ « V yV yV 

therefore X^X, + /i^/t, -f v,v, = 0, or the two tangents are at right 
angles. 

690. The rectifying surface of a curve is the locus of the 
centres of principal curvature of the torse of which the curve is 
the edge of regression. 

The section of least curvature in a developable surface is 
that through a generating line, the normal section perpendicolar 
to this line is therefore the section of greatest curvature. Now^ 
in the figure of Art. 545, the plane uHt is ultimately the normal 
section of the torse perpendicular to PQq^ and H is therefore 
the centre of principal curvature, every point of the axis of the 
osculating cone, i.e. of the rectifying line at P (Art. 546), is also 
such a centre, and the rectifying surface is the locus of all the 
centres of principal curvature of the developable whose edge of 
regression is the original curve. 

Also the radius of principal curvatin*e of a point in the 

developable, whose distance measured along a tangent to the 

ck 
curve is c, will therefore be c tan^ = c 3- (Art. 545), 

591. In connexion with the curvature of surfaces, the most 
important lines which can be traced on a surface are line^ 
of curvature and geodesic lines. 

Def. 1. A Line of Curvature is a curve traced upon a 
surface, such that the tangent to the curve at any point is 
also a tangent to one of the principal normal sections of the 
surface at that point. 
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Since there are two principal normal sections at every point, 
whose planes are at right angles, there will be two lines of 
curvature through every ordinary point, crossing one another 
at right angles. 

Def. 2. A line of curvature is a curve traced on a surface, 
such that the normals to the surface at any two consecutive 
points of the curve intersect «ach other. 

That the curves given by these definitions are identical, is 
shewn in Art 583. 

592. Dep. a geodesic line of a given surface, between two 
given points on it, is a line of maximum or minimum length. 
Any infinitesimal arc of such a line will manifestly be the mini- 
mum line between its extremities, but if the two given points 
be at a finite distance, a geodesic passing through them may 
be either a maximum or minimum, and it will be seen that 
there may be an infinite number of such maxima and minima* 

593. The osculating plane at any point of a geodesic on any 
surface contains the normal to the surface. 

The distance between two indefinitely near points will be 
the least possible, when the curvature of the line joining them 
is the least, or when the radius of curvature is the greatest 
Now the curvature of any curve on a surface will be, at any 
point, the same as that of the section of the surface made by the 
osculating plane at that point, since the two curves will have 
three coincident points. Also, of all sections having a common 
tangent line, the normal section is that of least curvature, by 
Meunier'a Theorem (Art. 579). Hence, the osculating plane 
of a geodesic, at any point, must be a normal section, and the 
principal normal of the geodesic must coincide with the normal 
to the surface at every point. 

This also appears from the consideration of a stretched 
weightless string, joining any two points on a smooth surface. 
This will manifestly assume the form of the shortest or longest 
line joining the points, the equilibrium being stable in the first 
case and unstable in the second, and since the resultant of 
the tensions of two consecutive elements of the string is balanced 
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hj the Dormal reaction of the surface, the normal must He 
in the plane of these elements, that is, in the osculating plane 
of the curve. 

The coincidence of the principal normal and the normal to 
the surface i''(a?, y, «) = 0, an which a geodesic is drawn, is 
expressed by the equations 



d*x d*y 


d*z 


ds* ds* 


ds* 


1P~1P^ 


^iF" 


dx djj 


dz 



dFdx dF dy dF dz ^ 

And since -j — r- + "T" j + "3- j" = ^j 
ax 08 ay da dz ds 

, d^x dx d*y dy d^z dz ^ 
cEs" da ds* ds ds* ds ' 

ihese are equivalent to only one distinct equation which with 
that to the surface will give any geodesic line. 

594. Lines of curvature of a surface of revolution.^ 
Let PQ be an arc of the generating curve, POO^ QHO 
normals to the curve at P and Q intersecting the axis of re- 
volution in (?, H. When the plane of the curve turns round 
the axis GH^ PQ comes into the position FQ\ and the normals 
to the surface on P and P' intersect in O^ also the normals 
at P and Q intersect in ; therefore the meridians and the 
circular sections are lines of curvature. 

695. To find the osculating plane of a line of curvature at 
any point of a surface. 

Let PQ^ PR be small arcs of lines of curvature drawn 
through P, a point in the surface, R8^ Q8 lines of curvature 
Hirough 5, Q respectively; and let PHG^ QH'G^ RH^ SH' be 
normals to the surface at P, Q, Rj 8y so that Pff, QH' are ulti- 
mately the radii of curvature of the principal normal sections PRj 
Q8^ and PG that of PQ ; let these be P', R! + JP', and P, 
dR! being the increment of P due to a change ds along 
the principal section PQ. 
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The tangent to PB at P Is perpendicular to the plane PflT', 
and therefore to HH*j and the tangent at B is, for a similar 
reason, perpendicular to JZiT, which is therefore parallel to the 




binormal at P to the Ime PB, and determines the osculating 
plane POB. 

Let <f> be the inclination of the osculating plane of PB to 
the principal normal section ; draw E'N perpendicular to P(?, 

., . . ,. EN ,. EN PQ dR B 
then tan* = lim. ^^-l^m.^^ . -^,-^= ^ . ^-^. 

Cor. In the case of a surface of revolution, since J?' is the 
same for all points in the circular line of curvature supposed to 

JJV 

correspond to J?, -y- = 0, and the osculating plane coincides witli 
the normal plane. 



Surface of Centres. 

596. Def. The surface of centres is the locus of the centres 
of principal curvature for every point of a surface. 

697. Let Ly 11 be two lines of curvature passing through 
the point P of the surface 8^ and let Q, B be points on L and 11 
adjacent to P; then QG and BC\ normals to iS at Q and JB, 

EEE 
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btersect the normal at P in (7, (7' which are ultimately the 
centres of curvature of the normal sections touching L and L 
respectively^ and the planes CPQ^ O'PR are at right angles. 




Normals drawn at every point of L form a torse whose edge 
of regression CE is the locus of the centres of curvature of all 
normal sections of 8 touching L^ these normal planes being 
tangent planes to the torse. 

If an infinite number of lines of curvature of the same system 
as L be traced on the surface, the corresponding edges such as 
CE^ DF Will form a sheet of the surface of centres, and a second 
sheet will be formed by edges GE^ DF corresponding to the 
lines of the system L\ Call these sheets S and 2'. 

Every normal of 8 such as PG'C^ 8D'D touches each sheet; 
the two normals PC7, QG each touch 2', and since C does not 
lie on 2', PCQ is a tangent plane to 2', similarly PCR is a 
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tangent plane to 2. And, since these two planes are at right 
angles, the two sheets would appear to cut one another at right 
angles to an eje situated in a normal and looking along the 
normal towards both sheets* 

598. Salmon notices that the edge of regression of the torse 
corresponding to a line of curvature is a geodesic line on the 
sheet of the surface of centres on which it lies. 

For PCQ is the osculating plane at G to the edge GE^ and 
PC It is a tangent plane at G to ^ on which GE lies, and, since 
these planes are at right angles, the norn^al to 2 at (7 lies in 
the osculating plane of GJSj which is the condition that GJE 
should be a geodesic on 2. 

599. It may also be seen, that the polar developable of the 
line of curvature PQ is the rectifying developable of the cor- 
responding edge of regression GE. 

600. The two real sheets of the surface of centres for a sur- 
face of revolution are the surface generated by the evolute of the 
generating curve, and the portion of the axis from which 
normals can be drawn to the generating curve. 

Lines of Gurvature common to ttoo Surfaces. 

601. When the curve of intersection of ttoo surfaces is a line 
cf curvature on each^ the two surfaces cut one another at a constant 
angle. 

Let PQB8 in the figure of page 342 be ultimately the line 
of curvature common to two surfaces 8^ 8'] and let pa^ qa 
be normals to the surface 8^ which, since they intersect, must 
intersect in the polar line aUA^ perpendicular to the osculating 
plane pUq\ similarly qab^ rhy normals at q and r, intersect in 
the polar line bVto the consecutive osculatmg plane, and 

brV^hqV^aqU-^-UqV. 

Let a', V be corresponding points for the surface 8' ; 

.-. VrV^a'qU+UqV', 

.•. Vrb^a'qa*^ 
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hence, normals to 88' at consecutive points q^ r are inclined at 
the same angle, therefore the surfaces cut one another through- 
out at a constant angle. 

Keciprocally, if two surfaces cut one another at a constant 
anglcj and their curve of intersection be a line of curvature on 
one surface^ it will be a line of curvature on the other also. 

Let it be a line of curvature on ;8^, and let the normals to 8' 
at q and r be qa"b' and rb" meeting Ud in a" and Ui in ft', 6" ; 
then since the angle between the normals to 8 and 8' at 
J, r are equal, ftrft" = ftjft', and brb"^bqb'\ therefore ft' and ft" 
coincide, and the normals to 8' at q, r intersect; that is, the 
curve is a line of curvature also on 8'. 

Cor. If a line of curvature be a plane curve, its plane will 
cut the surface at a constant angle. 

602. The analytical proof given by Bertrand is very simple. 
Let P, Q be consecutive points on the curve of intersection 
of surfaces 8^ 8' \ x^ y^ z and x + (&:, y-\-dy^ z-\-dz their co- 
ordinates; 7, 9ra, n and 2', m', n' the direction-cosines of the 
normals at P to 8 and 8\ 

If the curve be a line of curvature on 8^ the normals at P, Q 
will intersect; 

.•. a?-Zps=a? + diB — (Z+cfl)p; 

dl ^ dm ^ ^** _^ I /<\ 

" dx'^ dy '^ dsf'^ p' ^' 

Since PQ is perpendicular to both normals, 

Idx + mdy-^ndz^Oj ,^k 

and fdb + wWy + n'cfo = 0. ^ ^ 

i. I£ the curve be a line of curvature on both surfaces, 

Idr + mdm! + ndn* = 0. , ,,v , .^v 
and TdUm'dm-^Wdn^O, ^^ ^^^ ^°^ ^^^^ 

/. d {IV 4 mm' -f nn') = 0, 

or the cosine of the angle between the normals is constant. 

il. If the curve be a line of curvature on 8j and the surfaces 
cut one another at a constant angle, 

Vdl + m'dm + n'dn = 0, 
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and rf(?7 + wim' + »in') = 0; 

ako Wr + w'df/i' + n'cfn' = ; 

therefore, by (2), ^ = "j" = -j- > the condition that the curve 
should be a line of curvature on 8\ 

603. When three series of surfaces cut one another orihogo^ 
naJly^ the curve of intersection of any two of them is a line of 
curvature on each. 

Let the origin be a point of intersection of three surfaces, one 
of each series, and the tangents to their lines of intersection the 
axes. The equations of the three surfaces may then be written 

aJ+ay' + 2Jy« + c«*H-...= 0, * (1) 

y + aV + 2Vzx + cV +. . .= 0, (2) 

z + a' V 4- 2b"xy + cY +. . .= 0. (3) 

At a consecutive point on the curve of intersection of (2) and 
(3), we have y = 0, « = 0, x=x\ and the equations of the tangent 
planes are, ultimately, 

a?.2cV + y + «.2iV = 0, 

aj.2aV + y.2yV + « = 0, 

and since these also are at right angles, 

4aVaj'» + 2JV + 2iV=:0, 

or, ultimately, 6' + 6" = ; similarly, J" 4 6 = 0, 6 ■»- 6' = 0, which 
can only be satisfied by 5 = 0, y = 0, J" = 0, and therefore the 
axes are tangents to the lines of curvature on each surface. 

Hence, the tangent lines, at any point of intersection of three 
surfaces, to their curves of intersection, are tangents to the lines 
of curvature of the three surfaces through that point, and, con- 
sequently, their curves of intersection must coincide with the 
lines of curvature. This is Dupin's theorem. A proof is given 
by Cayley,* which puts in evidence the geometrical ground 
on which the theorem rests. 

* Quarterly Joumai, vol. XIL, p. 185. 
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Measure of Ourvature. 

604. Gauss gives the following definition of Integral and 
Total Curvature. 

Dep. The Integral Curvature of any given portion of a 
curved surface is the area enclosed on a spherical surface of 
unit radius by a cone whose vertex is the centre, and whose 
generating lines are parallel to the normals to the surface at 
every point of the boundary of the given portion. 

Horograph. The curve traced out on the sphere as described 
above is called the Jiorograph of the given portion of the surface. 

Average Curvature. The average curvature of any portion 
of a curved surface is the integral curvature divided by the 
area of the portion. 

Specific ^ Curvature. The specific curvature of a curved surface 
at any point is the average curvature of an infinitely small area 
including the point. This is the measure of curvature which 
was shewn by Grauss to be the reciprocal of the product of 
the two principal radii of curvature at the point considered. 

605. To shew that the reciprocal of the product of the 
principal radii at any point of a surface is a proper measure 
of the curvature. 

Let an elementary area QR8 be described including the 
point P of a surface, and let a series of lines of curvature 




divide this area into sub-elementary portions, such as pqrs^ and 
let /)j, p/ be the principal radii of curvature at p in the directions 
P9.) P^ 9 ^^ horograph for pgrs will be a small rectangle whose 

sides are — and 2- and area =-2^ . 

Pi Pt PiPi 



\ 
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But, if /}, /}' be the principal radii of curvatare at P, 

— j= — (1 + e), 

PyPi PR 

where e Taniahes in the limit ; therefore the specific curvature 

= Urn —£^ - — 

^pqrs pp 

This expression is independent of the form of the elementary 
portion including P, and is analogous to the measure of cur- 
vature in plane curves, the solid angle of the cone corresponding 
to the angle between the normals to a plane curve at the 
extremities of the small arc on which a point of the curve lies. 

606. To determine the radius of curvature of the normal 
section of a surface through a given tangent line at a given point 
in terms of the coordinates. 

Let the equation of the surface be -F'(f, 17, f) = 0; and let 
(a?, y, «) be the given point P, (\, ^, v) the direction of the 
given tangent ; also let [x + da?, y + dy^ z-\- dz) be a consecutive 
point Q taken in the normal section, so that ultimately 

dxx dy I dz^\: p, \ V. 

Then, if QR be perpendicular to the tangent plane, R the 
radius of curvature of the normal section will be the limit 

""Uqr' 

The equation of the tangent plane is 

^^ Udx + Vdy + Wdz 
.-. QR^ —^ , 

where P" = U* + V^ -^W. 
But, Q being a point on the surface, 

Udx + Vdy ^Wdz^ ^ {u {dxy '^...-\- 2u'dydz +...] =0j 
neglecting terms of degrees higher than the second ; 
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P 



= T 



wX" + Vfi* + «?!/• + 2wVv + 2v'v\ + 2t(7'\/* * 

Since we have the conditions 

?7X + F/A + Tri/ = and X* + /*' + i^=:l, 

the problem of finding the directions of the principal sections 
and the magnitude of the principal radii of curvature is the 
same as that of finding the direction and magnitude of the 
principal axes of the section of the conicoid, 

made by the plane Ux'\-Vy-\'Wz = 0. 

607. To determine the principal normal sections^ and the 
radii of principal curvature at any point of a surface^ in terms of 
the coordinates of the point 

The radius of a normal section containing the tangent whose 

direction is (\, ft, v) is given by 

p 

where Z7X + F/iA + Trv = 0, (2) 

and when B is given, the corresponding tangent lines are the 
lines of intersection of the cone and plane represented by these 
equations, X, /l&, y being considered current coordinates. When 
i2 is a maximum or minimum, these directions coincide, and the 
plane is a tangent plane of the cone ; hence the direction of 
the principal sections are given by 

(m— g-)X4toV-f t;V _ w'\ -{■ {v—a) fi + u'v . 

v'X + u*a +(w — a)v , P 

= -^~ ^, where <r=-g, 

whence we obtain 

X 
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which, by the equation U\ + F/tt + WV = 0, leads to 

TP {[v-a)[w - cr) - w*"} +...+ 2FTr{vV-w'(tt-cr)} +...= 0. (3) 

This equation gives the values of the principal radii of curva- 
ture, and the values of \ : /« : y, corresponding to each root, 
are given bj the preceding system of equations. 

Cor. The product of the roots of (8) is 

D"' + F" + »F" 

= ( 27* 4 F" + TF') X measure of curvature. 

Since the measure of curvature vanishes at every point of 
a developable surface, the numerator equated to zero is the 
condition that a surface should be developable. 

608. We cannot help calling attention to another form of 
the quadratic giving the principal radii, which was set in an 
examination paper for Clare and Caius Colleges in 1873. 

Since 2FIF/iv=i7V-FV*- W^V", &c., the expression 
p 
for p can be put into the form -4\* + -B/a* + Cv*, where 

^ = u+^(i7u'-Ft;'-TFt(;'),&c. 

Construct the conicoid A^ + Bri^ + (7^ = P, having its centre 
at the point (a;, y, z) of the surface, the directions of the axes 
of the section made by the plane J7f + Fi7 + WTr=0 are the 
directions of the tangents to the principal sections of the surface, 
and the corresponding values of R will be the squares of the 
section. 

Hence, by Art. 234, 

cr;_ F" TF" 

AR^^'^ BB^P'^ CR-P^ ' 

a quadratic giving p, p the principal radii of curvature. 

Also the direction cosines of the tangents to the lines of 

V V W . 

curvature are as jg-p - ^gz:p ' CR-P^ '"^ ^'^ ^^ ^^ 

be written for R. 

FPF 
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609. To determine the condituma of an unibtltc. 

At an umbilic B retains a constant valne for all directions 
{\ fi^ v)j satisfying the two conditions (1) and (2). Hence at 
an nnibili(^ the cone (1) mast break up into two planes, one 
of which is the tangent plane (2). 

The left-hand member of eqnation (2) must therefore be a 
factor of the left-hand member of (1), and the other factor 
will therefore be 

Maltipljing the two, and equating coefficients, 

V W 

U V 

which, on eliminating cr, lead to the two conditions 

V'^-W^ ^ W + TT 

fT + F" 

These two equations, together with the equation of the surface, 
will, in general, determine a definite number of points, among 
which are included all the umbilici. It may happen that a 
common factor exists, so that the three equations are satisfied 
by the coordinates of any point lying on a certain curve. Such 
a curve is called a line of spherical curvature. 

It should also be observed that 17, F, W have been assumed 
to hQ finite in the foregoing investigation. Should one of them, 
as 27, vanish, we must have, in the same manner, Vfi 4 Wv a 
factor, and must therefore have 

(m — a) X' 4-...4 2M'/iv 4... 
= (r/* + »rv){A:X+(t;-<r)^+(«,-<r)^|. 
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This identity gives 

W V 

W V 

or Vv'^Ww\ 2u' = (t;-tt)^+(tt;-u)^, 

which with Z7=0, and the equation of the surface, give/ot/r 
relations between the coordinates, unless v' and w* are identicaUj 
zero, and these will not, in general, be simultaneously true of 
any point on the surface^ 

610. The conditions for an umbilic are obtained by the 
method of Art. 608, from the consideration that the section of 
the conicoid must be circular, whence, when Z7, F, W are finite, 
it follows that A^B^G. 



611. To determine the number of umbUtcs on a surface of 
the n"* degree. 

If the equations for an umbilic be written in the form 

the degree of P, ^, E will be 2 (n - 1), and of P, ^, B will be 
3n — 4. The degree of the surfaces 

is therefore bn — 6, and the degree of their curve of intersection 
is (5n — 6)". But the curve JS = 0, JS' = is part of their inter- 
section, and does not lie on the surface PQ — FQ^O. The 
degree of the curve 

F" Q' B 
is therefore (5n - 6)' - 2 (n - 1) (3n - 4) = 1 9n' - 46n + 28. 
But this curve includes three curves similar to 
TT A TF*t; + F'tr-2FW 

C/=0, M = p + W^* ' 

which do not meet the surface in umbilics, and the degree of 
this curve is (n - 1) (8n - 4). 
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Hence the degree of the curve, which meets the Burface in 
umbilicfl only, is 

19n* - 46n + 28 - 3 (n - 1) (3w - 4) = lOw* - 25w +16. 

The whole number of real and impossible umbilics is therefore 

n(10n'-25n+16). 

Thus in a conicoid the number is 12, four in each of the 
principal planes; but not more than one system U real, and, if 
the surface be a ruled surface, none will be real. 

There can never be real umbilics on a ruled surface of any 
degree whatever, since every point of a ruled surface is either 
parabolic or hyperbolic. 

612. To find the, differential eguations of the lines of curvature 
on any surface. 

Eeferring to the equations of Art. 607, we see that X, /*, v 
are the direction-cosines of the tangents to the planes of prin- 
cipal curvature at any point, and are therefore the direction- 
cosines of the tangents to the lines of curvature through that 
point. 

Hence, if (a;, y, z) be the point, (a; + do?, y + dy^ z + dz) a 
consecutive point on a line of curvature, we shall have 

dx ^dy ^dz 

which, since X, /&, v are determined in terms of Xj y, z^ are the 
differential equations of the lines of curvature. 

Since each member of the above equations is equal to 

Udx-hVdy-^Wdz ^0 
U\ + Vfi + Wv "~0' 

these equations and the equation of the surface are equivalent 
only to two independent equations. 

Any integral we may find will involve one arbitrary coxir 
stant, which may be determined so as to make the line of 
curvature pass through any proposed point on the surface. 

It appears from the above that all the surfaces represented 
by the equation (f> (a;, y, z) = c, for different values of c, will have 
the same differential equations of their lines of curvature* 
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613. To find the differential equation of the lines of curvature^ 
and the principal radii of curvature at any pointy by the second 
definition. 

Let (f , 17, (f) be the point of intersection of normals at con- 
secutive points (a?, y, z) and [x + dx^y + dy^z-i- dz) ; 

••• -tr- = ^ = -F = P= ^ where P»= TP+V' + TT, 
in which equations f , 17, f are unaltered when x-{ dx ib written 
for a?, &c., and f = a? + C^4) ^^'i 

/. O^dx-V-dU -U -^da. 

o=rfy+^rfr-rirfcr, 

= dz-{-^ dW-'W^da: 
a- a ' 

die, rfZ7, 27 

rfy, rfF, 7=0, 

which is the differential equation of the lines of curvature. 

Expanding dUjdV^dWj and eliminatbg dxj dy^ dzj and da-^ 



u^a. 



w 



Wy v- a-^ 



V 



u 



v\ U 
u', V 
to — a J W 



u, r, w 



= 0. 



The coefficient of U^ is - 



v — cr, 



u 



is 

Art. 607. 



— <T, t? 



to , U 



U , W — O" 



, and that of VW 



, whence we obtain the quadratic given in 



614. The foregoing equations for determining the principal 
curvatures undergo a considerable simplification, if the equation 
of the surface be of the form 
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We shall then have m', i?', w* all zero ; the equation giving 
the length of the radius of curvature of any normal section, 
whose tangent line is (X, ii^ v\ will be 

p 

the quadratic equation for the principal radii of curvature will be 

^7' F' TP _^ 

the differential equation of the lines of curvature will be 

f7(t> — w) dydz + F(w — w) (& die + TF(m — v) dxdy =s 0. 

The conditions for an umbilic in thb case reduce to u ==> t? = to 
when ^ F, TT are finite, but since this is the exceptional case 
mentioned in Art 609, in which u', v\ and w' vanish iden- 
tically, there are other umbilics which are given by U=^ and 
(v — u)TF"+(w — w)F*=!0, and similar equations when F=0 
and IFsO. The whole number of umbilics is therefore, as 
before, 

n {(n - 2)" + 3 (» - 1) (3n - 4)} = w (lOn* - 26n + 16). 

615. To obtain the differential equation of the lines of cur" 
vaturej and to find the centres and radii of principal curvature 
when Ike equation of the surface ffives one of the coordinates 
explicitly in terms of the other two. 

Let the equation of the surface be (T— /({} v\ ^^d let P, Q 
be consecutive points on a line of curvature whose coordinates 
are a;, y, z^ and x + dx^ y^-dy^z^-dz^ then the normals at P, Q 
intersect ; and if (f , 17, ^) be their point of intersection, 

f-a + />(C-«) = 0, and i7-y + j(?-«) = 0, (1) 

but {, ^, ^ remain the same when x-Vdx^ y + dy^z + dz are 
written for a, y, z) therefore 

dp{^-'z)=:^dx-^pdzj Rni dq[^''Z)^dy'\-qdz] (2) 

rdx + sdy __ dx-\-p{pdx-\-qdy) ^ 
sdx + tdy "^ dy+q (pdx + qdy) ^ 

•'. {(1 -^ 2') « -ps^] (^y)" + {(1 + ?*) ^ - (1 +/) <} ^^i^ 

-.{(l+i>*)*-i?2r}((ir)»-0, (3J 
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which is the differential equation of the projection of the lines 
of curvature on the plane of xy. 

Let p be the radius of curvature of the principal section 
through Pg, hence by (1) p" = (1 +i?* + j") (« - (0*, therefore, 

writing in (2) o- for « - f or 



{irdx + sdy) a + dx -\-p [pdx + qdy) = 0, 

/. (r<r + 1 +2?") (£b + («<r + pg) rfy = 0, 

and similarly (^<r + 1 + j") dy + {sa -{-pq) (& = ; 

/. (ra+l+y)(^<r+l+2*)-(«<r + pj)« = 0, 

+ l+p* + 2" = 0. (4) 

Cor. QaoBs' measure of curraturo Is 

J___l_.^l *^-<* .. ,,•. 

pp' «r<r' 1 + / + 2« " (1 +P'' + 2»)' "^ W. 

vhich vanbhes for a developable soifiice. 

< 

616. To find the umbtltca of the surface z =/(ic, y). 

Since the normals at points passing in any direction from 
an umbilic intersect the normal at the umbilic, neglecting 
small quantities of the third order in dx and dy^ the equation 
(3) must be true independently of the value of dy : dx^ and 
this condition is satisfied by 

re t ^ 

these equations, with the equation of the surface, determine the 
umbilics. 

Curvature of Conicoids. 

617. To find the radii of principal curvature at any point 
of a central conicoid. 

Let P be any point on the conicoid, supposed in the figure 
to be an ellipsoid, PCP' the diameter through P, GL the radius 
parallel to the tangent at P to any normal section whose radius 
of curvature is required, PQL the central section having the 
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same tangent. Let a plane be drawn through a point Q near 
P parallel to the tangent plane at P, meeting OP in F, and 




let jPj cr be the perpendiculars on the tangent plane from 

C and Qy so that «r : ^ : : VP: CP. The radius of curyatore 

PO' OV* 
of the normal section is the limit of —^ or -^ — , and 

QV':Cr::PV.VP':CP^ 

::vr.VP':p.CP:=^2w : ^ ultimately, 

fijyt 

hence the radius of curvature = . 

P 
If a, /3 be the semi-axes of the central section parallel to the 

ft* 6!* 

tangent plane, — and — will be the principal radii of curvature, 

which we shall call p and p\ 

618. To find the coordinates of the centres of curvature. 
Let the equation of the conicoid be 



a? y' ^* _ 1 



(1) 



and let (/, g^ h) be the point P, then f , 97, ^, the coordinates of 
the centre of curvature corresponding to /», satisfy the equations 

f ~ 9 ~ h 



=-?/>=-«*; 



.•.f=/(i-^)..=.(i-«^), ?=a(i-J), 
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and by Art. 285, if the equations of confocal conicoids through 
Pbe 

«• y" «" , «» y" «• , 



a'" ■ 6 



a* and ^ are respectively a^-^a"* and a" -a'"; therefore the 
coordinates of the centres of curvature are 

fi^ gV: he- j^ gh- he- 



619. If three confocal conicoids (-4), (fi), ((7) intersect in P, 
tAe centres of principal curvature of [A) at P are the poles with 
respect to [B) and [0) of the tangent plane to [A) a* P. 

Let the three conicoids [A)^ {B)^ and [0) be 

a«"*"j*"*"c'"^ ^'*"y5"*"3^'"^» and ^ + y„ + ^„.-i, 

intersecting in (/, y, A). 

The coordinates of the centre of curvature of the normal 

section containing the tangent to the intersection of {A) and (5) 

/a"» gb"' he'" , ., , . . ^ ^ fn\ ' 

are -«-)^Ta-> — r J and its polar, with respect to (07), is 
a c 

fx av hz 
« + ^1 + -1 = I) A® tangent plane to (.4) at P. 

Similarly for the other centre of principal curvature. This 
proposition is due to Salmon. 

620. The curve of intersection of two confocal conicoids is 
a line ofcurvaMre on each. 

Let PT be a tangent at P to the curve of intersection 
of two confocals 8 and /S', PN^ PN' normals at P to 5 and 8' ; 
and suppose a central section of 8 made by a plane parallel 
to the tangent plane N'PT^ and therefore to the indicatrix to 
8 at P. Now it is shewn (Art. 285) that PN' is parallel to 
one axis of this section ; therefore PT is parallel to the other 
axis ; hence, the tangent to the curve of intersection of 8 and 8' 
at any point is parallel to an axis of the indicatrix of either 
surface at that point, and the curve is a line of curvature. 

QQQ 
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621. At any paint in a line of curvature of a conicoii^ the 
rectangle contained hy the diameter parallel to the tangent at that 
point and the perpendicular from the centre on the tangent plane 
at the point is constant. 

Let the line of carvature on the conicold 8 be the curve of 
intersection with 8\ and let PT be a tangent to it at any 
point P; PiV, FIT normaU to 8 and 8' at P; then, if a, iS be the 
semi-axes of the central section parallel to NPT^ the tangent 
plane to 5, which are parallel respectively to PT and PjST, it 
is shewn (Cor., Art. 285) that )3 is constant, and if ^ be the 
perpendicnlar from the centre on the tangent plane, pafi ia 
constant, therefore ^a is constant. 

622. The following proof is independent of the properties 
of confocal surfaces. 

Let P, Q be consecutive points on a line of curvature, the 
corresponding centre of curvature, p the radius of curvature, 
p the perpendicular on the tangent plane, ce, /3 the semiaxes 
of the section parallel to the tangent plane, a being parallel to 
P^, and let CP=r, then by the triangle OCP 

and since, for a change from P to Q, 0, C are unchanged in 
position and p is unaltered, rdr^pdp. But, by Art. 273, 

a' + )9* + r^ = a' + 6* + c*, a^p^abc\ 

.-. (wfa + i8rf)8 + re?r = 0, and — + -^ + -^ = 0, 

' a p p ^ 

multiplying the last equation by a' or jpp, and subtracting the 
preceding, we obtain (a* — )8*) rf^ = ; therefore fi is constant, 
unless a « )3, which is only true at an umbilic, therefore pa, is 
also constant. 

623. To shew that the curves of intersection of a given 
conicoid with all confocal conicoids which intersect it satisfy 
the differential equations of a line of curvature. 

Let the equation of the surface be 

a^ y «* , 

- + 1- + - = 1 ; (1) 

a c ^ ^ ' 
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then the differential eqaatlons of the lines of coirature are 

^c&+|rfy+^& = 0, (2) 

X {b -- c) dj/cb -j-y {c-^a) dzdx + z {a- h)dxdy^O. (Art. 614) 
Bat for the curve of Intersection of (1) with a confocal surface, 



a?* V* z 



a-^-k & + A: c + A; 



1, (3) 



we have 



xdx ydy zdz 



= 



a? y g' 

aja-^k)'^ b(b'\-k)'^ cjc-k-k) 

x(b''C) y[c-a) z{a-by 

dx dy dz 

and subtracting (3) from (1), we have 

a? y' z" 

a{a + k) b{b + k) c{c + k) 

at all points of the curve of intersection. Hence we must have, 
at all points on such a curve, 

^{b'c) y{c-a) z{a-b) _ 

that Is, the differential equations of the curve of Intersection 
of the given conlcoid with any confocal surface coincides with 
the differential equations of the lines of curvature; and the 
equations of such curves, involving an arbitrary constant kj 
are therefore the complete Integral of the differential equations 
of the lines of curvature. 

Having given any one point {x\ y\ z*)^ we shall have the 
quadratic equation 



a?^ y^ g^ 



= 



for determining £, and to each value we shall have a cor- 
responding line of curvature passing through the point 
{x\ y\ «')• 
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624. To find the lines of curvatwre of a central conicoid 
from the differential equation of their projections on a principal 
plane. 

The differeDtlal equation of the projection of the lines of 
curvature on the plane of xy may be obtained either bj 
eliminating dz from the equations (2) of the last article, or 
bj Art. 615 ; the equation is 

(J-c) I? (rfy)' + |(a-c) J* + (a- h) |V(6-a)|c&rfy 

+ (c - a) ^ ((&)• = 0. (I) 

Multiply by ^ , and assume ^ «t., t ^v; therefore 

(J - c)'u {dvy+[{a - c) tt+(c - J)t> + 6 - a} dudv +{c - a) t? (c?u)'= 0, 
or {(ft — c)(ft? — (c — a)rfu}(Mrfr-t«?tt) + (6-a)rfMrft; = 0. (2) 
If we assume v = a + a^u +...+ aX +•••} 

udv — vrfu = (— a + a,u* + 2a,u' +...) (iu, 

hence the equation (2) cannot be identically satisfied unless 
a,9 Og... are all zero, and substituting a + aju for t;, 

{(j-c)a,-(c-a)}(-a)+(6-a)a, = 0. (3) 

The solution t; » a + a^u is therefore the complete solution, once 
it involves one arbitrary constant in the second degree. 

The projections of the lines of curvature are therefore conies 

of the form -7 + ^ = 1, where V = Jo, a' = , so that, dividing 

(3) by «., 

(o_c)l+(c-J)2. + 6-a-0. (4) 

It can be shewn from this relation between the axes, or 
directly from the singular solution of the differential equation 
(1), that the system of conies is enveloped by the four 
straight lines 



X 



\/V±y\/'-T^=*^<*-*^5 
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al80, that each of these four straight lines is the projection of 
a generating line containing three umbilics real or imaginary. 
The projections of the intersection of the two confocals (1) 

and (3) of Art. 623 are ^ V f f. + tevTT =1, the axes of 
which satisfy the condition (4), and the solutions agree. 

625. lAnes qf curvature cf the paraboloids. 

Let 20 s — h V (1) be the equation of a paraboloid, the 

differential equation of the projections of the lines of curvature 
on the plane of ccy is, by Art. 615, 






(^2^)"+G"^^-£)^^y-l(^)"=^> 



the solution of which may be obtained as in Art. 624, viz. 

-T + fr = 1 (2), where a', V are connected by the equation 

ci V 
a 

The equation of a paraboloid, confocal with (1), is 



2« + As= 






and of the projection of the curve of intersection 

which is one of the system of conies (2). 

626. The differential equation of the lines of curvature of 
a hyperbolic paraboloid, whose equation is a« = a?y, is 

and the lines of curvature are the intersections of the paraboloid 
and hyperbolic cylinders, whose equations are 

y»-2Cby4a^«a«(0««l), 

the positive and negative values of G determining the two 
systems of lines. 



-y+(2ay + ^*)(f-«)=o; 
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Lines of Curvature through an Dmbtlic. 

627. To shew that there are three directions passing from an 
urabxlic in which the normals at the consecutive points intersect. 

If the axis of 2; be a normal at an nmbilic, the equation 
of the surface is of the form ?=* a (|* + 1;*) + 1*, (1 + e), where «, 
is of the third degree in f sind 17, and e vanishes in the limit; 
the equations of a normal at [xj y^z) Bxe 

du^ 
dy 

but if this normal meet that at the umbilic, the equations are 
satisfied by { « 0, 17 = ; 

du^ du^ ^ 

which gives three directions in which the point {x^ y^ z) must 
be taken. 

628. To find the three directions f^r which normals to a oonicoid 
intersect the normal at an umbilic. 

Let af + J17* +cf* = 1(1) be the conicoid, (a, 0, 7) the um- 
biUc, (a + \r, fir^ 7 + vr) a point adjacent to it in the direction 
(X, fi^ f), the equations of the two normals are 

f — a — Xr _ ff-^fir ^ (^— 7— yr 
a (a + Xr) "^ bfur "~ c (7 + it) ' 

aa 07 ' ' ' 

one condition that they may intersect is /a = 0, one direction 
is therefore that of the principal section containing the umbiiic ; 
for the other conditions 

a C 

f-a = Xr- V (a+Xr) and f- 7 = Kr- ^ {7 + vr); 

.*. 07(J-a)X = aa(5-c)y; 

aV oV 
or, smce t = — t j 
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aaX+07v = 0; (2) 

and, by (1), a(a + Xr)* + 5/AV* + c(7 + iT)"=l ; (3) 

.-. aX"4-ftAA" + CF* = 0; (4) 

(2) and (4) give the two other directions for which the normals 
intersect; and, since (3) is satisfied for all values of r, they 
are the directions of the imaginary generatrices through the 
umbilia 

629. We may observe also that since 

a"aV = cV^, (6-a)V = (c-6)«; 
/. aX"-|- Ja*" + cv* = J(X" + m*+i'*); 
... x« + /a" + f» = by (4), 

which shews that these generatrices pass through the imaginaiy 
circle at infinity. 

Since the argument of Art. 628 is independent of the mag- 
nitude of r, it is true that all the normals at points along one 
of the umbilic at generatrices intersect, and they have therefore 
this character of lines of curvature, but Cayley has remarked 
in a note on a paper upon '^ the direction of lines of curvature 
in the neighbourhood of an umbilicus,"* that they are the 
envelopes of the lines of curvature, and belong to the singular 
solution of the differential equation of these lines, as appears 
from Art. 624. 

630. In the note referred to above, Cayley remarks that 

since, at an umbilic, -p is determined by a cubic equation, 

there are generally three directions of the line of curvature, 
which may arise from three distinct curves, or from a curve 
with a triple point at the umbilic; and, referring to a paper 
by Serret,t he states that the lines of curvature on the surface 
ijcyz =^ 1 are its intersection with the series of surfaces 



* Fxost, Quart, Joum, <if Math^f vol. z., p. 78, and Cayleji ibidi p. 111. 
t Lhw, Joum., 1. 12 (1847), pp. 241^254. 
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where cv is an imaginaiy cube root of unity ; now at the umbllic 
(ly ], 1), corresponding to which A = 0, 

(»" + ©y* + « V)" = (a:^ -f «y + mzy ; 

or =»(a^+ ©y + ®«'), or =«*(a3' + o)y4 ««') ; 
/. y* = «*, or a:* = y*, or z^=^a?\ 

hence, through the umbilic (1, 1, 1) three distinct lines of cur- 
vature pass, viz. the curves 

ys0, a^ = l ; ^=^9 ZQ^^l ; and « = a?, t/s^ssi, 

631. The differential equation of the line of curvature of 
xyz=^l is 

a^y(& (y" — «*) + ydzdx («" — a?) + «diw?y (a?* — y" ) = 0. 
Multiply by ay«, and let a?" =p, y* = y, «* = r ; 

•'• i^C?" »')^?<^^ + j(»'-p)^^^ + »'Cp — j)djp{i!j' = 0. (1) 
Again, if A = (^ 4- «j + o>V)* + (/> + ©'j + ©r}* 
(dp + ©dj + ©*dr)* (/? + ©2 + ©V) 
-(dp + ©"dj+ ©dr)* {p-f ©*j + ©r)=0. 

The coefficient of (dp)* + 2dj'dr = (© - ©") {q — r), 

(dj)* + 2dre^ = (©-©')(r-^), 

(dr)" + 2dpd^ = (©-©")(^-j), 

and 1 + 1 + ^=0, .•.-(d^)'=«rfiK%+2rf|«fr; 

in which the coefficient of dqdr = 2 (j - r) - ^ (|. «^) - - (^ _ j) 

•*• i>(y— ^)^^r+...= the same as (1); 
hence, the curve of intersection is a line of curvature. 
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(1) The principal tadii of curvature, at the points of the surface, 
a"** = «•(«• + y'), where « « y = «, are given by the equation 

(2) Prove that the principal curvatures are equal and opposite at points 
i^ the surfkce ^ (y - s) 4 ay» « where it is met by the cone 

(«* + 6y«) y» » (y - «)*. 

(3) A surface is generated by the revolution of a parabola about its 
directrix) shew that one principal radius of curvature at any point is 
double the other. 

(4) If at any point of a surface S, Bf, be radii of curvature of normal 
sections at right angles to each other, and />, p' be principal radii of curva- 
ture, the sections corresponding io B, p being inclined at an angle «, 

xi. ^ cos* a sin* a cos* 2a 
Foyethat-jj ^ = ^_ . 

(5) If p, p* be the principal radii of curvature at any point of an 
ellipsoid on its line of intersection with a given concentric sphere, prove 

that the expression ^^' , will be invariable. 

P^ p 

(6) At any point of the curve of contact of a cyKnfler circumsdribed to 
a surfaee, the product of the radius of curvature of the right section of the 
cylinder and the radius of curvature of the normal section of the surface, 
drawn through the generator of the cylinder, is equal to the product of the 
principal radii of curvature of the surface at the point. 

(7) The normal at each point of a principal section of an ellipsoid is 
intersected by the normal at a consecutive point not on the principal 
section ; shew that the locus of the point of intersection is an ellipse having 
four (real or imaginary) contacts with the evolute of the principal section. 

(8) The points of the surface xyz ^a (ys 4 sr + xy\ at which the prin« 
cipal curvatures are equal and opposite, lie on the cone 

«• (y + ») + y* (« + «) + «* (« + y) = 0. 

(9) The only surface of revolution, such that the curvatures of the 
principal sections at every point are equal and opposite, is that produced 
by the revolution of a catenary about its directrix. 

(10) A plane curve is wrapped upon a developable surface. If p be 
the radius of curvature of the plime curve at any point, />' the corresponding 
radius of curvature of the curve upon the surface, B the corresponding 
principal radius of curvature of the surface, and the angle at which the 

curve intersects the generator of the surface —^ « -^ — ; . 



sa 
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(11) If ^ be the inclination of any tangent to that of the principal 
tion of least ourratorei and the inclination of a section through this 
tangent to the corresponding normal section such that the cunratore is 
eqnal to that of the principal section, />, /»' being the radii of curratnre of 
the two principal sections, prove that 2f» sin* i^ » (/> - />') cos*^, 

(12) If the product of Uie principal radii of curyatnre of a sui&oe of 

revolution be constant and eqnal to a*, prove that ^ + ;^ ~ I» where /> is the 

radius of curvature of the generating curve, y the distance firom the axis, 
and h some constant. Prove also that if the generating curve cut the axis 
at right angles, the sur&oe will be a sphere. 

(13) A surfitce is generated by the motion of a variable circle which 

always intersects Ihe axis of a;, and is parallel to the plane of ys. If r be 

the radius of the circle at a point on the axis of ^r, and 9 the inclination of 

the diameter through that point to the axis of s, prove that the principal 

radii of curvature at the point are given by tiie equation ^V f/i' (^ - r) « 0, 

dx 
where p is the value of ^ at the point 

(14) A surface is generated by the motion of a straight line which 
always intersects the axis of x, prove that the radii of curvatore at any 

point on the axis of « are ^ — . ^ , » being the distance of the point 

firom the origin, the angle which the corresponding generator makes with 
the axis of dr, and that which its projection upon the plane of ys 
makes with the axis of y. 

(16) A sur&ce ii generated by a straight line which always intersects a 
given circle, and the straight line through the centre of the circle normal to 
its plane, prove that the principal radii of curvature of the surface, at any 

point on the circle, are given by the equation f? f v--] •}- ap cobO - a* & 0, a 

being the radius of the circle, the angle which the generator at the point 
makes with the fixed line, and the angle which the radius of the circle 
through the point makes witii a fixed radius. 

(16) Two surfaces touch each other at the point P; if the principal 
curvatures of the first surface at P be denoted by a±h, those of the 
second by af±l/i and if w be the angle between the principal planes 
to which a -f ft, c^ + V belong, d the angle between the two branches at F 
of the curve of intersection of the surfaces, shew that 

,. g* - 2aa! + o" 
®^* ft»-2Wcos2«+ft^" 
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(17) Up, p' be the principal radii of curratiiie at a point of a tur&ooy 
where the direction-cosines of the normal are /, m, ii| proTO that 

11 dl dm dn 
p p' d» dy dl 

(18) If a sorflEu^e haye contact of the second order with the conicoid 
^« + -By* + O^ + 2A'y% + 2B9X + 2C'xy + 2^'« + 2P"y + 20**% + JP- 0, 

then d±;Sl+i^a C^ + ^> + jyg 4 C^ ^ J + Cy f 2^^g 

(19) Shew that the projection, on the plane of «y, of the indicatrix at 
any point of the surface s » (a" 4 «-*') cos« is a rectangular hyperbola. 

(20) Shew that the Indicatrix at any point of the snr&oe y a ^r tan - is 

the part of a rectangular hyperbola which lies near the point. ProTC that 
the section by the tangent plane near the point is the generating line and a 
portion of a parabola. 

(21) Deduce the conditions for an umbilicus firom the equation giying 
the radii of currature, by making the roots of the equation equaL 

(22) Shew that a sphere whose centre is the origin, and the reciprocal 
of whose radius is - -f r -i^ - touches the surfluse whose equation is 

j\* + (|\' + (?y- 1 at an umbiHc. 



© 



(23) Froye that the radins of eurratoxe of the suiftoe o^ •<- /* •!• iT ■ oP 



at an mnbilio is ? x 3 *" • 

m-l 

(24) Proye that the measure of curyatnre at any point of an ellipsoid is 
proportional to p\ p being the perpendicular from the centre on the 
tangent plane. 

(25) Proye that the measure of ouryature at any point of the paraboloid 
^ + ^ o « yaries bb\~\ ,p being the perpendicular from the origin on the 
tangent plane. 

(26) Proye that the measure of ouryature at every pomt of the elliptio 
paraboloid 2s « - + ^ where it is cut by the cylinder ^ + i a 1 is equal 
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(27) Shew that the speoific canrature at any point on the snrface xys « abCf 
yaries as the fourth power of the perpendicolar from .the origin on the 

taogent-plaDe at the point, and that at an umbilic it is } {abc}^. 

(28) If a plane curye be given by the equations 

- a cosd + log, tan|^, - = sin^, 



the surface produced by the reyolution of this curve about the axis of x 
will have its measure of currature constant 

(29) In a surface, generated as in (15), if = log tan}^, the measure of 
curvature will be the same at corresponding points on the fixed line 
and on the circle. 

X* v* a' 
(SO) The integral curvatures of the portions of the ellipsoid ~ + ~ -l- .= 1 

cut off by the cone -^+7;--;»0areinthe ratio of \/2 - 1 to V^ f !• 

(31) Shew that the integral curvature of the whole surfiice 

x' + y" 



?^"?=''^^'{'-vi5^)}- 



(32) Shew that the integral curvature of the portion of a surfece of 
' revolution cut off by any plane perpendicular to the axis of revolution 

is 4ir sin* I a, where a is the angle which the normal to the surface at any 
point on the curve of intersection of the plane and surface inakes with 
the axis. 

(33) If any cylinder circumscribe an ellipsoid, it divides the ellipsoid 
into portions whose integral curvatures are equaL Hence, if three 
cylinders circumscribe an elUpeoid, the integral curvature of the portion 
of the ellipsoid cut off is n- - POQ - QOR - JiOP, where O is the centre, 
and OP, OQ, OB are the directions of the axes of the cylinders. 

(34) Prove that the integral curvature of the portion of the surface of 
the ellipsoid -. + s -l- :i " ^> bounded by its intersection with the oonfocal 
hyperboloid of one sheet 

g». y* s* 1 • Q «" /f (a«-X«)(»'-X«) \ 

«* s/* s* 

(35) Find th^ umbilic of the surface — -f ^ + — « ^, and shew that, at 

the umbilic, - « ? ~ '^ > ^^® directions of the three lines of curvature are 
a c 

given by the equations — * T"» 5 " —» •^^i — a — respectively. 
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(36) If the inclination of two surfaces at any point of their curve of 

intersection be 0, 8 the arc of the curve of intersection, />p p^ the principal 

radii of one surface ; a the angle between the tangents to the curve and to 

a principal section, and /o/, p2, a' conesponding quantities for the other 

r .t. . rf^ sin 2a /I 1\ sin 2a' /I 1\ „ , 

surface, prove that -^ « — ;r — ( ) jr — (— - —A. Hence, shew 

d$ 2 \pi pj 2 Vi' p^l 

that if two surfaces intersect always at a constant angle, and the curve of 

intersection be a line of curvature of one surface, it will also be a line 

of curvature on the other surface. 

(37) If one series of lines of curvature on a surface be plane curves, 
lying in parallel planes, the other series will also be plane curves. 

(38) The planes drawn through the centre of 'an ellipsoid, parallel to 
the tangent planes at points along a line of curvature, envelope a cone 
which intersects the ellipsoid in a sphero-conic. 

(39) On an umbilical conicoid, the projections of the lines of curvature 
on the planes of circular section, by lines parallel to an axis, form a series of 
confocal conies, the foci of which are the projections of the umbilics. 

(40) Find the differential equation of surfaces possessing the property, 
that the projections, on a fixed plane, of their lines of curvature cross each 
other everywhere at right angles. Prove that it is satisfied by surfaces of 
revolution whose axes are perpendicular to the fixed plane ; and obtain the 
general solution. 

(41) Prove that the three surfaces yz = ««, V(*" + y*) + V(** + «*) = ^> 
V(^* + ^) - V(^ -f ss") B 0, intersect each other always at right angles ; and 
hence prove that, on a hyperbolic paraboloid, whose principal sections are 
equal parabolas, the sum or the difference of the distances of any point on 
a line of curvature from the two generators through the vertex is constant 

(42) In the helicoid, whose equation \&y ^x tan- , the lines of curva- 
ture are the intersections of the helicoid with the surfaces represented by 

the equation —^ — « c«« + - « " for different values of c. 

^ a c 

Also, prove that the principal radii of curvature are, at every pointi 

constant, equal in magnitude, but of opposite signs. 

(43) Tangent planes are drawn to a series of confocal conicoids from a 
fixed point on one of the axes, the locus of the points of contact is a 
surface ; prove that three such surfaces corresponding to three points one 
on each aziB out one another orthogonally. 
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(44) FroYe that the lines of curvature on the surface 

a ax ~ a* \lr ax - tr ■\- €r 

are two systems of circles, whose planes are parallel to the axes of y and s 
respectively, and pass each through one of two fixed points on the axis 
of «. 



THE END OF VOL. I. 
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